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Preface

This book is one of the final products of very happy and close collaborations be-
tween us during the last 15 years.

A short message from Masahiko Utsuro:

In many previous textbooks, it has been written that the unique advantages of
the neutron as a scientific probe are its electrical neutrality, its magnetic moment,
and its mass, which is comparable to that of a hydrogen nucleus, and a further
advantage is an average lifetime in the free state sufficiently long for physical ex-
periments. However, [ would like to mention accessibility to neutron studies. It is
not an easy task for one in a small laboratory to prepare neutrons for use in physics
experiments, in contrast to electrons and photons (X-rays and laser light). I think,
however, this is not an unfortunate situation, but rather a happy one, because to
start neutron studies we must go and work at some neutron laboratory, or must
approach one of the neutron-user facilities that nowadays exist worldwide. Such
efforts to gain access to neutrons lead us to join very nice neutron communities
around such facilities, and together we can enjoy the scientific history of neutron
research over about 50 years. Thus, my message to the readers:

Let’s speak of neutrons, then we will immediately become old
friends.

I hope this book helps the readers to enjoy such good collaborations in neutron
science.

I would like to express my deep gratitude to my research colleagues for their valu-
able collaborations with me, especially to Prof. Albert Steyerl for his kind collabo-
ration on my experiments with very cold neutrons at the Munich reactor 30 years
ago which formed the start of our fruitful communications thereafter, to Dr. Peter
Geltenbort for his always well arranged and very effective directions for my experi-
mental studies at the Grenoble reactor, to Dr. Vladimir Ignatovich, the coauthor of
this book, for his stimulating discussions during my few visits to Dubna, and fur-
ther to Dr. Mathias Hetzelt, who opened the door for me to the ultracold neutron
experiment 30 years ago at the Grenoble reactor.

I would also like to express my sincere gratitude to the late Prof. Kazuhiko Inoue,
my teacher at the start of my neutron studies at the Kyoto University Research
Reactor Institute. Even now I recall his words on his thoughts about science: True
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Preface

scientists were the scientists before the eighteenth century, who need not do science for
the salary, nor for the professional position. He thereafter invented the excellent cold
neutron spectrometer LAM for pulsed neutron sources at KENS.

Finally, I would like to thank my family for their continuous support for me
during my scientific studies.

Now, I hand my pen to my coauthor, Vladimir Ignatovich

A message from Vladimir Ignatovich:

My chapters in this book summarize all my research in neutron optics. It is not
a compilation from other textbooks. Some time ago, when I was studying the inter-
action of ultracold neutrons with the walls of a storage vessel, I was lucky to find
an analytical method for the description of neutron scattering in layered media. I
was excited to find a simple Fresnel-like formula for reflection of neutrons (and
X-rays) from an arbitrary periodic potential. It seemed unbelievable, because peri-
odic media after more than 100 years of study were so well understood! I thought
that my approach would be accepted by the scientific community with enthusiasm.
However, after more than 30 years, it still remains unnoticed.

Two years ago I was invited by Prof. V.L. Aksenov to give lectures on neutron
optics to students of neutronography in the physics faculty of M.V. Lomonosov
Moscow State University. It was a pleasure for me, because I like to talk. To be
well prepared for every lecture, and to give the students an opportunity to read the
lectures afterwards or in advance, I started this book. So, on the one hand it is a
collection of lectures for students, and on the other hand it is a monograph, which,
I hope, will be useful for neutron, optics, and solid-state physicists.

The title of the book may give the impression that it is devoted to a very narrow
branch of neutron physics, but its scope is considerably broader. Here neutron op-
tics is a tool which helps us explore all of quantum mechanics. It helps to reveal the
beautiful features and weaknesses of quantum mechanics. It was a great pleasure
for me not only to give the lectures, but also to write this book. I felt free to express
my opinion and to justify it mathematically.

This book, to be brief, is about neutron reflection from and transmission through
multilayered mirrors, diffraction in one-dimensional and three-dimensional peri-
odic systems, elastic scattering in random media, interaction with stationary and
nonstationary magnetic fields, and at the end it shows the inconsistency of the
present-day standard scattering theory, which is the main mathematical tool used
in the whole book. For me, as a coauthor, it is not surprising that science develops
so fast, notwithstanding the weakness of some ideas; however, I believe that elu-
cidation of weak points is very important for further progress, because it liberates
our minds from dogmatic tenets of accepted ideology. After pointing out the con-
tradictions of the present-day theory, I show a way to resolve them, and say why
these contradictions do not cancel out the results presented earlier in the book.

I want to express my deep gratitude to V.L. Aksenov for his invitation, and to
many colleagues at the Neutron Physics Laboratory of the Joint Institute for Nu-
clear Research, Dubna, for fruitful collaboration over so many years, especially to
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A.V. Strelkov, Yu.N. Pokotilovskiy, and E.P. Shabalin. I would also like to mention
several people who played a very important role in my life. They are as follows: my
friend Mathias Hetzelt, the grandson of the famous Russian scientist S.P. Timo-
shenko; Igor Carron, who 20 years ago was a student at A&M Texas University and
arranged wonderful trips for me to many scientific centers in the United States; Al-
bert Steyerl, Steve Lamoreaux, Robert Golub, Peter Geltenbort, and Roland Gihler,
with whom I had pleasure to collaborate; Prof. M. Utsuro, who invited me to Japan
for a whole year (it was the greatest time of my life), and my colleagues and friends
there. I am also grateful to my wife, who during our life together has helped me so
much.

At the same time, I want to devote this book to the blessed memory of my father,
who was shot dead in the sheer hell of the Stalin era, when I was only half a year
old, and to my mother, who notwithstanding terrible difficulties, being branded a
wife of the people’s enemy, was able to raise me and give me an education. I also
want to devote this book (who knows whether I will be able to write another one) to
the dear memory of my teacher F.L. Shapiro. When he was alive, I felt like a court
theoretician.

My fruitful collaboration with Japanese neutron scientists started at my invited
stay for 1 year in the middle of the 1990s at the Kyoto University Research Reactor
Institute in Kumatori, Osaka. This book is one of the outcomes of this collaboration
on neutron optics. My coauthor (Masahiko Utsuro) prepared several chapters as
reviews of the most important experimental works in the field of neutron optics, so
my theoretical part is a good complement of use to experimenters. I hope that the
result of our collaboration will be helpful not only to active participants in research
in this field, but also to students who are choosing the direction of their scientific
activity. I am also very grateful to the Ministry of Sport, Science, and Culture for
giving me an opportunity to work for a whole year in the beautiful country of Japan.

Genuine is relativity theory,

Great is field theory and the physics of elementary particles,
Stars capture imagination,

But nothing in the world is as interesting as neutron optics.

Time changes everything, and the time given to me until the final submission
of my last manuscript was used to improve the book even more. Some material
which requires scrupulous calculations has been omitted. Some new material has
been added, and some derivations have been made clearer. The part devoted to the
fundamental questions of quantum mechanics has been enlarged.

In this edition, [ would like to express my gratitude to George Soros, who helped
Russian scientists and me too in the poor times of perestroika. I am also grateful
to my son Filipp for his help in the preparation of this edition, and I would like to
express my special thanks to Edward Kapuscik and the editorial board of the jour-
nal Concepts of Physics. The Old and New for publication of my articles, including
discussions with referees. I think discussions with referees are an important part
of scientific work, and they are worthy of publication.

During my scientific life, I have participated in many conferences and collabo-
rated with scientists from many scientific centers and I am very grateful to them.

Xvi
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We are grateful to Elsevier, APS, IOP and Springer for permission to reproduce
the figures from their journals.

As an additional remark for the reader, several fundamental textbooks on quan-
tum mechanics, neutron physics, and neutron optics that are referred to through-
out this book are listed at the front of the book.

November, 2009 Masahiko Utsuro (in Kumatori)
Vladimir Ignatovich (in Dubna)
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1
Wave—Particle Duality of the Neutron

1.1
Discovery of Matter Waves

The fundamental fact that every particle with mass is at the same time a wave was
discovered in 1925 by de Broglie [1]. He was honored with the award of the Nobel
Prize for Physics in 1929 for this discovery. We begin our study of neutron optics
with his proof of the matter wave following his Nobel lecture [2].

De Broglie was of the opinion that to solve the new serious question in physics
that arose around 1900, the unification of matter and radiation was necessary, and
more practically said that it should be possible to establish the equality of corpus-
cular motion and wave propagation. As the simplest case, he assumed a system
consisting of a corpuscle at rest and completely free from all outside influence, and
expressed the system as oxgyo2zo. In the sense of Einstein’s relativity principle, we
can consider this system being the “intrinsic” system of the corpuscle. Since the
corpuscle is steady and at rest, the phase of the wave we are now considering must
be the same at every point; that is, it can be expressed in the form sin[2zv((to—7o)],
where t, is the intrinsic time for the corpuscle and 7 is a constant.

As the next step, according to the principle of inertia, in every Galilean system we
can make the corpuscle have linear motion and constant velocity. Let us consider
such a Galilean system where the corpuscle has velocity v = f¢. We will not lose
generality by taking the x-axis as the direction of motion. According to the Lorentz
transformation, the time t elapsing for the observer in this new system will be
related to the intrinsic time ty defined above through the equation

o= = ° 1.1
o= ==, (L1)

and therefore the phase of the wave for the present observer will be given by

sin [Zn\/lv—_o_ﬁz (t - '67" - 10):| . (1.2)

Therefore, for the observer the wave will now have frequency
y= 0 (1.3)

iF
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1 Wave—Particle Duality of the Neutron

and will then propagate in the direction of the x-axis with phase velocity

V=—=2.
g v
On the other hand, we can define the group velocity U for the wave as the velocity
corresponding to the resultant amplitude from a group with very similar frequen-
cies, and according to Rayleigh’s definition for this velocity, U = dw/dk, where the
wave number k = 2srv/ V, it satisfies the equation

(1.4)

1 a(y) 1
TS T (13)

In this way, we obtain the very important relation for the development of the
present theory that the group velocity for the waves in the system xyzt is equal to
the velocity of the corpuscle.

To achieve our purpose to establish the equality of the corpuscle and the wave,
we must combine the energy and the quantity of the motion. In the same way as
in the previous Galilean transformation,

Energy = h x frequency, or W = hv, (1.6)

where h is Planck’s constant. This relation reduces further according to the Einstein
relation to its internal energy mqc? in the intrinsic system as

hvy = moc?, (1.7)

where my is the rest mass. Since the quantity of movement, that is, the momen-
tum, p, has magnitude equal to mov//1 — 52, then

MoV W hv h
=— == (1.8)

p=m=—?:§=7;—v I
where the quantity A is defined as the distance between two consecutive peaks of
the wave (which corresponds to the phase velocity divided by the frequency), that
is, the wavelength. In this way, we obtain the very important relation

A IR (1.9)
This is de Broglie’s fundamental formula.

De Broglie’s matter wave was experimentally verified in the first place by Davis-
son and Thomson with the discovery of the diffraction of electrons [3, 4], and they
were also awarded the Nobel Prize for Physics, in 1937. A few months after their
experiment, Kikuchi reported the characteristic pattern of electron diffraction ow-
ing to the effects of thermal diffuse scattering from crystals (the so-called Kikuchi
pattern) [5], and made an important contribution to the establishment of quantum
mechanics developed by Heisenberg [6].
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Pauli’s textbook of quantum mechanics [A] starts with the following description:
The last decisive turning point of quantum theory came with de Broglie’s hypothesis of
matter waves, Heisenberg’s discovery of matrix mechanics, and Schrédinger’s wave equa-
tion, the last establishing the relationship between the first two sets of ideas.”

1.2
Proof of the Wave Nature of the Neutron

1.2.1
Bragg Reflection

Chadwick’s discovery of the neutron in 1932 [7, 8] soon motivated the experimental
verification of its wave nature. The approach is the same as that for the first proof
on the matter wave of the electron, where Bragg scattering was observed [3, 4], but
for the neutron, with a much larger mass and essentially no electric charge, it has
significant advantages in view of the energy condition and of the electromagnetic
effects in crystals. Actually, the wavelength calculated with Eq. (1.9) for neutrons
with energy corresponding to room temperature (so-called thermal neutrons) is of
the same order as the lattice spacing in most simple crystals, about 0.2 nm (1nm =
10" m = 10A), and those neutrons that easily penetrate inside a crystal can be
scattered directly by nuclei in the crystal, resulting in obvious Bragg reflections. As
an example of such experiments, Mitchell and Powers [9] irradiated a single crystal
of MgO with the neutron beam extracted from a paraffin moderator in which a
Rn-Be neutron source was embedded, and they considered the contribution to
the counting rate due to Bragg scattering as proof of the existence of a coherent
component in nuclear scattering by the crystal nuclei.

However, the epoch-making event to initiate drastic developments of various
kinds of neutron experiments was the realization of the first nuclear chain reaction
in the reactor CP-1 conducted by Fermi in 1942. Furthermore, the first heavy water
reactor, CP-3 in 1944, opened the door to precise neutron experiments by using a
high-intensity neutron beam. Zinn [10] used the experimental devise shown in Fig-
ure 1.1a and reported for the first time a very clear distribution of Bragg-scattered
neutrons, as shown in Figure 1.1b.

Thermal neutrons extracted from a reentrant hole in the graphite thermal col-
umn of the heavy water reactor are well collimated through an iron collimater in
the reactor shielding and a couple of thick cadmium slits outside the shielding, and
illuminate the single crystal on a rotating sample table. The neutrons scattered by
the sample are registered by the BF; proportional counter at the end of the precise-
ly rotating arm of a large mechanical device. The sample table and the counter arm
are driven exactly with a 1 : 2 angular ratio. The results obtained on the sample of

1) Schrodinger followed de Broglie’s idea of
matter waves in setting up his equation. Later
he proved the equivalence of his approach
and that of Heisenberg.
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Figure 1.1 The first obvious measurement of Bragg-scattered
neutrons. (a) Experimental setup; (b) a typical rocking curve of
reflected neutrons measured on the (1,0,0) plane of a LiF crystal
(Zinn [10]).

a LiF single crystal are given in Figure 1.1b. The distribution indicated is shown
before the corrections for the detector efficiency and the energy resolution of the
setup, and therefore a slight asymmetry is noticed. The apparatus was also used for
measuring the energy distribution of incident thermal neutrons by replacing the
sample with a larger single crystal of calcite, as shown in Figure 1.1a.

Furthermore, the whole apparatus was moved to a beam hole inserted directly in
the reactor core, and was used for nuclear cross section measurements in a wider
energy range, including epithermal neutrons.”

Such neutron experiments, a typical setup for which is shown in Figure 1.1,
proved that the diffraction experiment is possible using a device and setup quite
similar to those for X-rays. However, in contrast to X-rays scattered mainly by atom-
ic electrons, neutrons are mainly scattered or absorbed by the nucleus, and there-
fore quite different materials are utilized for radiation shielding for neutrons.

After these initial developments, neutron spectroscopy experiments made great
progress, and nowadays various kinds of neutron spectrometers are used in ex-
periments applied to a wide variety of samples, including crystalline solids, alloys,

2) Those neutrons with energy higher than the
room temperature Maxwellian distribution
but lower than the resonance region for
nuclear reactions; that is, the energy region
of about 0.1-1eV.
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complicated compounds, polymers, and biological material. Typical cases of these
applications will be given in the last two chapters.

Among these spectroscopies, the method based on Bragg scattering with crystals
called crystal spectrometry is one of the most popular and important approaches.
The relation for the spectroscopic resolution can be derived from the well-known
Bragg law on the neutron wavelength A of Bragg scattering for lattice spacing d and
neutron incident angle 6 of the crystal:

nd =2dsin@, or tv=2ksiné, (1.10)

where © = 2tn/d, k = 27/A, and n is an integer. Differentiation of both sides of
the logarithm of Eq. (1.10) and the expression for the neutron energy E,

h? h2 (2
E=—k=_— (= .
ka 2m ( A ) ’ (L11)
lead to
AEJE = 2Ak/k = 2[(AT/7)n1 + cot O AD], (1.12)

where 7y is the magnitude of the reciprocal lattice vector with Miller indices hkl for
a three-dimensional crystal, and A6 is the beam divergence.

This equation indicates that the highest energy resolution can be obtained by
employing a Bragg angle of & = m/2. A novel technique based on the present
principle was developed as backscattering spectrometry [11] for neutron scattering
experiments with very fine energy resolution.

1.2.2
Refractive Index and Total Reflection

At the same time as these experimental developments, construction of an optical
theory for neutrons was also carried out by taking into account the nuclear scat-
tering, which has very different characteristics from scattering of X-rays. For the
analysis of neutron optics, we must first describe the matter waves with the wave-
length and the frequency given by de Broglie’s fundamental formula (Eq. (1.9)) as a
function of variables for practical situations. The wave function required to describe
the matter wave and the related general fundamental equation in wave mechanics
had already been by Schrédinger in 1926. Furthermore, in 1936 Fermi presented
the simplest and most effective expression for the nuclear scattering potential to
be inserted in the Schrédinger equation to obtain a solution [12, 13], the so-called
Fermi pseudopotential, written in the form

Vir)=4xY bio(r—rj), (1.13)
j

where b and r; denote the scattering amplitude” and the position, respectively, of
the jth nucleus.
3) In many textbooks it is called the scattering

length, but here we denote it the scattering
amplitude.

5
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Starting from these fundamental arrangements, Foldy [14], Goldberger and
Seits [15], and Lax [16] analyzed the interference phenomenon for neutrons under
multiple scattering in media, then the preliminary theory of neutron optics was
established. The details of the theory will not be discussed here since many stan-
dard textbooks on neutron scattering (e.g., [D]-[E]) have already been published,
and here only one of the useful formulas will be given for the index of neutron
refraction n, and derived by Goldberger and Seits [15] in the case of sufficiently
weak absorption and without the effects of neutron spin:

N(4moy)?
k? '
In Eq. (1.14), N is the atomic density, o, the coherent scattering cross section,
k the wave number of neutrons without the medium. To determine whether the
right side should be positive or negative, information about the scattering nucle-
us, that is, the definition of the sign of the coherent scattering amplitude (coherent
scattering length) becomes necessary. Foldy [14] carried out general analyses includ-
ing randomly distributed scatterers, and Lax [16] discussed the effects of incoherent
scattering and of possible anisotropy in the scattering amplitude.
According to Eq. (1.14), total reflection of neutrons will happen if we select the
grazing angle 6 between the incident neutrons and the surface of the medium with

1-n*=4 (1.14)

the positive sign on the right side such as to satisfy the condition
sin? 0 <sin’6, =1—n?. (1.15)

In other words, whether total reflection from any material happens or does not
happen for incident neutrons in a vacuum (or in atmospheric air) and, further,
what the critical angle for total reflection 6. is should give us information about the
sign to be selected and the magnitude of the scattering amplitude |b| = (o,/47)'/?
on the right side of Eq. (1.14) for the element in the material.

Fermi and Marshall [17] modified the experimental setup shown in Figure 1.1 to
the arrangement shown in Figure 1.2, where a monochromatic neutron beam with
a wavelength of 0.1873 nm Bragg-reflected by the first crystal was incident on the
front surface of a solid sample on the second turntable with a very small grazing
angle.

The second turntable was provided with a detector arm, and the detector count
rates were registered with precise alteration of the detector angle. Such a set of
measurements was repeated for fine stepwise increments of the incidence angle
to the sample, and clearly indicated the ending of total reflection with a sudden
decrease of the reflected intensity. Thus, they obtained the values of the critical
angle for total reflection on specimens of beryllium, graphite, iron, nickel, zinc,
and others in the angular range of 7-12 minutes with the accuracy of about a tenth
of a minute.

According to the present definition, the refractive index formula (1.14) and the
total reflection formula (1.15) are reduced, respectively, to

NbegnA?
JT

nt=1 (1.16)
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Figure 1.2 Arrangement of the total reflection experiment with a
monochromatic neutron beam (Fermi and Marshall [17]).
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I\]bcoh/‘LZ
p .

sin® @ <sin® 0, = (1.17)

Furthermore, the refractive index can be expressed in a more generalized form
as

n=1-Y , (1.18)
E
where U is the optical potential for the medium, given by
B2
U= o —47Nbco. (1.19)

Lax [16], who extended the approach of Foldy [14] to the case of an anisotropic
scattering amplitude, showed that the coherent scattering amplitude appearing in
the total reflection formula (1.17) corresponds to the amplitude for forward scatter-
ing, that is, b (@ < a). Since this is a recoilless process, the value of the ampli-
tude should not depend on the states of chemical binding. Nevertheless, it should
take the value for the bound atom scattering amplitude (scattering length), that is, the
magnitude beh = deon(A + 1)/ A, where the reduced mass factor (A + 1)/ A is a mul-
tiplication factor for an atom with mass number A bound to an infinite mass and
dcoh 1S the amplitude of an isolated free atom.

Hughes, Burgy, and Ringo [18] proved the applicability of the total reflection for-
mula (1.17) also for liquids; the details of their experiment are given in Section 2.1.

Furthermore, McReynolds [19] examined experimentally the applicability of the
formula to samples in the gaseous state where atoms or molecules are distribute
far apart from each other and are independently in free motion. The experiments
were carried out at Oak Ridge and Brookhaven research reactors making use of the
setup shown in Figure 1.3a. The observed total reflection intensity from the gas—
liquid interface could be related to the criticality condition given by the difference

7
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Figure 1.3 Neutron total reflection from a high-pressure gas
and liquid interface: (a) experimental apparatus and (b) inten-
sity of the neutron beam reflected from a surface of ethylene
glycol at an angle of 3 minutes as a function of the surrounding
gas pressure (McReynolds [19]).

between the right sides of Eq. (1.17) for the gas and the liquid, respectively. In
the present experimental condition with the energy spectrum proportional to the
neutron energy E, the square root of the reflected intensity I is expected to show a
pressure dependence as

(i)% _ Ean(P) _ Nibeom = Nobearo _ | P (1.20
Io Ea Nibeont Py

where the subscripts 1 and 2 denote liquid and gaseous samples, respectively. Fur-
ther, E4,(P)and E,; represent the neutron energies satisfying the critical condition
for the total reflection from the gas—liquid interface at sample pressures P and 0, re-
spectively, whereas at pressure P, the refractive index for the gas becomes same as
that for the liquid, and then the reflected intensity disappears. The experimental
results shown in Figure 1.3b indicate the variation just as expected from Eq. (1.20).

1.2.3
Fraunhofer Diffraction

In addition to the diffraction experiments on crystal lattices and the total reflection
experiments mentioned above, typical verification of the wave nature of neutrons
is also possible with interference experiments using a Fresnel biprism or Young's
double slit applied to neutrons. The former type of experiment was proposed and
performed by Maier-Leibnitz and Springer at the FRM reactor, Technical Univer-
sity of Munich [20]. Their experimental results indicated an obvious interference
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pattern, which corresponded as a whole with their theoretical curves, but there re-
mained locally some delicate disagreements which could be considered to indicate
the difficulty of using a biprism interferometer for neutrons [21, 22].

The first trial of the slit interference experiments was carried out by Shull as a
single-slit interference experiment [23]. In such a single-slit interference experiment,
if the slit width is much smaller than the distance L between the beam source and
the slit, and the distance L’ between the slit and the observation point (i.e., the con-
dition a/2L + a/2L’ « A/a is satisfied for the neutron wavelength 4 used in the
experiment), then the interference pattern will reduce to the so-called Fraunhofer
diffraction in which the curvature of the wave front can be neglected, and the in-
tensity distribution I(6) at the diffraction angle 6 should be given by the equation
1(0) = Iy(sinB/B)%, where B = (wa/A)sin 0. Shull employed a neutron wave-
length of 0.443 nm and a slit width of about 4-21 um, and observed the apparent
broadening of the diffraction peak, in good agreement with the calculated result of
the Fraunhofer diffraction width. His result indicated that the wave front of neu-
trons entering the slit has coherency over a width of at least 20 um in the direction
transverse to the propagation direction of the neutron waves.

A more distinct slit interference for neutrons could be verified in the double-
slit interference experiment corresponding to Young's optical experiment (1801).
Zeilinger et al. [24] performed a precise double-slit interference experiment by
making use of a beam of very cold neutrons extracted from the high-flux research
reactor at the Institut Laue-Langevin, Grenoble, and with them being monochro-
matized to a wavelength of about 2 nm through a prism. The experimental result
was compared with the numerical calculation simulating exactly the experimental
procedure according to elementary wave mechanics. The width of slit S; in Fig-
ure 1.4a used in the experiment was carefully adjusted according to the neutron
wavelength in the experiment, whereas the width of slit S, and that of the incident
slit S3 and the scanning slit S were fixed at 100 and 20 pum, respectively. The object
slit Ss is a double slit consisting of two open channels with a width of about 22 um
each separated by a shielded part of boron wire with a width of about 104 pm as
a neutron absorber, so that neutrons transmitted through slit Ss are spatially split
into two optical paths. Neutrons with a wavelength 1.845 £ 0.142 nm were used in
the experiment.

It will be instructive for understanding the neutron optics in the present exper-
iment to explain some details of their simulated calculation to obtain the double-
slit interference. It starts from the Huygens principle (1690). Considering the ver-
tical symmetry of the arrangement shown in Figure 1.4a, we can employ a two-
dimensional structure in which the wave distribution at an arbitrary point in the
object slit Ss will be constructed by the interference with the phase distribution due
to the products of the wave number and the optical path length for every point in
the incident slit. On the other hand, the possible difference in the attenuation effect
due to the optical path length difference can be neglected when considering the sta-
tistical accuracy of the experimental result because of the much smaller value for
the slit width to the path length ratio. The wave propagation from the object slit
to the detector slit can also be considered in a similar way. Therefore, the intensity

9
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Figure 1.4 Double-slit neutron interference experiment. (a)
Experimental arrangement (not to scale) and (b) experimental
result compared with the theoretical calculation of the double-
slit interference pattern (Zeilinger et al. [24]).

distribution I at an observation point P in the detector can be expressed by
ch// |U(P)2w(A)w(09)dAd(6D)d Sy, (1.21)
where the amplitude U(P) at point P is given by

U(P) o // F(0) e T9d55d S5, (1.22)

k is the neutron wave number, r and s are the optical path lengths in the diffraction
plane from the incident point to a point in the object slit and from there to the
detection point, respectively, and w(4), w(00), and f(0?) are the wavelength and
angular distributions of incident neutrons, and the factor to take into consideration
the relative phase at an incident point induced by the incident wave in the angle 69,
respectively.

Equation (1.22) giving the amplitude U(P) produced at point P by an incident
plane wave is the integration as a coherent superposition, whereas Eq. (1.21), in-
tegrating over the incident wavelength and angular distributions, is simply the in-
tensity integral as an incoherent superposition. The result of the present numerical
calculation considering the slight asymmetry in two slit widths based on the actu-
ally observed result from optical microscopy shows very good agreement with the
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Figure 1.5 Split-lens interferometer configuration for neutrons:
(a) principle of an overlapping split-zone plate working as a
lens giving a constant fringe spacing; (b) split-lens geometrical
pattern as a cylindrical zone plate preferable to a pinhole source
for photomicrolithography; and (c) experimental interference
pattern for a Cu zone plate fitted to the theoretical pattern for a
zone thickness of 1.3 um (Klein et al. [25]).

experimental result in Figure 1.4b, and the slit widths derived from the calculation
gave values near those of the microscopy results. However, from the single-slit ex-
periment carried out in a similar way with a slit width of about 95 um, the slit width
that gave the best fit was about 5% larger in comparison with the the microscopy
result and the mechanical measurement with spacers, and this disagreement could
not be explained well [24].

1.2.4
Fresnel Diffraction

All the slit interferences mentioned above are phenomena belonging the Fraun-
hofer diffraction; therefore, at the end of this section a few examples will be given
for Fresnel diffraction, where the curvature of the wave front plays an important role
in the interference. For the diffracting elements in such an experiment, a crystal
restricts the neutron wavelength to below the Bragg cutoff, and a prism is also not
preferable to focus on a short distance in the case of neutrons with a refractive in-
dex n very near unity (|n — 1| ~ 10™* for a wavelength of 2 nm). Therefore, Klein
et al. [25] employed a Fresnel zone plate and verified its applicability as an approach
for the Fresnel diffraction of cold neutrons with a wavelength of 0.5-2 nm and very
cold neutrons with a wavelength of about 2-30 nm.

In the split-lens interferometer configuration shown in Figure 1.5a, two kinds of
zone plates, the central parts of where are overlapping, diffract the waves from the
primary source S inward, and as the result is a fringe with a constant spacing in
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the region where the wave fronts overlap. They employed refractive zone plates to
produce fringes with a phase shift due to the refractive index according to Egs. (1.14)—
(1.17), instead of ordinary absorption zone plates, for higher luminosity and appli-
cability for neutrons with a refractive index very near unity. Further, they used the
cylindrical zone plates illustrated in Figure 1.5b, which are preferable to a pinhole
primary source as in the case of a narrow slit to be arranged in a neutron facility.
They prepared such zone plates by means of photomicrolithographic techniques
with UV light photography from the geometric patterns illustrated in Figure 1.5b,
and then photoresists masked the electrolytic deposition. The required thickness
D(A/2) for the wavelength A to give a phase shift of 180°, that is, /2, can be esti-
mated as

p(t)- 4 . 7 1.23
2] 2(1—n) = Nbend' (1.23)

from which they used D(4/2) = 2.4 um for copper at a wavelength of 2nm. One of

the experimental results of the interference experiments with such split-zone plates of
electrodeposited copper carried out at the Grenoble high-flux reactor is shown in
Figure 1.5c. The experimental fringe spacing 0 agreed well with the theoretically
estimated value of 51.8 um from the equation

5= Mfp—rip— f)]

pd '

where the experimental wavelength 4 = 1.93 & 0.05nm, and f, p, and r are the

focal length, the distances from the lens to the source, and the distance to the

plane of detection, respectively, all being 5m. Further detailed theoretical calcula-

tions indicated that the interference pattern corresponded to a copper thickness of

1.3 pm in the zone plates. This experiment verified the technical advantages of the

interference experiments with split-zone plates, whereas the close spacing of the
interfering beams would restrict the application of the method.

On the other hand, Steyerl et al. analyzed three-dimensional focusing with con-

(1.24)

structive interference of long-wavelength neutrons and designed an achromatic
concave Fresnel zone mirror for ultracold neutrons [26]. The image formation exper-
iment was carried out on such a circular zone ring mirror electrodeposited on an
aspherical concave substrate with 60-80 nm ultracold neutrons at the inclined and
highly curved guide facility PN5 of the Grenoble reactor. The experimental result
agreed with the theoretical expectation at a magnification of 5 within the statistical
error [27].

As mentioned above, the phenomenon of de Broglie matter waves of neutrons
without consideration of the spin is considered to be precisely described by the
law of scalar optics, where the amplitude and the phase of waves are exactly and
uniquely decided by the position and the time.

However, a further advanced question that will arise quite naturally is if once
split waves as considered in this section are superposed again at some position,
how great a shift in the space or in the time is allowed to maintain the coherence
of the waves. Such kinds of studies on the coherence of waves will be presented in
the next section and in later chapters.
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In addition to Bragg scattering and slit interferences or zone mirrors used in the
historical experiments which verified the wave nature of neutrons, various types
of neutron interferometers, such as Mach—Zehnder, Fabry—Pérot, and Jamin types,
were also developed. These studies will also be introduced and discussed in Chap-
ter 9. In Chapters 2 and 6, neutron optical experiments in various structures and
systems will be described. As the neutron has spin, in some kinds of experiments
the spin must be taken into consideration as a new variable, and such experiments
relating to the neutron spin will be mainly discussed in Chapter 3 after a short
preliminary study in the last section of this chapter.

1.3
Coherence of Waves

1.3.1
Coherence Lengths

In the theoretical calculation (Figure 1.4b) of Zeilinger et al. described in the pre-
vious section with the exact wave mechanical simulation of the double-slit interfer-
ence [24], the integrals (1.21) and (1.22) were classified as the coherent superposition,
Eq. (1.22), and the incoherent intensity integral, Eq. (1.21), over the wave components
propagating downstream from each incident point. This classification was decided
on depending on whether a certain correlation exists or does not exist between the
phases of different partial waves, as the former belongs to the case without any ac-
companying random phase shift, whereas the latter belongs to the case with some
accompanying random phase shifts. Since there is currently no coherent primary
source for neutrons realized as there is laser light sources, superposition of waves
for a couple of free neutrons should also belong to the latter case.

Since the monochromatization of incident neutrons in the experiment of
Zeilinger et al. was performed with the combination of fine slits and a prism
at a position sufficiently far from the primary source as shown in Figure 1.4a,
the coherent superposition could be well approximated by the optical path inte-
gral, Eq. (1.22), of monochromatic plane partial waves owing to the prism having
a different refraction angle for different wavelengths. In contrast, in the case of
monochromatization with Bragg scattering, the correct relation between the wave
components with different wavelengths and their coherence could not be repre-
sented so simply, but both of the quality of the monochromator crystal and the
experimental setup must be taken into consideration.

For example, in the monochromatization setup for neutron scattering, a mosaic
crystal which consists of a number of microcrystals with slightly different orienta-
tions is often used to obtain the optimum beam intensity by reflecting a rather
wide wavelength range and over wide angular regions. Pyrolytic graphite is one
such imperfect crystal that is nearly ideal for broad-angle monochromatization [28].
A recent study on pyrolytic graphite reported, in addition to such mosaicity, a
distribution width in the lattice spacing, which induces additional broadening in
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the Bragg-scattered wavelength width [29]. When such a component is used in
a neutron optics experiment such as interferometry, the wave phenomena can-
not simply be represented by Eqgs. (1.21) and (1.22) as the coherent superposi-
tion of monochromatic plane waves and the intensity integral over the wavelength
and angular distributions, but the coherent superposition of partial waves over
the reflected wavelength width, characteristic of the mosaic crystal, must be per-
formed [30]. Further, the two Gaussian distributions of the incident neutrons ob-
served in the interferometry experiment could be reduced to being caused by the
two Gaussian distributions in the lattice spacing recently clarified for pyrolytic
graphite [31].

As explained in the previous section on the double-slit experiment of Zeilinger
et al. [24], the wave distributions were formed by the interference of partial waves
with the phase difference due to the products of the wave number and optical path
lengths from every incident point in the entrance slit. Then, it would be an interest-
ing question to ask whether the coherence of waves holds or does not hold between
the optical path lengths with a much larger difference, or in other words to ask how
big is the path length difference or the time difference when the coherence finally
disappears. Such a physical quantity expressing the maintenance of coherence in
terms of spatial length is called the coherence length.

When we consider any experimental scheme to investigate the coherence length
of a neutron, we must the first decide on whether on the incident neutrons for
our device are sufficiently well approximated by monochromatic plane waves or
whether they are have a wavelength distribution with a finite width. According to
the principle of the Fourier integral, coherent superposition of plane waves over a
finite wavelength width gives the resultant waves with a finite spatial broadening.
A quite similar relation will also hold in time. Such waves localized in space or in
time are called a wave packet. Therefore, the problem of how great is the coherence
length is considered to be tightly related to the situation of how sharply the wave-
length distribution is concentrated around the central value, or in other words how
widely the wave packet is distributed in space and time.

However, a classical problem will arise that the propagation of waves composed
of such a wavelength distribution, that is, the velocity distribution, with a finite
width should be accompanied by an obvious dispersion of waves propagating to
distant places. To get rid of such a dispersion, other concepts are possible in wave
mechanics. One of the possible starting points is the thought that the wavelength
distribution of a wave packet is the probabilistic concept of a neutron being sus-
tained during propagation in space and time, and we observe the result of such
probabilistic distributions. Experimental studies on such kinds of probabilistic con-
cepts will be reported in the first section in Chapter 9. Another possible concept is a
kind of singular wave packet inherently involving some physical structure persist-
ing against the dispersion with the wavelength distribution. Such a singular wave
packet will be studied in the last section in Chapter 9.

Therefore, here we do not go into detail on the problem of coherence and the
concepts on the wave packet for a neutron, and we will study them in detail in
Chapter 9.
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13.2
Pendellésung Interference

Now, we introduce one of the early experiments estimating the coherence length of
neutrons. Shull [32] carried out a very high precision experiment at Brookhaven
National Laboratory with a neutron wavelength width of 0.0072 A as shown in Fig-
ure 1.6a. This consisted of a thin silicon single crystal cut perpendicularly to the
(111) reflection planes and fine entrance and exit slits with a width of 0.13 mm on
each side of the crystal. The entrance side was illuminated with neutrons at inci-
dent angle 6 very near the Bragg angle 6. This is the well-known setup of X-rays
referred to as the Pendellosung interference experiment.

In this kind of symmetry Laue diffraction (refer to Section 6.1), the momentum
component parallel to the reflecting lattice planes of incident neutrons is conserved
during the propagation, whereas the perpendicular component experiences a num-
ber of Bragg reflections. As a result of the regular lattice effect and the potential
effect of the crystal as a whole, with the refractive index given by Egs. (1.14)—(1.17),
and in the case of the incident angle 6 with a very slight deviation from the Bragg
angle 0p, that is, at a very small deviation 66 = 6 — 6p, the waves in the crys-
tal become two split components with slightly different propagating velocities and
are transported in two symmetrical directions with a small angle ¢ to the Bragg
angle. The transportation angle € and the intensity I can be described by the equa-
tions ([32]; textbook [D] p. 431; textbook [I] Chapter 6, Section 6.3; [33] Chapter 6,
Section 6.3; [34] pp. 201-202)

) = tane A00/2d ’ (1.25)
tan Op V1+(40660/2d)?
I(y) = (1—y) " sin? [% + X0 72)1/2} , (1.26)

where d is the lattice spacing in the crystal, ¢ is the crystal thickness, 4 =
7 cos O /NbFpiiA, N is the number of unit cells per unit volume, b is the scat-
tering amplitude of the nucleus, and Fyy) is the crystal structure factor per unit cell
contributing the reflection with the Miller indices hkl.

In Eq. (1.25), we can see that at the exact Bragg incident angle, becoming +¢ = 0,
the perpendicular components constitute standing waves, and therefore the waves
are transported in parallel to the Bragg reflection planes. However, in all cases two
split waves after being propagated through the crystal with slightly different veloc-
ities emerge from the exit surface of the crystal, thus a certain phase difference in
proportion to the crystal thickness results between these two components. For a
sufficiently narrow entrance slit, waves after the entrance slit extend over a wide
angle, then the phenomena mentioned above spread widely inside the crystal and
thus the Pendellosung interference due to the split-wave interference is observed.
Figure 1.6b indicates such results of the Pendelldsung interference for three differ-
ent values of crystal thickness observed at the center of the exit surface of the crystal
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Figure 1.6 Pendelldsung interference for neutrons. (a) The
experimental setup; (b) fringe development at the center of
the Bragg reflection as the wavelength increase for the crystal
with the thickness; (i) 1.0000 cm, (i) 0.5939 cm, (iii) 0.3315cm
(Shull [32]).

on minutely varying the incident neutron wavelength. From the order number of
the interference fringes shown in Figure 1.6b, sufficiently high contrast is observed
beyond 55th order. After the correction of the finite experimental resolution, the
loss of contrast becomes of the order of 2% or even less, and thus the coherence
length of neutrons in the present experiment was estimated to be larger than 27504,
or 0.3 pm.

Further, interference variations induced by more effective and different kinds
of phase shifts are observed for neutron waves by making use of various kinds of
neutron interferometers, and the results will be described in Chapter 9.

1.4
Corpuscular Properties of the Neutron

1.4.1
Time-of-Flight Analysis

As early as a few years after the discovery of the neutron by Chadwick in 1932,
it was experimentally assured that this neutral particle with mass much greater
than that of the electron could be slowed down to the room temperature energy
region by scattering by nuclei. For example, Dunning et al. [35] measured the
time of flight of the neutrons emerging from the surface of a cylindrical paraf-
fin block 16 cm in diameter and 22 cm long, in the center of which a 600 mCi
Rn-Be neutron source was embedded. For the measurement they used the trans-
mission through a couple of rotating absorber discs with slits. The two discs,
each having a slit with an opening angle of 3.7° and provided with a similar
fixed disc, were 54 cm apart and connected to each other with a lag angle of 3.5°.
The device thus works as a mechanical velocity selector for neutrons in which neu-
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trons with a velocity corresponding to the rotation speed are able to pass through
the device. The count rates plotted against rotation speed agreed well with the
Maxwellian distribution, having the maximum intensity at a neutron speed of
about 2300 m/s.

The flight velocity of neutrons thus measured represents the particle motion of
the neutrons, and at the same time it corresponds to the group velocity in the
wave mechanics as mentioned in Section 1.1. The wavelength given by Eq. (1.9) for
neutrons with energy corresponding to room temperature is on the order of inter-
atomic distances, indicating possible applicability of these neutrons to spectroscopy
experiments for material physics, but the neutron intensity as well as the energy
resolution of the experimental arrangement of Dunning et al. were not sufficiently
high for such applications. The precise time-of-flight spectroscopy for neutrons was
carried out first by Alvarez, as shown in Figure 1.7a, by making use of a cyclotron
to accelerate deuterons to be injected into a beryllium target and the neutrons pro-
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Figure 1.7 Time-of-flight spectroscopy experiment with time-
modulated operation of a cyclotron; (a) Plan of cyclotron room;
(b) Boron absorption variation with timing scheme, abscissa;
absorver thickness, ordinate; transmitted neutron intensity
(normalized), i: continuous measurement, ii—vi: delay time
increased by about 1/240 s per step. (Alvarez [36]).

17



18

1 Wave—Particle Duality of the Neutron

duced were moderated in a paraffin block. For the velocity analysis of moderated
neutrons, he used the electrical velocity selection method with time-modulated opera-
tion for deuteron acceleration and synchronized control of the neutron measuring
system [36].

There were several severe tasks and difficulties in the controlled operation of
the cyclotron beyond 100 Hz to achieve thermal neutron spectroscopy, but final-
ly the energy selection of neutrons around 300-10 K could be well achieved with
the modulated operation at 120 Hz. From the measurements of the transmission
ratio of such velocity-selected neutrons, the 1/v law, v being the neutron veloc-
ity, on the absorption cross section of boron was confirmed, as shown in Fig-
ure 1.7b.

The performance of the 1.5 m cyclotron used in the neutron experiment at Berke-
ley, the University of California, gave a deuteron energy of 8 MeV, a deuteron cur-
rent of 50-60 pA in the steady-state operation, and 5-10 pA in the modulated oper-
ation at 60 Hz.

Later, in 1940, Baker and Bacher reported a time-of-flight experiment similar to
the Alvarez one but with a much higher repetition frequency, that is, a period of
2500 ps, a neutron burst width of 50-100 ps, and a modulation time accuracy of
5 us [37]. In the same year, Alvarez et al. carried out a magnetic resonance ex-
periment for neutrons with the steady-state operation of the cyclotron; this will be
described in the next section.

I would like to insert a short description of the activities in Japan during similar
periods. Kikuchi et al. constructed a cyclotron with an accelerated deuteron ener-
gy of 4.2 MeV in the central Osaka campus opened in 1932, of Osaka University,
and started nuclear physics studies with it. However, the outbreak of the Second
World War unfortunately disturbed and finally interrupted the continuation of the
research in the 1940s. Independently, at the Science and Chemistry Institute in
eastern Japan, Nishina constructed a 1.5m cyclotron in 1943 for nuclear physics
studies. At Kyoto University, the construction of a cyclotron was started. All these
experimental activities in nuclear and neutron physics in Japan were stopped at
the end of the Second World War owing to the destructions of the facilities by the
occupation forces. Thereafter, experimental neutron research in Japan recovered,
accompanied by the development of research reactors and high-intensity accelera-
tors after the 1960s.

Experimental research on neutrons after the 1950s progressed remarkably by
making use of research reactors developed in the United States and in Europe. Fur-
ther, after the 1970s, with the construction of high-flux reactors, various kinds of
advanced neutron spectroscopies were proposed and practically applied to neutron
optics and condensed matter studies. Furthermore, the successful developments
of high-intensity accelerator sources in Europe and the United States promoted
pulsed neutron experiments as a competitive approach to continuous beam experi-
ments. Nowadays, the most intense pulsed neutron sources are constructed in the
United States and in Japan and are starting their operations. Some of the wide va-
riety of neutron optics and spectroscopy developments as well as their applications
will be introduced in the following parts of this book.
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1.4.2
From a Particle to a Wave

One of the very interesting investigations in Munich relating to the particle motion
of neutrons reflected by a mirror will be described here. If the reader has some
difficulty in understanding well the explanations, the information given in the next
chapter will help gain a better understanding.

To understand deeply the wave—particle duality in the phenomenon of neutron
reflection on a mirror, Felber et al. undertook a comparison between the results of
the classical mechanical analysis on the reflection of a particle beam and of the quantum
mechanical analysis on the reflection of matter waves, and studied the possible transi-
tion from the former to the latter under the developments of temporal and energy
conditions in the reflection [38]. Practically, they considered the reflection of very
cold neutrons with a wavelength of 2.4 nm on a surface vibrating at high frequency,
and compared the theoretical analyses with the experimental results carried out at
the Munich and at the Geesthacht research reactors. They succeeded in indicat-
ing the transition of the time-dependent reflection phenomenon from classical to
quantum mechanical according to the developments of frequency and amplitude
parameters with the surface vibration.

The vibrating mirror surface is represented by a step potential with height V,
under one-dimensional motion with amplitude a, and angular velocity w,. The
collimated neutrons with energy E, (the wave number ko, velocity vy) experiencing
such a potential can be classified according to the values for three parameters a =
2koa,, f = V,/Ep,and y = a,w,/vo.

In the framework of the classical description, the neutron trajectory should be
calculated iteratively by solving the equation of motion successively after every col-
lision, but the neutron velocity change due to the collision necessary to obtain the
neutron flux is given in an implicit form; therefore, the solution can only be found
numerically.

In the framework of the quantum description, on the other hand, it is enough to
introduce the step potential in the time-dependent Schrédinger equation, but our
case is essentially different from the usual cases given in many textbooks, since
our potential is time-dependent. Felber et al. therefore started with the expansion of
the wave function into the partial waves with the number of transferred phonons
n, and then investigated the behavior of the analytical solutions for the particle
waves in the extreme cases for the parameters (small amplitude; a < 1, or quasi-
stationary; y < 1) and further were able to calculate the approximate solutions for
other general cases up to the order of the expansion |fyx| = N = 2a to satisfy
the required accuracy.

The results of these calculations are shown in Figures 1.8 and 1.9. From Fig-
ure 1.8a and b, we understand the quantum effects become significant for a < 10,
whereas for a > 10 the results approach those of classical mechanics. Further,
in Figure 1.8c, we recognize many black bars for the quantum reflections in the
region where no reflections are expected in classical mechanics, that is, no black
continuous spectrum is shown. Therefore, all of these reflections in E/ < 0.5 in
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bars); (c) reflected and transmitted distribu-

Figure 1.8c indicate quantum particle reflections. The comparison with their exper-
iments are shown in Figure 1.9, where Figure 1.9a shows the experimental setup
of the reflection experiment with the vibrating mirror.

Since the neutron velocity component parallel to the mirror surface vy is con-
served, the situation can be reduced to a one-dimensional problem in which the
previous parameter values are replaced by the corresponding relations for the per-
pendicular component v, . Thus, the energy and the velocity changes of neutrons
reflected by the vibrating mirror described in Figure 1.8 are equal to the changes of
the perpendicular components E, | and v, , respectively, and the resulting change
of the reflection angle 6, will be observed according to the relation

v AE
tanG,:V—L:taHQO 1+ L
Vo Eol1

: (1.27)

where Ey, = Epsin’ 6y and AE, = E,| — Ey,. Figure 1.9b shows the experi-
mental results for various values of the parameter o and compared with those of
the matter wave calculations, where 1neV = 1072 eV. We can conclude that both
results agree well by considering the effects of the finite resolution included in the
experimental results
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From the transition shown in Figure 1.8 from a few discrete spectra to the con-
tinuous spectrum for increasing the value for «, that is, in the transition from
quantum mechanics to classical mechanics as shown in Figure 1.8, the analyti-
cal method appropriate for a given condition can be decided from the parameter
values.
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1.5
Magnetic Moment of the Neutron

The neutron has spin 1/2 and the magnetic dipole moment u, = —1.91uyg, where
unp is the nuclear magneton ef/2Mc, defined for the proton mass M. The half-
integer neutron spin was predicted from the structure of a deuteron on the discov-
ery of the neutron by Chadwick. Soon after, in 1937, it was confirmed, together with
the spin dependence of the neutron-proton internucleon interaction, by the mea-
surement and the analysis on the diffusion characteristics of thermal neutrons in
liquid hydrogen samples with different ratios of two kinds of hydrogen molecules,
orthohydrogen and parahydrogen [39, 40]. On the other hand, the magnitude of
the neutron magnetic moment was determined from the measurement of neutron
spin behavior in a magnetic field, which will be described next.

1.5.1
Spin Flip in Magnetic Resonance

A spin with magnetic moment u precesses in a magnetic field with the Larmor
precession frequency vi = 2u H/h around the direction of the magnetic field, the
motion being called the Larmor precession. For a particle with a half-integer spin in
a magnetic field, the theoretical formula for the spin reversal probability at time ¢
in the situation of nonadiabatic spin flip was derived by Giittinger [41], who solved
the Schrédinger equation for a spin-1/2 particle in a magnetic field rotating with
frequency v. His formula is given for the case where the rotational axis of the mag-
netic field makes an angle ¢ = /2 with the direction of the field. A more gener-
al formula was given by Rabi [42] for an extended condition of the total magnetic
field H, to be decomposed into a static magnetic field Hy and a rotating magnetic field
with magnitude H; perpendicular to the direction of Hy. His formula, Eq. (1.28),
applicable to an arbitrary value for the polar angle ¥ between the directions of H
and H,, is written as

. 219
P(i 1y =~ sin® | vt 1+ g2 — 2qcos ¥ |, (1.28)
LA 1+ g% —2gcos?

where P(1 _1) denotes the probability that the spin state initially at 4+1/2, that is,
polarizecszih the direction of the total field at time t = 0, becomes the —1 /2 state at
time t, and g = v /v. Putting ¥ = 7/2 in Eq. (1.28) gives the same result as with
Giittinger’s formula.

Since the terms as a function of g on the right side of Eq. (1.28) can be rewritten
as 14 g% —2qcos® = (q — cos )% + sin® ¥, the resonance condition for spin flip in
which P 11 takes the maximum value is given by gyes = cos ¥. Then, the spin
flipping probability at that condition follows the time dependence

P(1 1) = sin*(wvtsind): (1.29)
therefore, the probability will approach unity if we optimize the residence time of

the particles inside the magnetic field. Furthermore, there being two kinds of rota-
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Figure 1.10 Magnetic resonance experiment for the neutron:
(a) experimental apparatus; (b) count rate decrease observed
at the resonance. The abscissa represents the magnetic field
current in arbitrary units (Alvarez and Bloch [43]).

tion direction, that is, clockwise and counterclockwise, with the same magnitudes
of frequencies v and v, the resonance condition in Eq. (1.28) requires not only the
magnitude but also the sign of v to match those of v;.

In other words, we can determine whether the magnetic dipole moment of the
particle is positive or negative from the magnetic resonance experiment by making
use of a rotating magnetic field, but this is not possible if we use the reciprocating
magnetic field, which is the superposition of clockwise and counterclockwise rotat-
ing fields.

An experiment using this nuclear magnetic resonance method applied to neutrons
was carried out by Alvarez and Bloch with the insertion of the resonance apparatus
shown in Figure 1.10a in the cyclotron described earlier, and the magnetic dipole
moment of the neutron was derived from their experiment [43]. In their experiment,
the cyclotron was operated in a steady-state mode, which was advantageous from
the viewpoint of the background effects in comparison with those in the modulated
operation mode.

For the polarization of the incident neutrons and also for the polarization analysis
of neutrons transmitted through the resonance apparatus, the transmission method
with magnetic scattering through several centimeter thick iron plates magnetized
by wires carrying electric currents was used. Further, they employed the method
to find the resonance condition from the maximum of Py by varying the
static magnetic field Hy under a constant frequency v, = w,/27 of the oscil-
lating magnetic field, assuming that the second term on the right side of Eq. (1.28)
should be averaged over owing to the broad distribution of the residence time in
the magnetic field of neutrons with various velocities. Furthermore, they used the
resonance spin flip formula for the initial condition polarized in the direction of
the static field, based on the small H;/H ratio, actually smaller than 2% for a
static magnetic field Hy of 600G and an oscillating field strength H; of about
10G.
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The homogeneity of the magnetic field Hy in the experiment of Alvarez and
Bloch was 600 + 1 G over the whole of the resonance region, and the voltage fluc-
tuations of the magnet power supply were maintained below 0.1% by the control
system compensating the effect due to the coil temperature variation. To determine
precisely the number i1, which corresponds to the neutron magnetic moment u,
expressed in the unit of nuclear magneton, eh/2Mc (M is the proton mass), they
employed the method to compare the resonance angular frequency w,, for the neu-
tron in a magnetic field of strength H,, with the resonance angular frequency for the
proton w, accelerated by the cyclotron, according to the equations

wn =2Huun/h = 2Hyuit,/h)(eh/2Mc) = (eHn/Mc)ity , (1.30)
w, =eH,/Mc, (1.31)
iy = (0n]wp)(Hy/Hy). (1.32)

One of their experimental results for the resonance curve is shown in Fig-
ure 1.10b for the magnetic field frequency v, = 1.843 MHz.

As the final result of these measurements repeated many times, the neutron mag-
netic dipole moment in the unit of nuclear magneton was determined as

Uy =—1935 £0.02. (1.33)

Although the sign of the magnetic moment for the neutron could not be deter-
mined in the experiment, where a reciprocating field was used, it had already been
deduced to be negative from the Stern—Gerlach magnetic deflection experiment for
protons and deuterons by Stern et al. [44, 45].

The main experimental efforts to determine precisely such a physical constant
in these early neutron experiments by making use of accelerators were devoted to
the stability and reproducibility of the measurements, especially with Alvarez et
al. having had difficulty to achieve the required stable operation of the cyclotron (a
fluctuation of the magnet source voltage below 0.1%). By the way, the experiment to
determine directly the sign of the neutron magnetic moment by making use of two
mutually orthogonal magnetic fields was later carried out by Rogers and Staub [46].

The phase difference between the incident and the exit neutron spins during the
resonance will be accumulated over the period of Larmor precession and thus the
accuracy of the phase determination will be improved in proportion to the num-
ber of precessions. Ramsey’s separated oscillating magnetic field method [47] in which
the oscillating field is split into two widely separated locations along the neutron
flight path and a constant precession field is provided in the flight path between
the separated fields for the continuation of the Larmor precession gave an epoch-
making improvement in such resonance experiments for particles as mentioned
above. Corngold et al. performed the first resonance experiment with this method
applied to the neutron in the graphite reactor at Brookhaven National Laborato-
ry [48, 49]. The results of this experiment are shown in Figure 1.11, and combined
with the result of a similar measurement on a proton sample (H,O) with the same
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apparatus; this gave a much improved accuracy for the neutron magnetic moment as
Uy = —1.913148 £ 0.000066 . (1.34)

We add here one of the later results with further improved accuracy [50] also
carried out with the separated field method:

iy = —1.91304308 £ 0.00000058 . (1.35)

1.5.2
Adiabatic Spin Reversal in a Magnetic Gradient

The resonance phenomenon described above by making use of uniform fields has
a very sharp resonance frequency, being very advantageous for precise measure-
ments of a physical quantity of a particle. Therefore, besides the determination of
magnetic moments, it is also applied to search for the electric dipole moment of the
neutron as the most sensitive experimental method at present for verifying the pos-
sibility of the neutron having a finite electric dipole moment. However, from the
viewpoint of efficient reversal of spins, Eq. (1.29) indicates the difficulty of attaining
the resonance condition for neutrons with widely distributed velocities, spending
different residence times in the precession field.
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Another approach for spin reversal, named adiabatic spin flip method with magnet-
ic gradient, is used for such cases to attain efficient performance for a wide velocity
spectrum. This method of adiabatic spin reversal in a magnetic gradient consists
of a static magnetic field with a gradient and an oscillating magnetic field in the
middle of the static field, the working principle of which can be understood in the
rotating frame.

Before considering the magnetic gradient method, it will be instructive to de-
scribe the experiment of Alvarez et al. in the rotating frame with the same frequency
vy as the oscillating field around the axis in the direction of the static field. At the
resonance condition where the frame rotation frequency is exactly the same as the
Larmor precession frequency, the phenomenon of spin precession will disappear,
thatis, the effect of the static field H,, is canceled. On the other hand, the oscillating
field seems to be at rest with a field strength of Hj. As a result of these transforma-
tions, the neutron spin will precess very slowly at the Larmor frequency in the field
H; around the direction of the field H; now at rest in this rotating frame. The spin
flipping time, defined as the time required for the complete spin reversal, that is, &
spin turns, is just half of the Larmor precession period in this situation.

Now, we consider the magnetic field with a gradient as shown in Figure 1.12a,
where the static field strength H, varies along the oscillating field region (x =
%o ~ %1) on the x-axis in the direction of the neutron flight. The equality Hy(x) =
H, required in the previous case is satisfied only midway, x = x,, in the path, and
upstream the static field strength Hy(x) becomes gradually larger than H,,, that s,
X < x < x;; AH(x) = Hy(x) — H, > 0, where AH(xy) > H;. Downstream,
however, H, gradually becomes smaller than H,,, thatis, x, < x < %;; AH(x) <0,
where |[AH(x;)| > H,. At the entrance (x = x,) and the exit (x = x,) positions
of the device, there is a neutron polarizer and a polarization analyzer.

With a similar transformation to the rotating frame as previously considered,
during the passage in the upstream region starting from the entrance to the mid-

X
[=]
T
B Hp-—— = e
o
©
5
) i
= o RF-field coil
Xo Xp Xo X X1 Xg
(a) Neutron flight path x (b)

Figure 1.12 Description of the adiabatic spin flip method with

a magnetic gradient: (a) setup and field distribution; (b) move-
ment of the field direction followed by a spin vector adiabatically
in a rotating frame synchronous with an oscillating magnetic
field.
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way position, where A H(x) > 0, the neutron spin follows the motion of the mag-
netic field described as Heg(x,t) = AH(x)e, + Hjey,, where e, denotes the
direction of Hj at time ¢; thus, as shown in Figure 1.12b it results that the spin
parallel (or the spin antiparallel) to Hj at the entrance moves to the direction par-
allel (or antiparallel) to H; at the midway position, and further in the downstream
region continues to move to antiparallel (or parallel) to Hy as the sign of A H(x)
reverses. In this way, regardless of the initial spin direction, the spin reversal is at-
tained quite smoothly for a wide range of the neutron velocity. This is the principle
of adiabatic spin flip with a magnetic gradient.

The velocity region of the neutrons for which the spin flipping mechanism men-
tioned above works well will be defined as follows.

First, the adiabatic spin flip condition requires the adiabatic following after the mag-
netic field, that is, the direction of the magnetic field in the device (now we consider
itin the rotating frame), moves sufficiently slowly compared with the angular veloc-
ity of the Larmor precession in the magnetic field H;. This can can be expressed as

Vimax | 4 H(x) 2|p | Hy
H1 dx h ’
dH 2 H?
Or  Vymax dﬁ(cx) |‘u;_l| L , X0 =X =X, (136)

where u, is the magnetic dipole moment of a neutron, and v, p,, denotes the
maximum velocity for the neutrons performing the adiabatic spin flip.

Next, in addition to the midway position, there is another point, either at the
entrance or at the exit (in the case in Figure 1.12a it is the entrance side), where
the equality Hy(x) = H, holds at the position x = x;. For successful working
of the spin flip mechanism for the neutrons transmitted through the device, any
additional spin reversal should not occur at this point of x = xj,, otherwise the spin
would return back to the initial state. Since the oscillating field produced by the coil
extending over the region x = x, ~ x; in the device should leak out somewhat
to the point x;, we have to make the field gradient around x =~ x; so steep that
the turning speed of the local field direction becomes much faster than the Larmor
precession of the spin at that location. This additional condition is written as

Vi min dH(x) 2|/un|H1
H1 dx x=xp h ’
dH 2|, | H?
Of  Vymin Fi () M , X =X, (1.37)
2 h

where v, min denotes the minimum velocity for the neutron getting rid of such an
additional spin reversal.

As a result of these requirements, the adiabatic spin flip will be attained suc-
cessfully for neutrons in the rather wide velocity region defined by Eqs. (1.36) and
(1.37).

The experimental study on the spin flipping characteristics with the gradient
field adiabatic method was carried out by Egorov et al. [51], who measured the
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transmitted intensity and its static field dependence of very slow neutrons (ultra-
cold neutrons) with a velocity below about 20 m/s through the spin flip device with
a configuration similar to that shown schematically in Figure 1.12a. The ultracold
neutrons were extracted from the curved guide tube at the VVR-M reactor of the
St. Petersburg Nuclear Physics Institute. For the polarization and the polarization
analysis, the transmission method of magnetized materials was employed (the set-
up was similar to that shown in Figure 1.10a), but in the present case for ultracold
neutrons they used the polarizer and analyzer with a magnetic reflection method on a
thin film, that is, a 1 pm thick evaporated iron layer, instead of the magnetic scat-
tering method for thermal neutrons used by Alvarez. An oscillating field with a
frequency 200 kHz, and a resonance field current of about 510 mA gave the reso-
nant decrease of the neutron count rate down to about half with a resonance half
width of about 3 mA [51].

Further, Ezhov et al. performed a comparison of the gradient field adiabatic
method and Ramsey’s resonance method in the case of bottled ultracold neutrons
(refer to Section 2.2.2) experiencing Larmor precession in the bottle over a period
of about 4.6 s on average. As mentioned already, the latter method is often used for
the precise measurement of the resonance condition, such as for studying the ex-
istence of the electric dipole moment of the neutron. They carried out Monte Carlo
calculations on the spin flipping performances in both methods mentioned above.
The spin flip spectrometer had two separated oscillating fields at the entrance and
the exit sides of the precession space in a homogeneous static field. Their com-
parisons of the calculated results for both methods are shown in Figure 1.13a, in
which an about 1.8 times higher polarization ratio for the gradient field adiabatic
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Figure 1.13 Comparison between the spin
flipping characteristics for ultracold neutrons
with the gradient field method and with Ram-
sey’s resonance method. (a) Results of nu-
merical calculations; the solid curves repre-
sent the gradient field method, whereas the

broken curves represent Ramsey’s method.
Curves 1and 2 are for phase differences of
0° and 180° and curves 3 and 4 are those
for phase differences of 90° and 270°. (b)
Comparison with experimental results for the
gradient field method (Ezhov et al. [52]).
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method is indicated in comparison with Ramsey’s resonance method. The feasibil-
ity of the correctness of the calculated values for the gradient field adiabatic method
is also illustrated in Figure 1.13b as a comparison with the measured values, which
show satisfactory agreement with the calculated values.

Herdin et al. also carried out the polarization experiment with the adiabatic
spin flip method for ultracold neutrons with a velocity below about 8 m/s passing
through a guide tube, in which a high spin-flipping efficiency of about 100% with
a statistical error of 2% and a polarization efficiency of 95-98% for the neutron
velocity region of 4.15-8.2 m/s were achieved [53].

The neutron spin precession in a magnetic field studied as described above can
be applied for the development of neutron spectroscopies, and various kinds of
high-resolution neutron spectrometers have been developed by utilizing these char-
acteristics of Larmor precession. The first idea in this direction was suggested and
developed by Mezei in 1972 [55], this new principle being named neutron spin echo
spectrometry (see the schematic arrangement shown in Figure 1.14). It opened the
door to the wide field of neutron spin spectroscopy. Generally speaking, neutron
spectroscopy experiments are carried out to study the energy structures and their
characteristics in a sample from the experimental results for the transferred energy
as the difference between the incident and scattered neutron energies. Thus, for
high-resolution investigations on the energy structures, similarly high-resolution
analyses of the transferred energy are required.

The conventional spectroscopy method is based on wavelength or velocity spec-
trometry; time-of-flight spectrometry suffers from the serious intensity loss accom-
panying the severe selection of the incident neutrons needed to satisfy the require-
ment of such a high-energy resolution. In contrast, in the new principle of neutron
spin echo spectroscopy, the information on the neutron energy does not require

Velocity selector

Precession_.
field 1

coil

\Nl.'-l

U./Detector

Precession e
field II Polarization  Analyser

analyser crystal

Figure 1.14 Schematic layout of neutron spin echo spectro-
meter. Typical lengths of the precession field regions are 2-4 m
(Mezei [54]).
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wavelength or velocity spectrometry, but is labeled on the neutrons as the number
of Larmor precessions. A practical and basic configuration of the neutron spin echo
spectrometer is shown in Figure 1.14. During their flights through the incident and
scattered flight paths with, respectively, well-defined path lengths and well-defined
magnetic field strengths, neutrons experience Larmor precessions; thus, after the
flights the number of precessions is labeled on individual neutrons. It is quite pos-
sible to reverse the sign of the precession number, that is, label a negative number
for the precession after the scattering by a sample, by reversing the direction of the
magnetic field or by reversing the neutron spin. Then the resultant number of pre-
cessions observed at the end of the flight will be given by the difference between
those of the incident and the scattered paths, AN =~ NJv/v, where 6v = v/ —v
denotes the difference between the incident and the scattered neutron velocities.
In this way, we need not select the incident neutron velocity within a very narrow
width in proportion to the very high resolution of the velocity change dv, but we
can obtain as high a velocity resolution v as we wish by increasing the number
of precessions N to satisfy the present relation under a given resolution AN in
the experimental device. The present principle of echo spectrometry and the uti-
lization of a much wider energy width than in conventional spectrometries are the
important advantages of high-resolution spectroscopy with the neutron spin echo
method.

We would like to add here a little advanced detail on another important charac-
teristic of the neutron spin echo method. In conventional spectroscopy, the scat-
tered intensity distribution I(Q, €) is usually obtained for the transferred energy ¢
in inelastic and quasi-elastic neutron scattering experiments, whereas in the spin
echo method the measured neutron intensity is given by the scattering function
S(Q, €) integrated over € with the weight of the polarization analysis component
P, = cos(2m Nov/v) on the energy transfer structure in the sample. As supposed
from the principle of the Fourier integral, the latter means that we can directly ob-
tain data concerning the time-correlation function on the dynamical structure in
the sample. Further details on the developments of spin echo spectrometers will
be given in Chapter 3.



2
Reflection, Refraction, and Transmission
of Unpolarized Neutrons

2.1
Reflection and Transmission of Neutrons by a Single-Layer Mirror

2.1.1
Measurement of Coherent Scattering Amplitude

The fundamental formulas for reflection, refraction, and transmission of neutrons
are given by Eqs. (1.14)—(1.17) in Chapter 1, where a neutron beam with an angle in-
cident to the surface of an infinite mirror with uniform thickness of homogeneous
material was considered. It was also pointed out in Section 1.2 that these theoretical
relations hold regardless of the physical states of the layer material, that is, even for
liquid and gaseous states. Furthermore, the total reflection critical angle formula,
Eq. (1.17), is a very simple expression as the product of the squared wavelength of
neutrons, atomic density, and the coherent scattering amplitude. Since the present
phenomenon of total reflection is recoilless forward scattering, essentially inde-
pendent of the material temperature and the chemical bindings, it becomes one
of the important methods to measure precisely the scattering amplitude of various
materials for neutrons.

As one of the earliest experiments of total reflection for neutrons, Hughes, Bur-
gy, and Ringo [18] carried out precise measurements under critical conditions for
liquid-hydrocarbon mirrors at Argonne National Laboratory, and applied Eq. (1.17)
to obtain the values for the amplitude of coherent scattering of neutrons by a pro-
ton, that is, a hydrogen nucleus, beonp, because the precise measurement of the
amplitude of coherent scattering of slow neutrons by a proton was an important
task at that time from the viewpoint of nuclear force theory. Other experimental
approaches, such as neutron scattering on liquid hydrogen or hydrogen-containing
crystals, were also performed, but their experimental error was greater than about
3% because of the statistical errors due to orthohydrogen in the sample in the
former approach, or the correction errors for the diffuse scattering from ther-
mal motions of atoms in the crystal. The present method of total reflection does
not have these theoretical inaccuracies. Thus, Hughes et al. could obtain an ac-
curate value for the coherent scattering amplitude for a proton with an error of
less than 1%, from the total reflection experiment on trimethylbenzene, a liquid
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Figure 2.1 Experimental arrangement for neutron total reflec-
tion consisting of a liquid-sample mirror and a beryllium mirror
for critical wavelength analysis (top) and the variation of the
beam intensity with counter positions (bottom) (Hughes, Bur-
gy, and Ringo [18]).

with a hydrogen to carbon ratio of 1.5 (Ci,H;s), after subtracting the contribu-
tion from the carbon scattering amplitude by c, which was known at that time
with a precision of 0.5%. Their experimental accuracy for the proton scattering
amplitude was effectively improved with the selection of the sample compound
and they obtained a very small critical angle for total reflection as a result of
balancing the positive scattering amplitude of carbon and the negative one of
hydrogen.

A further consideration they employed to precisely measure the critical condi-
tion, Eq. (1.17), under the experimental situation of incident neutrons with a wave-
length distribution is shown in the experimental arrangement in Figure 2.1. The
angle of incidence with the liquid sample was held constant at 5.3 minutes, where-
as the critical wavelength for total reflection was analyzed exactly by observing the
critical angle for total reflection from a beryllium mirror after reflection by the sam-
ple by changing the detector position. The critical angle for total reflection of the
beryllium mirror was determined in advance as a function of the wavelength with
monochromatic neutrons. In this way, the precise value for the coherent scattering
amplitude for a proton was derived as

beohr = —(3.75 £ 0.03) x 10~ P cm, (2.1)

where the error of about 0.9% mostly consists of statistical error.
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2.1.2
Neutron Guide Tube

Applying the total reflection formula, Eq. (1.17), we can transport a neutron beam
through a neutron guide tube, the inner wall of which is made of a material with a
positive coherent scattering amplitude b, and then the beam propagates through
the inside hollow channel and experiences multiple total reflections. The princi-
ple and the design formula were proposed by Maier-Leibnitz [56, 57], and were
further developed for practical uses. At present, various kinds of neutron guide
tubes are installed in most neutron experiment facilities as indispensable devices
for efficient and high-performance utilization of neutron beams. The main advan-
tage of using a neutron guide tube is its capability to transport a neutron beam
easily without significant intensity loss, that is, conserving, in principle, the phase
space density of neutrons, to a place far distant from the neutron source where a
wider area with lower background can be prepared for beam utilization. Further-
more, a bent guide tube instead of a straight guide tube transmits preferentially those
neutrons with a wavelength longer than the characteristic wavelength given by the
geometrical configuration of the guide tube, which reduces the components of
shorter-wavelength neutrons and y -rays unnecessary for neutron optics and slow
neutron scattering experiments.

The characteristic wavelength 1* for a bent guide tube satisfies, as shown in
Figure 2.2a, the critical condition for the total reflection, Eq. (1.17), for the charac-
teristic incident angle 6 on the outer wall given by the characteristic flight path
PQ tangent on the inner wall, as expressed by

J
A* =si 0*1/ . 2.2
S Nbcoh ( )

For a circularly bent guide tube, as indicated in Figure 2.2a, the characteristic angle

0. reduces to

d) — p? [2d
sin@) = %; > (0> d), (2.3)

where p and d are the radius of curvature and the channel width of the guide tube,
respectively. After similar analyses on the critical conditions for all kinds of paths
in the channel, the position-dependent transmission probability of the channel can
be derived for every wavelength.

Since this optical performance of a neutron guide tube should become remark-
able for neutrons with lower energy, or longer wavelength, the analytical results
for a bent guide tube and the corresponding experimental results are compared in
Figure 2.2b for very cold neutrons with long wavelength. The configuration of the
guide tube used in the experiment is as follows: total length 1.8 m, channel width
4.cm channel height 5 cm, reflecting surface inside the guide tube of 3000-A-thick
nickel with limiting velocity for total reflection (refer to the next section) v; = 6.7 m/s,
evaporated on float glass substrates, radius of curvature of the guide tube of 9m in
a polygonal arrangement.
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Figure 2.2 Characteristics of a bent guide tube: (a) geometri-
cal analysis on the neutron flight paths and (b) experimental
results obtained with the time-of-flight method for the position-
dependent transmission characteristics in the cross section of
a bent guide tube for pulsed very cold neutrons, compared with
the numerical calculations (Utsuro et al. [58]).

The experimental results obtained with the time-of-flight method of pulsed very
cold neutrons from a solid mesithylene cold source [58] at the linac facility at the Ky-
oto University Research Reactor Institute are consistent, as shown in Figure 2.2b,
with the theoretical values from Eqs. (2.2) and (2.3) for a characteristic wavelength
of about 56 A, a characteristic velocity of about 71 m/s, and a characteristic energy of
about 26 peV for the guide tube configuration. This indicates that these character-
istic parameters represent well the average and the central path performances of
the neutron guide tube.

For the position dependence of the transmission probability, the following ten-
dency can be pointed out. The inner portion among the various flight paths in-
cludes mainly the zigzag component, which experiences reflections off the inner
and the outer walls alternatively. Thus, the incident angle on the outer walls be-
comes larger than the characteristic angle 6, and as a result becomes superior
in the lower-energy component. In contrast, the outer portion includes mainly the
garland component successively reflected only off the outer walls; thus, the inci-
dent angle is smaller than 6, and then significantly includes the component with
energy higher than the characteristic energy of the guide tube.

Further applications of such a wavelength-selection performance and the beam-
bending capability with the bent guide tube have been developed for novel devices
such as a neutron bender [59, 60] and a neutron fiber or a neutron-focusing fiber
consisting of a number of microguides [61, 62].

2.13
Total Reflection Potential and Surface Impurities

Now, we would like to go into some detail on the properties of the optical potential
in the reflection of neutrons. In the fundamental analysis of neutron reflection, a
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single-layer mirror is most simply expressed by a single stepwise potential. Such a
theoretical description of the optical potential is further extended to employ a more
sophisticated form for the analyses of reflection and transmission in complicated
situations we experience in practice.

One of the examples studied experimentally on such a sophisticated potential
deformed from simple rectangular was reported by Schheckenhofer and Steyerl,
who carried out reflection experiments of ultracold neutrons by making use of a
very high resolution gravity diffractometer [63]. Ultracold neutrons were defined in
Sections 1.2 and 1.5 as those with a velocity below the limiting velocity for total reflec-
tion v; at the normal incidence to the mirror surface. In other words, their energy
is less than the optical potential for total reflection off the mirror surface.

Schheckenhofer and Steyerl produced such low-energy ultracold neutrons at the
Munich research reactor (FRM-I) with a special rotating device called a “neutron
turbine” [64] to decelerate very cold neutrons with a velocity of about 50 m/s to ultra-
cold neutrons with a velocity below about 10 m/s. Their neutron turbine consisted
of a number of semicylindrical copper mirror blades rotating with a blade velocity
of about 25 m/s, that is, about half the neutron velocity. During the passage through
the blade with multiple reflections on the concave side, neutrons reverse their di-
rection of relative motion and then the exit neutrons from the blade edge lose most
of their momentum in the laboratory frame. Further details on the turbine struc-
ture and the operation characteristics will be given in Section 2.4. The ultracold
neutrons produced in the turbine are guided to the gravity diffractometer shown in
Figure 2.3a. After being collimated by the entrance slit, the neutrons experience
gravitational fall and further those neutrons with a defined energy are selected by
the reflection off a vertical nickel mirror. Then, they are reflected by a horizontal
sample mirror and the reflected neutrons are counted after another vertical mirror
and the exit slit.

The gravity potential for the neutron being about 1077 eV/m induces a typical
parabolic curve for the ultracold neutrons with a velocity of about 3m/s, that is,
with an energy of about 0.05 peV, employed in the experiment. However, those
neutrons with a velocity below about 3 m/s cannot pass through the aluminum
wall (limiting velocity 3.2 m/s) of the neutron counter, and therefore they arrive at
the counter after gravitational acceleration in the vertical fall. The measured count
rates of the neutrons reflected from the sample shown in Figure 2.3b are plotted
for the gravity fall height before the sample reflection, which selects the vertical
component of the neutron velocity at the incidence at the sample.

The results indicate a typical reflectivity edge at a fall height of h, = 93.6 cm as
expected for the low-alumina boron-free float glass, but the measured dependence
of the count rate decease on the fall height h > h,, is obviously steeper than the
theoretical curve of the reflectivity R for the step potential given by the equation®

2

‘ k—Fk
= , (2.4)

k+ Kk’

4) Refer to, e. g., textbook [B]; Chapter III,
problem 1.

35



36 | 2 Reflection, Refraction, and Transmission of Unpolarized Neutrons

Vacuum Vessel (p=03mm Hg)
Beam Stops

Exit Slit

UCN Source < L7

{From "Neutron Turbine”) Grating

or Mirror
Mirrors

(a) e ——220m

Variation of primary intensity

140+ ——— J

120+ ++
€
3100- Assumed
< . wall potentials:
o r {
o | d=73A
> A
< 60+ ) .
o A%
\t lﬁ g
E I'OT' \

20 hep=(93.6£04)cm J‘/\

1] i 1 1 1 1 ‘“~l—_..

74 718 82 86 90 94 98 102 106 110

(b} Height of fall {cm]

Figure 2.3 Mirror reflection experiment on ultracold neutrons:
(a) arrangement of the gravity diffractometer and (b) measured
distribution of the reflected intensity from a glass mirror (cir-
cles) compared with two kinds of theoretical curves, that is,

(i) for the case of a step potential and (ii) for the case of a soft
potential. UCN ultracold neutron. (Scheckenhofer and Stey-

erl [63]).

where k and k’ are the wave vector components normal to the mirror surface of the
neutrons in a vacuum and deep inside the mirror, respectively.

As a more sophisticated potential for the mirror surface, if we employ a soft po-
tential with a smoothed step described by the equation

Ug

1+ exp(z/d)’ 25)

u(z) =

where z denotes the coordinate normal to the mirror surface and d is a param-
eter representing the thickness of the transient region in the potential, then the
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reflectivity R for a real value of u reduces to

sinh[d(k — k)] |*
R= |20 (2.6)
sinh[wd(k + k’)]
The calculated values for the present soft potential with a value of d = 7.3+0.3 nm
plotted in Figure 2.3b agree well with the experimental values.

The existence of such a transient region in the reflection potential is considered
to be explained by possible hydrogenous impurity on the mirror surface. Actually, the
existence of a significant concentration of hydrogenous impurity on clean mirror
surfaces was directly and commonly observed with two kinds of different experi-
mental methods for precise element analyses as explained below [65, 66].

The first study was that by Lanford and Golub for the measurement of the sur-
face hydrogen concentration with resonant nuclear reaction [65], the result of which
is shown in Figure 2.4. The experiment was carried out by injecting a >N beam
onto the surface of a sample mirror, and the y-rays produced by the reaction
BN+ H — 2C+ *He + 4.43 MeV y -ray were counted. Changing the energy of the
incident beam enables one to determine the depth where the reacted hydrogen is
located according to the relation for the thickness of the mirror necessary to mod-
erate the incident beam down to just the resonance energy for the reaction. The
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Figure 2.4 Distributions of surface hydrogen concentration
measured on several mirror samples (mechanically polished
copper (a), pyrolytic graphite baked at 400 °C and then ex-
posed to air (b), and glass etched in HF (c)) (Lanford and Gol-
ub [65]).
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thickness resolution in the present method varied with the mirror material within
a range of about 3-7 nm (30-70 A).

Among the materials studied as shown in Figure 2.4, the measurement on glass,
an excellent insulator, was very difficult owing to the accumulation of electrical
charge on the sample, thus inducing a change in the energy of the incident particle
as it approached the surface. They tried to improve their experiment by lowering
the beam intensity and repeating the measurements. The curve in Figure 2.4 for
glass represents the minimum hydrogen content consistent with the data.

Anyway, all the results in Figure 2.4 obviously indicate a rather common peak
concentration of about (2—10) x 10?2 H/cm? with a depth width of about 5-10nm,
which means a significant amount of surface hydrogen; this needs to be considered
when estimating the form of the neutron reflection potential.

Another measurement is that of the depth distribution profiles of the surface and
interface hydrogen concentrations performed by Kawabata et al. with the method
of elastic recoil detection analysis on neutron mirrors evaporated on substrates [66].
The experiments were carried out in a vacuum chamber by injecting an “°Ar beam
with an energy of 50 MeV onto the front surface of a sample mirror at an angle
of 30°. The atoms that recoiled from the mirror with Rutherford forward scattering
were registered with solid-state detectors.

The detectors were placed at angles of 37° and 47 ° to the incident direction,
the former of which with a better depth resolution was used for the concentration
profiling, whereas the latter was the monitor for the normalization. For the purpose
of the present analysis for light-element profiles, an aluminum foil filter with a
thickness of 10 pm was inserted in front of the detector.

An example of the measured energy spectrum of the recoiled atoms is shown in
Figure 2.5a, and from the energy corresponding to the abscissa we can determine
the energy loss for the transmission from the recoil position inside the mirror up
to the mirror surface. The horizontal coordinates in the figure for each recoiled
elements indicate the depth (A) from the mirror surface reduced in such a way.
The count rate shown on the ordinate can be converted for each element to the
concentration using the formula for the Rutherford scattering cross section.

As clearly indicated in Figure 2.5a, a significant concentration of hydrogen is
accumulated on the surface of the evaporated nickel and also in the Ni-Al interface
in the nickel mirror processed in a high vacuum on an aluminum substrate with
the surface polished by diamond machining. The sample was thermally insulated
during the measurements, and the thermocouple on the backside surface indicated
a temperature of about 100 °C. Thus, the sample could be considered to be rather
under a vacuum baking state at a higher temperature.

Similar kinds of measurements were applied for various mirror samples as well
as those after various trials to reduce the hydrogen concentration so as to expose
the sample to a high vacuum or a deuterium gas atmosphere. The results are com-
pared in Figure 2.5b, which reveals the existence of hydrogen in a concentration of
(2 ~ 5) x 10" H/cm? on the surface and in the interface, regardless of the various
mirror materials and the surface processings. If we consider the results mentioned
above to be the summation over the hydrogen depth width of 5-10 nm as shown
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Figure 2.5 Hydrogen and deuterium concentration profiles: (a)
spectrum measured by a solid-state detector with an aluminum
filter of the recoiled atoms from 150-nm-thick nickel evaporat-
ed on an aluminum substrate and (b) comparison between the
measured hydrogen/deuterium concentrations in various sam-
ples (Kawabata et al. [66]).

in Figure 2.4, then we can estimate the volume concentration of hydrogen to be
higher than 5 x 10! H/cm?, which is sufficient to deform the optical potential for
total reflection.

Thus, the two different experiments described above commonly reported a sig-
nificant amount of hydrogen included in the important regions as a neutron mir-
ror, and the coherent scattering amplitude of hydrogen being negative, the soft
potential as a deformed step as shown in Figure 2.3b is considered to be a realistic
description on the reflection potential for most kinds of neutron mirrors.

2.14
Neutron Reflectometry

As described in the present section, spectroscopy with neutron reflection is one of
the most precise experimental methods; it is very sensitive and effective for ana-
lyzing the atomic and isotopic concentrations in the surface and interface regions.
One of the advantages of the present approach compared with experiments with
neutron inelastic scattering and small-angle scattering is the smaller angular dis-
persion factor, and it is thus suitable for discussing detailed structures based on
experimental data with a higher statistical accuracy.

Furthermore, from the viewpoint of the theoretical analysis involving calculation
of the neutron wave functions as the solution of the wave equation, the generally
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accepted assumption on the conservation of the wave vector component parallel to
the interface allows one to employ the elementary solution in quantum mechanics
for a one-dimensional potential (e. g., refer to textbook [B] Chapter III, problem 2,
or textbook [C] Chapter 5, Section 17).

Practically, the reflection coefficient r and the transmission coefficient t for a single
stepwise potential with thickness d are given by the next equations for a monochro-
matic incident wave with a unit amplitude:

(kZ _ k/Z)(l _ eZik/d)
(k + k/)z _ (k _ k/)zezik/d ’
4kk/ei(k’—k)d

b= (k + k)2 — (k — k/)2e2ikd’ (2.7)

where k and k’ denote the wave vector components normal to the interface for
neutrons in a vacuum and in the potential, respectively.
Alternatively, Eq. (2.7) can be written as

B —i(k? — k) sin(k'd)
"7 2k cos(k’d) — i(k? + k) sin(k'd) "
. 2kk/ e ikd

~ 2kk’ cos(k’d) — i(k? + k%) sin(k’d)

(2.8)

The reflectivity for the layer thickness d — oo in Eq. (2.7), that is, the reflectivity
R = |r|? by putting the contribution from the backside surface, e?*'¢ being zero,
reduces to the previous Eq. (2.4). Further, this approach can easily be extended to
the case of multilayers of the step potential as described in Section 2.3 Eq. (2.7). Ow-
ing to these advantages, neutron reflectometry has recently become widely applied to
the study of various kinds of materials.

Surface and interface investigations with neutron specular reflection are now
being extended to include various research fields, such as the working mecha-
nism of surfactants at the air-solution interface, the structures of polymers and
microphase-separated layers at the air-liquid interface, the surface chemistry on
adsorption of a detergent layer at air-liquid and air-solid interfaces, and also
studies on Langmuir—Blodgett films, solid films such as hard carbon and semicon-
ductors, magnetic multilayers, ferromagnetic films, and so on [67].

The experimental accuracy at the present day of these specular reflectometries
makes it quite standard to obtain the reflectivity plot over about 5 orders below the
total reflection. The experimental procedures and their application guides are given
in instructions (e. g., [69]) and reviews (e. g., [67]).

The example shown in Figure 2.6 is a comparison between two different mea-
surements on the same sample [68], one of the measurements being carried out
with a horizontal type of reflectometer, NG-7 (with a neutron wavelength of about 0.4
nm), at the National Institute of Standards and Technology (NIST) reactor, Unit-
ed States, and the other with a vertical type of reflectometer, C3-1-2 (with a neutron
wavelength of 1.26 nm), at the JRR-3 reactor, Japan. The sample studied was a block
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Figure 2.6 Measured cold neutron reflectivities compared from
two different devices used for studying a thin film of triblock
copolymer DSP (Ebisawa et al. [68]).

copolymer with a total thickness of about 250 nm, spin-cast from solution on a pol-
ished silicon substrate. The abscissa in the figure represents the vertical compo-
nent g of the neutron wave vector®, and both results in Figure 2.6 agree well over
the whole reflectivity region shown covering 5 orders of magnitude.

The analysis of these results from neutron reflectometry measurement gives the
profile of the scattering density distribution in the sample. The reflectivity distri-
butions in Figure 2.6 are different from the theoretical curve and the measured
pattern for a single layer, and include many irregular structures. The data analy-
sis of the reflectivity measurement for these kinds of multilayer samples will be
discussed in Section 2.3.

Above we mainly discussed specular reflection, which is the reflection from a flat
surface without any structures along the surface. In contrast, if the surface includes
roughness and waviness, or very regular gratings or striped patterns, such a re-
flection component toward a shifted reflection angle from the specular angle or
small-angle diffractions might be induced, and these components are denoted as
off-specular reflection.

In specular reflections, the incident and the reflected angles are the same; there-
fore, the wave vector transfer occurs only for the normal component, and thus the
description and the analyses of the phenomenon can be simplified. On the other
hand, in the case of off-specular reflections, the description of the phenomenon
requires at least two-dimensional variables to include also the event for the parallel
component.

5) In specular reflection for neutron denoted as Q = 2q = 4msin 6 /1. However,
wavelength 4, wave number k = 27/4, and this notation of Q and g might be a little
angle 6 between the incident neutron and different in other references.

the mirror surface, the wave vector transfer is
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Figure 2.7 Time-of-flight data showing reflection, refraction,
and off-specular diffraction from a nickel grating on a glass
substrate (Cubitt [69]).

As an example of such cases, illustrated in Figure 2.7 are the results of neu-
tron reflection and transmission for a nickel grating with several thousand lines
with a spacing of 10 pm with a thickness of 90 nm and a width of 5 pm on a glass
substrate, obtained from measurements [69] with the chopper and time-of-flight re-
flectometer D17 at the high-flux reactor at the Institut Laue-Langevin, Grenoble.

The abscissa in the reflection and transmission patterns corresponds to the pix-
els of the counter arranged normal to the sample surface, whereas the ordinate is
the time of flight, that is, proportional to the neutron wavelength. The original pic-
ture shows the neutron intensity also with the color tones, which were, however,
converted to a simpler colorless pattern for the present figure.

The figure indicates clearly, in addition to the specular components, with the
straight vertical lines meaning the reflection angle is constant and the same as
the incident angle independent of the neutron wavelength, several additional lines
with the reflection angle dependent on the wavelength as the typical character of
diffracted reflections, as well as similar additional lines with wavelength-dependent
and wavelength-independent angles for refracted-transmission and diffracted-
transmission components, respectively. In this way, the off-specular reflection and
transmission method is expected to provide an abundance of information about
the surface and interface of samples with complicated structures.
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2.2
Properties of Ultracold Neutrons

2.2.1
Reflection Loss Probability

In Figures 2.3b and 2.6, the measured reflectivity in the total reflection region is
usually considered to be 100%; however, in strict terms it is not exactly 100%, but
is a little smaller than 100%. The expected magnitude of this reduction from 100%,
that is, the theoretical value for the reflection loss probability, is given by the next
equation for a step potential (refer to textbook [F], Section 5.1, or textbook [G], Ap-
pendix 1.1):
4
P L S

S -
Ugy ,/u()—kz

Since the above equation represents a one-dimensional system, the theoretical
formula for a three-dimensional geometry applicable to usual ultracold neutron
storage experiments with a neutron bottle should be written as

(2.9)

k
p=2%0 L (2.10)

u / 2
0 uy—k7

In Egs. (2.9) and (2.10), k and k| denote the neutron wave number and its com-
ponent normal to the mirror surface, respectively, and uj, is the real part of the
mirror step potential given by uy = 47 Nob’, whereas uj is the imaginary part of
the potential derived from the imaginary part b” of the complex scattering amplitude
b="b—ib".

Theoretical connections of b” and uy to the physical parameters of the mirror
material are derived in Chapter 6 in textbook [G] and can be written as

_ koe(k) + 0ie(K)]

b’ , 2.11
47 ( )

uy b”
=0 _ 2.12
Uy b’ (212)

where 7 is the reflection loss coefficient and o (k) and o;,.(k) are the absorption and
the inelastic scattering cross sections, respectively, of the mirror material for neu-
trons with wave number k.

For the incident angle 8 of neutrons with the mirror surface normal, we can
write k| = k cos 6, and the angular average of Eq. (2.10) for an isotropic flux as as-
sumed for neutrons in the storage experiments (neutron storage experiments will
be described in the next subsection) reduces to (refer to textbook [G], Appendix 6.1,
or [70])

_ 2y . 5
p=—larcsiny —yy/1—-y*), y=mw/v, (2.13)
Y
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where v is the neutron velocity and v, the limiting velocity for total reflection of the
mirror consisting the inside surface of the bottle.

Now, we can estimate the magnitude of the reflection loss probability for prac-
tical neutron mirrors according to Eq. (2.13). The reflection loss coefficient n can be
rewritten as

b7 kloo(k) + 0ie(k)]  0c(k) + 0i(k) 0+ Tieo

= — = = = 2.14
n b’ 47T beon Z;I.(k)bcoh 240bcoh , ( )

where b is constant, and further the usual relations of the 1/v law for the ab-
sorption and the inelastic scattering cross sections of low-energy neutrons allow us
to put (040 + Tie0)/Ao as a constant.

As an example of most idealized mirror conditions, we assume a beryllium mir-
ror with a perfectly clean and flat surface, cooled down to a sufficiently low tem-
perature, which leads to the theoretical values of 0. + 0.0 = 0, = 10 mb for
neutrons with wavelength 1o = 0.18 nm, and further bey, =~ 7.8fm.” Then, we
obtain the expected value of 7 = 7 x 1077, Similar theoretical estimations from
Eq. (2.14) for other kinds of neutron mirrors also assumed with perfectly clean sur-
face are 7 ~ 10™* for copper, nickel, and iron, and 5 ~ 107> for boron-free glass,
quartz glass, silicon, and aluminum, at room temperature.

On the other hand, we found in the previous section that the reflection potential
for most neutron mirrors should be considered significantly deformed from the
simple form of a step function, to a soft potential somewhat rounded in the region
of the mirror surface and interfaces as shown in Figure 2.3b, because of the very
common phenomenon of the adsorption and accumulation of impurity hydrogens
on the surface and the interfaces.

The hydrogen concentration in this surface region, as indicated in Figures 2.4
and 2.5b, was about 5 x 10?! H/cm® with a depth width of about 5-10 nm, almost
regardless of the materials and the surface treatments.

The penetration depth of the neutron wave function into the stepwise reflection
potential under total reflection is theoretically estimated to be about 10 nm accord-
ing to the solution of the Schrédinger equation. Experimental studies were also
reported by Novopoltsev et al. [71] on the penetration depth of ultracold neutrons
incident on a copper mirror with various thicknesses evaporated on a polished glass
substrate. They measured the induced radioactivity of the copper layer by remov-
ing it from the substrate after irradiation with the ultracold neutron flux, and de-
rived the dependence of the ultracold neutron absorption coefficient on the copper
thickness, the result of which indicated the ultracold neutron penetration depth
was consistent with the theoretical estimation, about 10 nm, as mentioned above.

On the basis of this information, here we want to try to calculate the expected
reflection loss coefficient for a mirror surface which is assumed to include a hy-
drogen impurity with an atomic concentration of about 10% of the base material
of the mirror. Since the physical and chemical forms of such an impurity are not

6) 1fm (fermi) = 1femtometer = 107 m
=102 cm.
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known well, we also assume its state is rather near that of ordinary water. Then a
very rough estimation for the constant magnitude (05 + 0jc0)/Ao in the 1/v re-
gion leads to the increment of 74, in the reflection loss coefficient owing to the
hydrogen impurity in the surface region: g, ~ 10™*. The other part except 7
on the right side of Eq. (2.13) increases monotonously on varying y from 0 to 1 as
2(arcsiny — y/1—y2)/y?2 =0 ~ .

The experimental approach for the observation of the reflection loss coefficient
and the practical results are described in the next subsection.

222
Neutron Storage Bottle and Anomalous Loss Coefficient

Because of very small magnitude expected for the reflection loss probability com-
pared with unity, it is difficult to measure the magnitude in single reflection exper-
iments such as those depicted Figures 2.3b and 2.6. The observation will become
possible by precisely registering the decrease in the neutron number after thou-
sands or tens of thousands of reflections have been experienced. Ultracold neutron
bottle experiments make this possible.

In 1959, Zel'dovich proposed an idea to store for a long time such neutrons with
very low energy to be totally reflected many times off the wall inside a vacuum ves-
sel [72]. About 10 years after his proposal, Shapiro’s group for the first time practi-
cally carried out the neutron storage experiment [73]. Since then, this new method
for the ultracold neutron storage experiment has been applied for various kinds
of physical experiments as a unique approach to hold neutrons in high-precision
observations for a long period.

In such ultracold neutron bottle experiments, usually the temporal variation of the
number of neutrons stored in the vacuum vessel experiencing total reflections is
registered. As mentioned for Figure 2.3, ultracold neutrons are totally reflected even
at normal incidence to the neutron mirror surface off the inside wall of the bottle,
and then repeat free flights and total reflections until they are lost by any of the
following causes: reflection loss, 8 decay to an electron, a proton, and an antineu-
trino, leakage from the vessel through an existing hole or gap, or any other possible
loss mechanisms in the vacuum vessel.

As an example of the earliest neutron bottle experiments carried out at the Joint
Institute for Nuclear Research, Dubna, and Kurchatov’s Institute of Atomic Ener-
gy, the experimental results of Groshev et al. are shown in Figure 2.8 [74]. In Fig-
ure 2.8a, 1 and 2 indicate the entrance and exit shutters, respectively, for ultracold
neutrons (the space between these two shutters thus works as the storage bottle)
and 3 is the ultracold neutron detector. First, the entrance shutter is opened with
the exit shutter closed. Then, the ultracold neutrons coming through an S-shaped
guide tube installed in the research reactor fill the bottle. When the saturation den-
sity of neutrons is attained, the entrance shutter 1 is closed. After storage time ¢,
the exit shutter is opened, and then the number of neutrons that flow out are reg-
istered. The results are plotted in Figure 2.8b, where experiment 1 was performed
on a chemically polished copper bottle, giving the average lifetime T of the stored
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Figure 2.8 Measurement of ultracold neutron storage lifetime:
(a) storage bottle with an inner diameter of 14 cm and a length
of 174 cm; (b) experimental results for the neutron number

N(t) after storage time t in various kinds of bottles; the ordi-
nate shows the logarithm of N(t) (Groshev et al. [74]).

neutrons of 33 s, and experiments 2 and 3 were for a copper foil bottle and a py-
rographite bottle, both with unpolished surfaces, resulting in T = 14s and 115,
respectively.

Applying the storage lifetime formula for T,

1 v 1 915
T 7d + P (2.15)
to these experimental results, where v is the neutron velocity, d the bottle diam-
eter, and 7, the neutron decay lifetime, we can deduce the value for the average
reflection loss probability per wall collision, &, as (0.7—2) x 1073. The present
experimental values for i are 20-30 times larger than the theoretically expected
values for these wall materials, and these experimental results are considered to
indicate the existence of some unknown causes for ultracold neutron loss from the
storage vessel.

As possible loss causes which are not considered in the above analysis, we can
suppose reflection loss due to some defects on the inner surface and neutron leak-
age through some gaps in the shutter mechanism. Therefore, an experiment to di-
minish the possible effects of these loss causes was undertaken by Utsuro et al. [75]
by preparing a larger-volume storage bottle of about 1201 which was equipped with
tight contact type entrance and exit shutters with spring-pressing and the inner sur-
face of the bottle was made of SUS-304 stainless steel treated with an ultrafine elec-
trochemical composite buffing polish process [76].” Ultracold neutrons for the storage
lifetime experiments were fed to the bottle after gravitational deceleration through

7) The polished surface quality was an average
roughness of about 50 A and the peak-to-peak
value about of 500 A.
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Figure 2.9 Ultracold neutron storage experiment with a large-
volume ultrafine polished stainless steel bottle: (a) structure
of the bottle; (b) experimental result for the storage lifetime
(Utsuro and Okumura [75]).

a 1-m-rise guide tube connected to the exit port of the supermirror turbine [77] at the
Kyoto University reactor described in Section 2.4.1. The experimental results are
shown in Figure 2.9.

From the analysis of the measured storage lifetime of 180, that is, after sub-
tracting the effect of the neutron decay according to Eq. (2.15), and by making use
of the neutron mean free path | = 4V/S = 35cm, which replaces d in Eq. (2.15),
(where V and S denote the storage volume and the inner surface area of the bottle,
respectively), and the average velocity of the stored neutrons ¥ = 5m/s estimated
from the limiting velocity of total reflection v, = 5.4 m/s for the present polished
SUS-304 neutron mirror, the average reflection loss probability was obtained as
4 = 3.0 x 107*. The present value is near the expected value of 2 x 10~* for the
room temperature SUS bottle including the possible contribution of the surface
hydrogen impurities.
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Figure 2.10 Neutron loss cross sections of 1a, fused Be; 2a, quasi-single-crystal Be; 3a,
beryllium after various purification treatments  pressed sintered Be. Storage experiments: 1c,
and at various temperatures, derived from deposited spherical trap, not degassed; 2c,
an ultracold neutron storage experiment and deposited cylindrical trap, degassed at 250 °C;
from a very cold neutron transmission ex- 3¢, all-Be trap, degassed at 300 °C; 4c, de-
periment, compared with the theoretical loss posited spherical trap, degassed at 350 °C and
cross section (04 + 0Oin) curve calculated in purification with He and D gas. Theory: 1b.
the Debye model. Transmission experiments: (Alfimenkov et al. [78]).

However, on the level of further lowered loss probability in bottled neutron ex-
periments, significant disagreements have been reported between the experimen-
tal results and the theoretical expectation. As a typical example, the findings of
the experimental study on the beryllium bottle by Alfimenkov et al. are shown in
Figure 2.10 [78]. To elucidate the possible lower limit of reflection loss probability,
they performed ultracold neutron storage and very cold neutron transmission exper-
iments covering the wide temperature region from about 600 K down to 10K on
beryllium bottles and transmission samples after various purification treatments.

The value for the loss cross section extrapolated to absolute zero temperature
from the results of the bottle experiment, that is, o;.(k) — 0 in Eq. (2.12), is about
0.9b larger than the results from the transmission experiment and the theoretical
value based on the absorption cross section of beryllium; there are obvious dis-
agreements. The reason for the present disagreements has not been sufficiently
well clarified [79].

2.23
Limiting Velocity for Total Reflection and Neutron Absorption

Another disagreement between experimental results and theoretical expectation
was observed by Kitagaki et al. [80, 81] in the development of a new kind of solid-state
ultracold neutron detector at the Kyoto University Research Reactor Institute. Fig-
ure 2.11 shows the neutron velocity dependences of the count rate measured with
the ultracold neutron beam at the high-flux reactor, Grenoble, on the °Li solid-state
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Figure 2.11 Velocity dependences of various kinds of ultracold
neutron detectors: (a) SLi solid-state detectors with different
limiting velocity for total reflection v; and (b) a typical velocity
dependence compared with that obtained with an aluminum
window helium gas detector (Kitagaki et al. [81]).

detector [81] especially developed by Kitagaki with different values of the limiting
velocity for total reflection, v;. They compared the results with the similarly obtained
results for a conventional aluminum window helium gas detector. The abscissa
corresponds to the neutron flight velocity component perpendicular to the sensi-
tive surface of the detectors, that is, v , which was derived from the flight time of
the incident neutrons, and the ordinate is the registered count rate.

Since the isotope °Li has a large absorption cross section for neutrons (o, =~
945b at v = 2,200m/s), the contribution of the absorption to the limiting velocity
is taken into consideration according to the theory of Goldberger and Seits given
in Chapter 1. According to their theory, the refraction phenomena are described
by the complex potential related to the complex scattering amplitude for the isotope
constituting the reflecting surface. As a result, b, on the right side of Eq. (1.16)
should be replaced by the complex scattering amplitude b as

beh — b =b"—ib”, (2.16)
b =b Ta)? 2.17
= COh_(Zﬂ,) ; ( . )

o
"=, 2.18
7 (2.18)

where the approximation o, =~ 0, (0, is the absorption cross section) was em-
ployed. Thus, we arrive at the formula for the reflection loss coefficient #, as previ-
ously described by Eq. (2.12).

The reliability of the present formula considering the absorption of neutrons was
already assured by the consistency in cold neutron optical experiments on solid
multilayers. An example is given in Section 9.6.4 for the reflection and transmis-
sion probabilities in experiments [445] with magnetic multilayer resonators includ-
ing evaporated Gd with a giant absorption cross section.
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We can estimate the contribution of the absorption cross section of ultracold
neutrons o, (v ~ 1m/s) = 2 x 10°b for °Li in the Li-type solid-state detector ac-
cording to Eqgs. (2.16) and (2.17). The estimated contribution of the second term on
the right side of Eq. (2.17) to the refractive index is smaller than 1%. Thus, the lim-
iting velocity for total reflection of the solid-state detector is practically determined
by the first term on the right side of Eq. (2.17), the derived values being shown by
the vertical dotted lines in Figure 2.11a. In contrast to these apparently different
values for the limiting velocity, the measured velocity dependences in Figure 2.11a
indicate nearly the same and noticeably sensitive responses to ultracold neutrons
even below the limiting velocity for total reflection.

Now, it is important for understanding these observations to point out the fact
that the optical microscope inspection of the surface of the present solid-state detec-
tors revealed very irregular surface structures with many cracks and waviness [80],
that is, a not so simple flat surface as assumed in the theoretical formula given
above. These irregularities should have significant effects on the velocity depen-
dences reported in Figure 2.11a. For example, for a structure with size larger than
the neutron wavelength, the perpendicular component v, of the incident neutron
velocity varies locally from the supposed macroscopic value, whereas for the struc-
ture with the same size as the neutron wavelength, refractive and diffractive trans-
missions will be induced as already mentioned for Figure 2.7. These investigations
and considerations will be important for clarifying various anomalous phenomena
in ultracold neutron experiments, as mentioned in the previous section and in the
last part of the present section.

Ultracold neutron optics in the case of a much larger absorption cross section
will be more interesting. For the isotope with the largest absorption cross section,
17Gd, the value of ¢, is about 250 times that of °Li, and for the complex scatter-
ing amplitude for such a nucleus in Eq. (2.16)—(2.18), it is actually possible that
the imaginary component becomes dominant. There is a prediction [82] that the
absorption cross section will saturate in such an extreme condition. Furthermore,
concerning the neutron transmission ratio for a dilute solution of such an isotope,
an additional term must be added to the usual formula for the transmission ratio
represented by the average concentration, owing to the density fluctuations of the
isotope with a giant absorption cross section. Actually, in the experimental result for
the ultracold neutron transmission ratio for the dilute solution of >’ Gd and natural
Gd, a deviation from the usual simple relation was observed in the velocity region
below about 4 m/s [83].

By the way, we mentioned the reliability of Eqs. (2.16)—(2.18) for the reflection
and transmission probabilities of the multilayer containing Gd, but we also notice a
deviation from the simple theoretical curve at low grazing angles for the measured
Larmor precession of the neutron spin. (This will be shown in Figure 9.27b.)

On the other hand, other kinds of various anomalous phenomena have also
been reported in ultracold neutron experiments, such as abnormal transmission
through thin films [84], minute energy changes of stored neutrons [85-87], and
late neutrons emerging out of the bottle after a long discharge of about 100s of
stored neutrons on opening the exit shutter [88], in which the possibility of tem-
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poral adsorption of neutrons to the inner wall has been pointed out. A number of
these singular phenomena introduced in this section are called ultracold neutron
anomalies, and they can be considered to indicate that there are many unknown
things in the interaction phenomena of ultracold neutrons on the surface of and
the inside materials because of the extremely long wavelength, low velocity, and
low energy of ultracold neutrons.

23
Reflection and Transmission of Neutrons by Multilayer Mirrors

2.3.1
Developments of Multilayer Mirrors and Reflectivity Analyses

When Schoenborn and his collaborators in the Biology Department and the Depart-
ment of Applied Sciences at Brookhaven National Laboratory studied sciatic nerve
fibers in D,0, they noticed that a few repeats of relatively thick layers with alter-
native positive and negative scattering density should produce efficient monochro-
mators, and suggested a new type of novel neutron monochromator [89]. Neutron
scattering from such multilayers is not the same as simple Bragg scattering, but is
given by a scattering factor proportional to the difference in the unit-volume scat-
tering amplitudes of the two materials used. Therefore, in the case of bilayers with
equal layer thickness, the even-order reflections will be absent, and if a sinusoidal-
ly varying scattering amplitude profile can be produced, higher odd orders will be
absent.

To verify the applicability of the present method to produce monochromatic
neutrons with multilayers, they prepared and tested Mn-Ge multilayer mirror
monochromators deposited on glass substrates with a vacuum evaporation method.
The scattering amplitudes of Mn and Ge are —3.6 and 8.2 fm, respectively, and
the present combination is advantageous for producing a multilayer because of
the low mutual diffusion coefficient. Ten Mn-Ge bilayers samples with a size of
1 cm X 4 cm were prepared and mounted at the position of the multilayer shown in
Figure 2.12a in the neutron beam of the high flux beam reactor in their laboratory.
The measured angular distributions of the reflected intensity are plotted in Fig-
ure 2.12b for fixed-wavelength monochromatic neutrons. For an angular region 6
smaller than the critical angle for total reflection 6., the reflection should be total
reflection, but actually the reflected intensity decreases for lower angles because
the finite size of the sample could not cover the spreading beam. The letter M in
the figure indicates the intensity level of the total reflection. In the angular region
6 > 6. in Figure 2.12b, the reflection peaks corresponding to the multilayer period
are clearly observed.

For the theoretical analysis of wave mechanics in these multilayers, the method
of the one-dimensional potential approach described in Section 2.1 can be applied
in principle by extending it to the increased number of the amplitude coefficients
according to the increasing of the layer number.
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Figure 2.12 Neutron reflection with multilayers experiment at
the high flux beam reactor: (a) experimental arrangement; (b)
experimental results of the angular distribution of the reflect-

ed intensity for 4.2-A fixed-wavelength neutrons (Schoenborn

et al. [89]).

Practically, since Eq. (2.7) was obtained by solving the continuity conditions of
the wave function and its derivative concerning the formula for the wave function
D (x,z) = exp(ikyx)p(z) with the reflection coefficient r and the transmission coeffi-
cient t expressed as

P(z) = e'kz 4 reikz z<0,

1 i/
ae'¥'7 4 peTikz 0<z<d,

= te'k?7 d<z, (2.19)
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for multilayers the corresponding relation inside one of the layers can be written
as

$(2) = ane™* + bye 7, 2z, 1<z <2, (2.20)

where n =1~ N, zp = 0, zy = d, and k, denotes the component of the wave
number vector perpendicular to the interface for the neutrons inside the region n,
and so it is enough to solve these simultaneous equations of the layer number N.

After the initial study on the neutron multilayer mentioned above, a new field of
the neutron multilayers, that is, artificially prepared material with periodic struc-
tures, has been developed, such as multilayer applications as various neutron op-
tical devices and also neutron optics studies on various phenomena realized with
multilayers. One of the greatest advantages of multilayers is the superior flexibility
that allows us to design and control the separation of the layers according to our
needs.

As a typical example to utilize this advantage, Mezei proposed a really new neu-
tron optical element named a neutron supermirror, to be prepared by successively
varying the separation of the layer according to the order of the layers; such a su-
permirror should provide a much wider wavelength region with a high neutron
reflectivity compared with the usual crystalline devices and conventional simple
multilayers. Further, applying the spin dependence of the neutron scattering am-
plitude for most isotopes, he proposed a multilayer polarizer mirror and a supermir-
ror polarizer, and carried out numerical studies on their performance by extending
diffraction theory [90, 91].

On the other hand, for theoretical studies on multilayer optics, Croce and Par-
do developed the two lines to two arrays matrix method as a formalism to solve
the wave functions in multilayers with the optical method [92]. According to their
formalism, Eq. (2.20) can be expressed in the following matrix form after putting
A, = a,e** and B, = b,e” "%, where the phase factors eTiknzn at each inter-
facez = z,,n=1,2,..., N, are contained in the respective coefficients:

A, 1 [1 + ”+1] e in+1 [1 - %] gin+1 Antr .
(Bn) 2 [1_%] e iPnt1 [1+ n+1] iont1 (Bn-i-l) 22
where ¢, 41 = kn41d,41. They also showed some calculated results of reflectivity
for the multilayer example in which the absorption can be neglected.

Further, Yamada et al. [93] gave the formula for the j-layer derived from the two
lines to two arrays matrix representation of Croce and Pardo’s optical method, by
eliminating the coefficients a, and b, in Eq. (2.20) and their derivatives at the
interfaces, as follows:

¢ j+1(0) Pile)) ¢ (0)
= =M, , 2.22
(¢;+1<0> ¢ ton)) = Mi 90 (2.2
where the matrix M ; in the case that the absorption can be neglected, that is, as
mentioned in the previous section, the scattering amplitudes are real, is given by
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the equation

O —1gi 0
M= ST SRR N gk <1 (2.23)
—nJ Slnnj(pj COS”«J'QOJ'

I

’o —1 o ’o
=( coshnj(pj n smhnj(pj
n

/ : / 4
.sinhn’.¢; oshn.o;
i Lo; coshn’g;

where n; = \/m, n& =in; = \/W, and ¢; =
kd;.

In this way, in the case where the absorption is neglected, the solution for
Egs. (2.19) and (2.20) can be expressed as

t 147
(ingt) =M (ino(l - r)) ’ (2:25)

where M = M ... M, M,, and ng and n, are the refractive indices for the media
before and after the multilayer, respectively. The formalism of Egs. (2.22)—(2.25) is
called the transfer matrix method, and the matrix M is the transfer matrix.

A B
Cc D

) , 47NDbn/k* >1, (2.24)

Putting M = ( ), we can solve Eq. (2.25) for rand &

. (nongB + C) + i(—ngA + neD) (2.26)
(nongB — C) + i(ngA+ noD) ’ '

211()
t= - . (2.27)
(nongB — C) + i(ngA + noD)

By making use of the present matrix formalism, Yamada et al. further carried
out analyses and calculations on the reflectivity for various kinds of multilayers
to be used for neutron monochromator mirrors, polarizer mirrors, and supermir-
rors [93]. The present transfer matrix method is a quite powerful approach to ex-
press and analyze very simply the reflection and transmission for very complicated
optical systems consisting of a number of layers.

As the next step in multilayer developments, Ebisawa et al. prepared various Ni—
Mn and Ni-Ti multilayers for monochromator mirrors and supermirrors with the
vacuum evaporation method, and also measured the reflectivity at the Kyoto Uni-
versity reactor [94]. From the comparison of their results, they deduced the design
formula and the optimum values for the parameters to obtain high reflectivity over
a wide wavelength region of neutrons [93]. One of the experimental results for the
reflectivity on the Ni-Ti supermirrors developed by them is shown in Figure 2.13.
This example indicates an about 2.5 times wider region than for a nickel mirror in
the wave vector transfer® for neutron reflection (refer also to Figure 2.15a).

8) For neutrons with wavelength 1, wave
number k = 27/4, and reflected with
angle 6 between the mirror surface and
the direction of reflection, the wave vector
transfer is given by Q = 4z sin 0 /4.
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Figure 2.13 Typical example of the measured reflectivity of the
supermirror (Ni 85 layers, Ti 84 layers) at the preliminary stage
of the development at the Kyoto University reactor (Ebisawa

et al. [94]).

On the basis of these theoretical analyses and practical developments of multi-
layers, the utilization of supermirrors for neutron guide tubes and other neutron
optical devices was significantly promoted thereafter.

232
High-Performance Supermirrors

Active developments of high-performance multilayer neutron mirrors and super-
mirrors and also their applications are continuously promoted to this day. The
method for preparing multilayers has been extended, in addition to vacuum evapo-
ration, also to the sputter method, which is more appropriate than vacuum evapora-
tion for preparing thin layers and controlling precisely the layer thickness. Saxena
applied a high-frequency sputter method to realize thinner layers required for re-
flectivity improvement by eliminating the cause inducing layer imperfections and
also for extension of the reflection region [95].

Recently, a very effective approach and practical success has been achieved by
Soyama et al. [96, 97] and Hino et al. [98, 99] for reflectivity improvement and of the
reflection region of multilayers (these developments are called high-Q multilayer
developments).

With the increase of the layer number, and also the decrease of the minimum
layer thickness required for the the reflection region, the effects of the interface
roughness become fatal, and therefore an effective step to decrease the roughness
is a crucial requirement. Soyama et al. employed an ion-polishing process during the
sputtering process to improve the interface roughness, which inevitably increas-
es in accordance with the progress of the ion-beam sputtering of Ni-Ti multilay-
ers, and as a result they succeeded in drastically decreasing the resultant interface
roughness in the completed multilayer.
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Figure 2.14 Improvements of multilayer interface roughness
with the ion-polishing method: (a) the ion-beam sputtering
apparatus ; (b) variation of interface roughness on Ni layers
or Ti layers depending on ion-polishing time durations (ion
energy 100V, ion-injection angle 10°). IBP ion-beam polishing.
(Soyama et al. [96]).

As shown in Figure 2.14a, the apparatus they used has two Art ion sources,
one for the layer preparation and one for the ion-polishing. They looked for
the optimum ion energy and polishing time duration which is most appropri-
ate for obtaining the minimum interface roughness. Figure 2.14b indicates their
solutions showing the resultant interface roughness for various polishing dura-
tions. The minimum interface roughness below 4 A was obtained for an optimum
polishing duration of about 69 s for Ni layers, whereas the interface roughness
of about 4.5A for a duration longer than about 100s was obtained for Ti lay-
ers. Both of these results are significantly improved with the application of ion-
polishing.

The actual performance of neutron reflectivity was measured on the ion-polished
multilayer by making use of a reflectometer with a wavelength of 4 A and a reso-
lution of about 5% at the JRR-3M reactor, Japan Atomic Energy Agency, and the
result is shown in Figure 2.15 [97]. Figure 2.15a indicates an improved reflectivi-
ty of about 90% in the wave vector transfer of 0.03-0.06 A=" for the ion-polished
supermirror with a total layer number of 407, compared with about 80% [94] for
the conventional supermirror without the ion-polishing. Further, Figure 2.15b il-
lustrates the experimental result for an ion-polished monochromator mirror with
an average layer spacing of 85 A and a layer number of 130 [100], which can be well
explained by the calculation for an interface roughness of 5.5 A. We can see that
the present reflectivity peak of monochromatization is much improved compared
with the result shown in Figure 2.12b.

Further, very active development of high-performance supermirrors and various
kinds of multilayer elements for neutron optical applications have been continued



2.4 Reflection off and Transmission through Moving Matter
1.1
1

0.9

0.8 ()
2 0.7 ©
-
£ 0.6 ®
2 0.5
S 0.4 7ol
z e

0.3 o

0.2 ]

0.1

0 L S ISR
0 0.02 0.04 0.06 0.08

(a) Momentum Transfer (A)

10°

107 Q
:’§ 102 ;
: }
€ 102 %

0.5 1.0 .

(b} Q/nm!

Figure 2.15 Neutron reflectivity performances  region (Soyama et al. [97]); (b) comparison
of multilayers prepared with the ion-polishing  between the measured reflectivity (o mark) of

method: (a) comparison between reflectivi- an ion-polished Ni-Ti multilayer monochroma-
ties of a Ni mirror and an ion-polished Ni-Ti tor mirror and the calculated reflectivity (solid
supermirror with a 3 times wider reflection line) (Maruyama et al. [100]).

by Hino et al., in which supermirrors with 5 times and 6 times wider extended
reflection regions compared with a nickel mirror have been prepared [98, 99].

24
Reflection off and Transmission through Moving Matter

2.4.1
Neutron Turbine

As mentioned at the end of Section 1.4, in the case of the steady-state motion of
an optical element, the reflection, diffraction, and transmission of neutrons can
be analyzed classically. Suppose there is an optical element in translational motion
with velocity v as shown in the lower part of Figure 2.16a, where, as illustrated in
the upper part of Figure 2.16a, neutrons with velocity v; are incident with angle a
to the direction of vr. Then, the phenomena of neutron reflection and transmission
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Figure 2.16 Neutron turbine: (a) working principle and (b) ve-
locity spectrum of ultracold neutrons produced with Steyerl’s
turbine developed at the Technical University of Munich (Stey-
erl [64]).

can be analyzed in the translational frame of reference where neutrons with relative
velocity v, enter the element at rest with angle . Further, the results of reflections
in the optical element shown in the lower part Figure 2.16a can again be returned
to the original laboratory frame as illustrated in the middle part Figure 2.16a. Our
task in this subsection is to analyze the possible approach to arrive at the result we
desire for a neutron beam or a group of neutrons by making use of the principle of
the moving optical elements mentioned above.

However, it must be remarked that there exists an important fundamental law
restricting the possible performance of such an optical element. The fundamental
law is Liouville’s theorem, which states that the phase space density of mutually
noninteracting particles does not vary with the execution of any collective external
forces. The phase space density pys is defined here as the differential number of
particles per unit volume in the momentum space k per unit volume in the real
space r, that is, it is denoted as pys = d°N/R* d*rd’k.

A further restrictive fact in practice is that the statement “does not vary” in the
theorem applies to an ideal situation without any losses and imperfections in the
execution of the collective external forces, and in the real conditions accompanying
finite losses or imperfections it should be mentioned that one cannot reach the
original density. Then, what is the meaning of executing such a collective external
force as to convert the particle velocity illustrated above? The answer is that there
exists really such a case where we can recover the lost density in the phase space by
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the conversion of the particle velocity from a high-density region to a region where
the density is significantly low if we do not use the present principle.

As one of the actual cases, as mentioned in Section 2.2, ultracold neutrons have
the attractive property of being reflected by neutron mirrors in a wide range of in-
cident angles, but on the other hand their loss probability due to the absorption
and inelastic scattering is very large compared with that of neutrons with higher
energy. As the result, a significant density loss is accompanied in the course of the
direct extraction of ultracold neutrons from a neutron source to an experimental
apparatus. Therefore, it will be advantageous to transport cold or very cold neu-
trons to the neighborhood of the experimental apparatus and convert them there
to ultracold neutrons by making use of a specially prepared device working on the
principle shown in Figure 2.16a. The primary neutrons supplied to such a device
will include high-density cold or very cold neutrons since they are much more eas-
ily extracted and transported, but the density of ultracold neutrons will be signifi-
cantly diminished; thus, the recovery of the lost ultracold neutron density becomes
an important task.

The optical element shown in the lower part of Figure 2.16a consists of a num-
ber of semicircular reflecting mirrors and rotates with a constant velocity in which
the incident neutrons reverse the direction of the relative motion and experience
multiple total reflections, as described in Figure 2.16a. The exiting neutrons are
then decelerated in the laboratory frame to a velocity of about 1/10 of that of the in-
cident very cold neutrons. Such a device with a special structure and performance
as described above is called a neutron turbine. The neutron turbine designed and
developed by Steyerl at the Technical University of Munich (called Steyerl’s turbine)
has nearly 700 semicircular blades of copper mirrors over the whole circumference
of a big wheel, and rotates with a blade velocity of about 25 m/s. It then converts in-
cident very cold neutrons with a velocity of about 50 m/s to ultracold neutrons with
a velocity below about 10 m/s [64]. In Figure 2.16b the velocity spectrum measured
with a time-of-flight method (circles) is compared with the expected spectrum (solid
line) for the incident neutron intensity and an estimated turbine efficiency of 45%;
the difference is attributed to the counting efficiency of the measuring system used
for the ultracold neutrons.

To produce ultracold neutrons with such an axial flow turbine as described in
Figure 2.16a, the turbine blades are rotated with a blade velocity of about half the
incident neutron velocity. The velocity of the incident neutrons in Steyer!’s turbine
was designed to be about 50 m/s from the limiting velocity for total reflection of
the copper mirror, v; = 5.6m/s, the practical number of reflections in the blade
(about 10), and the practical conditions for the construction (the width and num-
ber of the blades). In other words, if we can employ a turbine blade with a larger
limiting velocity for total reflection, it is possible to decrease the required number
of reflections in blades and also the number of blades under the same condition
for the incident neutron velocity. Such an improvement will make the construction
of the turbine easier.

A supermirror neutron turbine was developed by Utsuro et al. [77, 101, 102] at the
Kyoto University reactor by making use of polygonal blades of Ni-Ti flat super-
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Figure 2.17 (a) Working principles of three kinds of neutron
velocity conversion devices and (b) measured spectra of ultra-
cold neutrons produced by the supermirror turbine at the Kyoto
University reactor (comparison between the results from the
three-mirror type and the five-mirror type of supermirror blades)
(Utsuro et al. [77, 102]).

mirrors with a limiting velocity for the reflection of v; = 14.7 m/s, with the blade
shape shown in Figure 2.17a, configuration ii. The measured velocity spectra for
the ultracold neutrons flowing out from the turbines with two different designs of
baldes are given in Figure 2.17b, where the common decrease of the count rates be-
low about 4 m/s is due to the drastic decrease of the counting efficiency of the *He
counter used (as shown in Figure 2.11b) owing to the aluminum window reflec-
tion. The comparison of the two spectra in Figure 2.17b indicates that the turbine
with the optimum design, that is, 96 blades of five flat supermirrors, gives about
3 times higher output intensity of ultracold neurtons compared with the turbine
with 32 blades of three flat supermirrors. The structures of the spectra apparent
in Figure 2.17b are caused by the reflected neutrons during passage through the
polygonal blades.

The schematic arrangements of ultracold neutron facilities with these two kinds
of turbines are illustrated in Figure 2.18a and b, respectively. The former facili-
ty [103] of Steyerl’s turbine with nickel blades is installed on the top floor in the
reactor room, and the incident very cold neutrons are supplied by a vertical-type
nickel guide tube. It has five horizontal exit ports, four are for utilization of ultra-
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Figure 2.18 Two kinds of arrangements for the turbine type

of ultracold neutron facilities: (a) facility at the Institut Laue-
Langevin (Steyerl et al. [103]) and (b) facility at the Kyoto Uni-
versity Research Reactor Institute. VCN very cold neutrons (Ut-
suro et al. [77, 102]).

cold neutrons and one is for ultracold neutron test. The latter facility [77, 102] is
installed on the experimental floor in the reactor room, and has a horizontal very
cold neutron guide followed by an upward bender of nickel mirrors, and it has
three horizontal exit ports for ultracold neutrons. Since the ultracold neutrons at
the blade exit flow out with a wide divergent solid angle near 27, the separation be-
tween the rotating blade edge and the fixed inlet port of the ultracold neutron guide
must be minimized; in the above-mentioned facilities it is minimized to about 5
mm. Further, in the case of the facility shown in Figure 2.18Db, there is a vertical rise
guide for the gravitational deceleration of the output component with the maximum
intensity in Figure 2.17b, that is, the velocity region of about 5.5-7 m/s, down to a
velocity below about 5 m/s for ultracold neutron storage experiments, and a vertical
fall guide from the experimental device to the detector, for gravitational acceleration
up to a velocity beyond 3.2 m/s, the limiting velocity for total reflection of the alu-
minum detector window.

Both of these facilities utilize very cold neutrons from steady-state reactors; how-
ever, in recent years intense pulsed neutron sources have been constructed and
utilized for various kinds of neutron experiments. To employ such a pulsed neu-
tron beam for ultracold neutron production, the principle of multiple reflections
for the velocity conversion as shown in Figure 2.17a, configurations i) and ii) is dis-
advantageous because of the dispersion of phase space density during the multiple
reflections, and a different principle, a Doppler shifter as shown in Figure 2.17a,
configuration iii), attaining the required velocity conversion by a single Bragg scat-
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tering, will become more appropriate. Dombech [104] and Brun et al. [105] devel-
oped and tested such a Doppler shifter with blades of synthetic mica (Thermica) by
installing it at the pulsed source IPNS, at Argonne National Laboratory. Recently, a
rather sophisticated concept of a velocity-focusing type of supermirror Doppler shifter
was presented by Utsuro [106] in which the multilayer structure and the instanta-
neous velocity of the supermirror reflecting blade are controlled to synchronize the
reflection condition with half the velocity of the incident neutrons depending on
the arrival time from the pulsed source. A prototype machine constructed with a
special mechanism for the blade motion was tested by Utsuro and Shima et al. [107]
at the pulsed source KENS, the High Energy Physics Research Institute, Tsuku-
ba.

242
Fizeau Experiment

In the previous subsection, we studied neutron optical elements in steady transla-
tional motion with a constant velocity or well approximated by such a motion. A
typical contrary case of high-frequency reciprocal motion was also studied in Sec-
tion 1.4. Therefore, in the present subsection, an another interesting case will be
presented where the motion of an optical element induces different optical effects
for different optical paths within the element. The Fizeau experiment in light op-
tics is known as one of such experiments, and thus we consider the matter wave
analogy to the Fizeau experiment in light optics.

As indicated by the formula for the refractive index, Eq. (1.16) given in Sec-
tion 1.2,

W21 NbeopA? ,
T
and the definition of the refractive index, n = k’/k, where k and k’ denote the
neutron wave numbers in a vacuum and in a medium, respectively, the wave num-
ber in the medium differs from that in a vacuum owing to the effect of the optical
potential of the medium.

Therefore, if we insert a neutron transmission rod between the object slit and the
scanning slit in the double-slit experiment setup shown in Figure 1.4a, the phase
of the transmitted neutrons changes by an amount proportional to the thickness.
When the rod is stopped, the phase changes for the two optical paths for the double
slit shown in Figure 2.19b are same and then the interference pattern will not
change, whereas for the transmission through the rod in rotational motion, the
interference pattern will change from that without the rod. A similar effect has
already been shown in the Fizeau experiment in light optics. Klein et al. performed
an analogous experiment by making use of the cold neutron beam at the high-flux
reactor, Grenoble [108].

According to the theoretical analysis with the local wave number of neutrons in
the transmission path through the moving element [108], the phase change through
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the path in the rotating rod for thermal and cold neutrons is given by
Ap = —kD——, (2.28)

in which the inequality U/E <« 1 holds for the neutron energy E, k and v, are
the wave number and the velocity of neutrons in a vacuum, respectively, and v is
the local velocity of the rod material at a radius y from the rotation center, that is,

63



64

2 Reflection, Refraction, and Transmission of Unpolarized Neutrons

v = y . The result plotted on the shift of the interference pattern as a function of
the rotation speed agreed well with the theoretical straight line of Eq. (2.28).

As another example of related experiments, Hamilton et al. carried out a cold
neutron diffraction experiment studying the effects of acoustic waves on a sol-
id surface, and pointed out the possible difference from the description of light
diffraction in a similar situation [109].

25
Neutron Resonator and Quasi-Bound Neutrons

2.5.1
Neutron Reflection and Transmission Experiments with Macroscopic Resonators

As described in the previous section, matter works as an optical potential for long-
wavelength neutrons; therefore, as pointed out first by Kagan [110], it is possible to
confine a neutron within a space between such kinds of positive potentials as given
in textbooks on the state of a particle in a potential well.

The quantum states in such a potential well can be analyzed by solving the one-
dimensional Schrédinger equation taking only the component k, of the neutron
wave number vector perpendicular to the potential into consideration. The solution
for the quantum states is given, in the semiclassical Wentzel-Kramers-Brillouin
approximation, by

L N”(Jrl) 2.29
Zn:dn 2 ’ ()

where d is the potential width between the two potential hills and k., = [2m(E.,—
U)]*2/h by making use of the neutron energy E,, corresponding to the per-
pendicular component (i.e., z-component) of the neutron velocity, where U =
2th Nbeon/m is the optical potential of the material at the bottom of the well and
N and b are the atomic density and the coherent scattering amplitude of the
material, respectively.

Steinhauser et al. carried out an experiment to demonstrate the existence of such
kinds of quasi-bound states of neutrons [111] by utilizing the capability to vary the
magnitude of k, of neutrons incident on a sample with a potential well by changing
the height of a sample put in place of the horizontal mirror in the central part of
the gravity diffractometer shown in Figure 2.3a.

First, the reflected neutron intensity was measured on a sample put in place of
the horizontal mirror in the diffractometer, the result of which is shown in Fig-
ure 2.20a. Next, the transmitted intensity was also measured in a slightly modi-
fied geometry by inserting the sample in the falling path between the horizontal
mirror and the former vertical mirror, the result obtained also being shown in Fig-
ure 2.20b. The abscissa in this figure, that is, the fall height from the entrance slit
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Figure 2.20 Experiments and analyses on the quasi-bound
states of neutrons in a double-hump potential barrier studied
with a gravity diffractometer: (a) reflected neutron intensity
as a function of the the gravity fall height and (b) transmitted
neutron intensity on a similar sample, where the solid curves
correspond to the exact theoretical solutions (Steinhauser et
al. [111]).

in Figure 2.3a, is related to the vertical wave number k. in a vacuum as

m

k2
h

(2g2z)'2, (2.30)
and the fall height resolution mainly defined by the slit widths was 3cm (1cm =~
1neV).

The potential structures of these samples are of double-hump type as shown in
the inserts, and the solid curves in the figure are the theoretical intensity distri-
butions calculated from the exact solution for the Schrédinger equation applied to
the potential and the experimental resolution. However, slight adjustments were
necessary to match the intensity minimum of the calculated results with the exper-
imental ones in Figure 2.20a, that is, the width of the potential well was adjusted to
88142 A, and at the same time the width of the hill was adjusted to 22545 A. Fur-
ther, in the transmission experiments in Figure 2.20b where the sample was put at
a position 16 cm higher than that of the horizontal mirror in Figure 2.3a, the calcu-
lation with the widths of the well and the hill, 1663 + 3 and 190 & 5 A, respectively,
agreed well with the experimental results. These typical widths of the resonance
peaks are related to the lifetime of the quasi-bound states of neutrons in the well,
which was derived as #/I" = 2 x 107’ s from Figure 2.20a. The theoretical value
for the resonance width in the exact solution, 2I” = 5.1 neV, is in reasonable agree-
ment with the experimental result. However, in both cases, the measured heights
of the resonance peaks are somewhat lower than the corresponding heights of the
theoretical curves. Several reasons can be considered as the cause of these differ-
ences but none have yet been proven.

These macroscopic resonators for neutrons with double-hump or triple-hump
potential structures are Fabry—Pérot resonators for neutrons. As pointed out in
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Eq. (2.29), since only the perpendicular component k, of the neutron wave num-
ber vector is effective in the experiments, it will be possible to use thermal or cold
neutrons for similar experiments by arranging the grazing angle to be at a very
small angle to the potential surface. Steyerl et al. [112] carried out such kinds of
experiments at the cold neutron guide of the Kyoyo University reactor with the
arrangement shown in Figure 2.21a, and compared the measured cold neutron
reflectivities of double-hump and triple-hump resonators with the exact solutions
for the one-dimensional Schrédinger equation.

The incident neutrons were collimated to a very small divergent angle of
0.2 mrad, the incident grazing angle was defined to be about 0.01 rad to the sample
surface, and the incident neutrons were pulsed by a chopper with a wavelength res-
olution of A = 0.07 A in the wavelength region of A = 4-8 A. The time-of-flight
measurements were performed on double-hump and triple-hump resonators, the
results of which are given in Figure 2.21b in comparison with the theoretical cal-
culations for the layer structures with an Al layer of 745 A and a Cu layer of 181 A
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Figure 2.21 Cold neutron reflection experi-
ments on macroscopic coupled resonators:
(a) experimental arrangement of the time-of-
flight reflectometry with the collimated and
chopper-pulsed cold neutron beam at the
Kyoto University research reactor and (b) neu-

tron reflectivities of a) the double-hump and
b) the triple-hump resonators with the po-
tential structures shown as inserts, where the
solid curves correspond to the exact theoreti-
cal solutions. (Steyerl et al. [112]).
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(Figure 2.21b, plot i) and an Al layer of 609 A and a central Cu layer of 257 A with
Cu layers on both sides of 144 A (Figure 2.21D, plot ii).

Although the energy resolution of these measurements may be slightly worse
(AE = 4neV) than that of the gravity diffractometer previously described, the
energy region to be covered is several times wider than that with the gravity diffrac-
tometer. As a result of the present advantage, it became possible to compare ex-
periment with theory up to the excited quasi-bound state and for the continuous
energy states in E, > Ucgy, as illustrated in Figure 2.21b. The comparison between
plots i) and ii) in Figure 2.21b indicates that the resonance state (the valley in the
reflectivity) in the latter coupled twin wells is split into two levels, in contrast to
the single level in the former single well. The energy splitting of the quasi-bound
state for the n = 1 resonance was derived as A = 13 neV. In this way, these artifi-
cial macroscopic resonators for neutrons are used and applied for neutron optical
studies for the observations of various quantum mechanical phenomena such as
the quasi-bound states and the energy splitting.

2.5.2
Nuclear Reaction Experiments of Neutrons

As another approach for studying the neutron states in these resonators, it is also
worth introducing such works observing the phenomena directly related to the
spatial distribution of the wave functions of neutrons in the resonant state. Two
kinds of measurements in such a category with the observation of the products
from the neutron reactions in a resonator will be described below.

First, the experimental results obtained by Zhang et al. [113] are shown in Fig-
ure 2.22a,b, in which a thin layer of material inducing (n, y) reaction was embedded
in the gap layer of a resonator and the reaction y-rays were measured. They also
carried out theoretical calculations to compare the reaction rates and the reflectivi-
ties in the case with neutron absorption with the formalism of the complex potential
explained in Section 2.2.

Practically, as explained concerning Eq. (2.16), making use of Egs. (2.16)—(2.18)
in place of b in Eq. (1.19) gives us U = Uge — i Upy, Where Uy, = 2mu,/4,
and u, is the linear absorption coefficient. Applying to the wave equation with the
complex potential our knowledge that the wave function in a multilayer can be
expressed in the form of Eqs. (2.19) and (2.20), we arrive at the relation

A[@* (AP [dx) — D (dD*|dx)]jdx = —2i Uy, | P[> . (2.31)

Spatial integration leads to the formula which combines the neutron reflectivity
and the neutron reaction rate as

1 )
1= = X [ 10PULdr =Y 5, 232)
x oy Xai i

where X,; denotes the absorption region and t; is the absorption reaction rate of
neutron-absorbent isotope i.
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Figure 2.22 Experimental results compared onator structure and the solid curves are the-
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tron reflections and reactions in multilayer polystyrene, PVCH is polyvinylcyclohexane)
resonators; the arrows indicate the positions (Zhang et al. [113]); (c) neutron reflectivity
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(a) neutron reflectivity and (b) (n, y) reac- tion) and (d) (n, @) reaction rate (Aksenov
tion rate, where the insert shows the res- et al. [114]).

The resonator used is illustrated in the insert in Figure 2.22b. It was prepared by
evaporating first about 0.6 pm thick nickel on a 5.1-cm-diameter polished silicon
substrate, then spin-coating about 720 A thick polyvinylcyclohexane, and next 50-
A-thick gadolinium was evaporated, and finally it was covered by an about 720 A
thick polyvinylcyclohexane film floating on water. Further, after it had been dried,
it was covered by a predeuterated polystyrene film. The experiment was carried out
at the NG7 reflectometer in the NIST reactor, and a 64-mm-diameter high-purity
germanium crystal detector was used for the y-ray measurements at a distance of
10 cm. The detection efficiency was known to be about 10% from the calibration.

The results of the theoretical calculations shown in Figure 2.22a,b were obtained
by making use of the neutron wave function in the matrix formalism and the relat-
ed equations given above. They agree well with the experimental results, and in the
course of these calculations, consideration of the interface roughness was neces-
sary. How the probability density of neutrons is amplified in the resonator in such
resonance conditions is an important factor, and therefore the calculated results
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Figure 2.23 The calculated distributions of the real part of the
one-dimensional complex potential U(x) (thick solid curve) and
the probability density of neutrons | @ (x)|? (thin solid curve).
The dotted line is | @ (x)|? for the case where the imaginary part
neglected. (a) The incident wave number corresponding to the
n = 4 mode and (b) that corresponding to the n = 5 mode
(Zhanget al. [113]).

are shown in Figure 2.23, which indicates the distribution of standing waves in a
resonance condition compared with the real part of the potential Ug.(x107> A=2).
The remarkable amplification is recognized in the resonant state in mode n = 4
in Figure 2.23a, in contrast to the notable suppression owing to the effect of the
absorption layer in the case in Figure 2.23b for mode n = 5.

Another kind of the neutron reaction experiment was performed by Aksenov
et al. on (n, a) reaction, where the multilayer resonator used has the layer structure
®LiF(200 A)/Ti(2000 A)/Cu(100 A)/glass substrate. First copper and titanium layers
were prepared by vacuum sputtering on a substrate, then °LiF was spray-coated.
The experiment was carried out at the polarized neutron spectrometer in the IBR-
2 pulsed reactor, Joint Institute for Nuclear Research, Dubna. The a-particles and
tritons from the reactions were detected by an ionization chamber containing the
resonator in the ionizing gas with the copper layer as the cathode electrode [114].
The measured neutron reflectivity and a-ray intensity are shown in Figure 2.22¢,d.
The neutron reflectivity calculated with the matrix formalism is also shown in Fig-
ure 2.22¢, where the effect of the possible interface roughness was taken into con-
sideration to smooth the potential. In the present calculation, the amplification
factor for the probability density for neutrons was about 35 for mode n = 2.

These two kinds of experiments and the corresponding calculations are consis-
tently explained by the amplification of the resident density and the formation of
standing waves of neutrons in the multilayer resonators.

At the end of this section, a very novel experiment will be briefly described. Sup-
pose a one-dimensional potential well is arranged in the vertical direction, that is,
instead of two flat reflecting mirrors consisting of a resonator, the upper one is
replaced by the earth’s gravity, as illustrated in Figure 2.24, which will also work
as a macroscopic resonator for such incident neutrons as the vertical component
of the energy Ee is comparable to the energy difference of the gravity potential
in the resonator. Therefore, quasi-bound neutrons, that is, quantum states in the

Real Pant of Complex u(x)
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vertical component of the neutron energy, equation is quantized as indicated for the
Evert, that is, the energy corresponding to the states with quantum numbers n = 1 ~ 4
vertical component of the neutron velocity. (Nesvizhevsky et al. [115]).

vertical component of the gravitational field, will be produced during the passage
of neutrons through the resonator. Nesvizhevsky et al. carried out an ultracold neu-
tron experiment to observe the characteristic feature of such quantum states in a
gravitational field [115].

In their experiment performed at the high-flux reactor, Grenoble, incident neu-
trons with a velocity of about 5m/s were supplied to the experimental apparatus
consisting of a flat mirror with length of about 10 cm, and the intensity distribution
of the transmitted neutrons was observed.

Although the experiment is very interesting in the sense of combining gravity
and quantum mechanics, and also from the viewpoint of the extreme limit of the
high-precision neutron experiment, we have no more space here to describe the de-
tails of the experiment as well as the result. Fortunately, some details were already
reported in recent articles [116, 117], and so will not be described here.



3
Reflection, Refraction, and Larmor Precession
of Polarized Neutrons

We already mentioned in Section 1.5 that a neutron has spin 1/2 and the magni-
tude of the magnetic dipole moment is also known precisely from neutron magnet-
ic resonance experiments. Further, we also introduced the neutron spin precession
in a magnetic field and the magnetic potential effects on neutron motion. In this
chapter, we will study further the detailed behavior of neutrons as spin-1/2 parti-
cles, various types of optical experiments, and reflection, refraction, as well Larmor
precession as phenomena which greatly concern neutron spin.

3.1
Reflection from Magnetic Mirrors

3.1.1
Magnetic Reflection and Neutron Polarization

In 1936, Bloch supposed that a neutron has a magnetic dipole moment with magni-
tude comparable to that of a proton but with the direction of the moment opposite
to that of the angular momentum of the neutron. He formulated an expression for
the magnetic scattering of neutrons as the dipole—dipole interaction and proposed
an experiment to measure the polarization of neutrons scattered from or transmit-
ted through a sample such as magnetized iron to directly determine the magnetic
dipole moment of the neutron [118].

In the next year, Schwinger formulated another model on the magnetic inter-
action of neutrons as induced by the current density with the magnitude of the
correct Dirac value to give the neutron magnetic dipole moment, and analyzed the
magnetic scattering and polarization of neutrons [119].

In this situation, Halpern [120] pointed out that the experimental effect of the
magnetic interaction should become maximum in an experimental arrangement
where the magnetization of an iron plate sample is parallel to the projected direc-
tion of the neutron beam onto the sample surface. In addition he proposed that
the total reflection experiment would be advantageous for elucidating the magnet-
ic dipole moment of the neutron, because two critical angles would be observed
for the reflection from the magnetized iron corresponding to two spin states of the
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Figure 3.1 Intensity of cold neutrons reflected from a ferromag-
netic mirror (Hughes and Burgy [121]).

neutron, above and below that of the unmagnetized one. Accordingly, Hughes and
Burgy immediately carried out a magnetic reflection experiment of neutrons and
obtained the result shown in Figure 3.1 [121].

Their experiment using a magnetized iron mirror was performed at the heavy
water reactor, Brookhaven National Laboratory, with a cold neutron beam of wave-
length longer than 4.4 A extracted from the heavy water thermal column and trans-
mitted through a beryllium oxide filter.

As mentioned in Chapter 1, the general expression for the refractive index of
neutrons is given by

nZ =1— (31)

7
where U is the optical potential and E the neutron energy. Consideration of the
magnetic interaction for neutrons leads to the relation U = Upyc + Unag, Where
Unuc is given by Eq. (1.19).

Now, in the Bloch’s dipole model, Up,g for neutrons with a magnetic dipole
moment g becomes Up,, = —pH, while Schwinger’s current model leads to
Umag = —#B = —p(H + 4 M), where M is the magnetic dipole density of the
medium.

The magnetic field H in the experimental arrangement proposed by Halpern
varies continuously across the iron mirror surface, where the total reflection of neu-
trons occurs, and the magnetic interaction in the dipole model does not contribute
significantly to the magnitude of the critical angle for total reflection. As a result,
the dipole model should give a single value for the critical angle (6, = 23.8 minutes
for an iron mirror).

In contrast the magnetic induction B shows a discontinuous change with a sig-
nificant magnitude across the mirror surface. Furthermore, its contribution dif-
fers in sign for parallel-spin and antiparallel-spin neutrons. As a result, in the



3.1 Reflection from Magnetic Mirrors

current model there will be two significantly different values for the critical angle
(6 = 14.2 and 30.7 minutes for an iron mirror).

In this way, two kinds of the expected curve are drawn for the reflected intensity
in Figure 3.1. It is obvious that the current model gives the correct prediction.
In their experiment, by making use of a second iron mirror, they also ensured
that the neutrons reflected from the first mirror were polarized. Thereafter, various
applications of neutron magnetic reflection to studies on magnetic materials began
as did theoretical developments of polarized neutron optics.

For polarized neutron experiments, firstly it is necessary to prepare a highly
polarized neutron beam and an efficient and accurate polarization analyzer. In the
magnetic resonance experiment of ultracold neutrons of Egorov et al. described
in Section 1.5, the incident neutrons were polarized by transmission through a
magnetized film as shown schematically in Figure 1.12, that is, in an arrange-
ment similar to that shown in Figure 1.10a. After the resonance device, the po-
larization of exiting neutrons was analyzed again by transmission through the
second magnetized film. The polarization efficiency of the total reflection method
with a magnetized iron thin film for ultracold neutron beam was measured as
78 £ 5%.

The polarizer was prepared by the evaporation of iron material with composition
20% °Fe, 80% >*Fe, to a thickness of 1 um on a copper substrate. Thereafter the
substrate copper was removed by etching.

The polarization efficiency of the magnetic scattering method with an iron block
employed by Alvarez et al. for thermal neutrons as shown in Figure 1.10a was far
lower than the value mentioned above.

Concerning the polarization efficiency of the total reflection method being a lit-
tle below 100%, Ignatovich [122] analyzed theoretically the reflection and refraction
of neutrons in the situation where the magnetic inductions of two adjacent layers
such as the polarizer film and its environment layer are not in the same direction.
He explained the experimental results for the polarization efficiency and the polar-
ization flipping rate of neutrons in such multilayers by the nonparallelism of the
magnetic induction.

In the high-polarization experiment of Herdin et al. [53] briefly mentioned in
Section 1.5, a single crystal of a-Fe with thickness 1500-3000 A was employed. It
was carefully grown epitaxially on a rock-salt substrate to improve the polarization
efficiency by decreasing the magnetic inhomogeneity, thus preventing depolariza-
tion due to magnetic fluctuations, compared with the magnetized polycrystalline
film used in the experiment of Egorov et al. They obtained a high polarization effi-
ciency of 95-98% for neutrons in the velocity region of 4.15 < v < 8.2m/s, which
corresponds to the region between the limiting velocities for total reflection v,
and vl+ of two spin states of neutrons. Such a polarizing film used in the ultra-
cold neutron experiment can also be applied as a polarizer and analyzer for higher-
velocity neutrons by locating the perpendicular component in the present velocity
region.
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3.1.2
Polarized Neutron Reflectometry

By making use of polarized neutrons prepared in this way it is possible to deter-
mine the depth profile of the magnetic property on a magnetic sample, similar to
the case of unpolarized neutron reflectometry on nonmagnetic samples we studied
in the previous chapter, from experiments measuring the polarized neutron reflec-
tivity profiles. One of the simple examples of polarized neutron reflectometry applied
to a magnetic single crystal by Felcher et al. [123] will be introduced in Figures 3.2
and 3.3.

The component of the magnetic induction perpendicular to the sample surface
B, continuously varies across the surface, and therefore we consider the magnetic
interaction Upsg = —p B in the situation of the reflectometry experiment shown
in Figure 3.2a, in which the neutron polarization and the magnetic induction B
both lie parallel to the sample surface. The component B, of the magnetic induc-
tion parallel to the neutron spin, to be determined by the direction of the external
filed H, induces the magnetic potential Un,g = —p(B) — H), whereas the perpen-
dicular component B, if it exists, will contribute to possible local depolarization
of the neutrons.

Pulsed Source
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Figure 3.2 Experimental configuration for polarized neutron
reflectometry. (a) Reflection situation of a polarized neutron
beam; the incident neutrons are polarized in the direction of
the external field H, where R is the reflected beam (Felcher et
al. [124]). (b) Experimental arrangement for polarized neutron
reflectometry (Felcher et al. [123]).
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Figure 3.3 Neutron wavelength depen- dependent reflectivities for a nickel single
dences of polarized neutron reflectivity: (a) crystal with the (110) face exposed at grazing
measured reflectivity of silica glass with angle 6; ~ 0.7°, and with a magnetic field of
a high-quality polished surface compared 20 Oe applied in the (111) direction (Felcher et
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The Hamiltonian 'H including the magnetic interaction for neutrons is expressed
as M = —h?/2m)4 + U(r, t) — 4 B(r, t), and then the magnetic potential for neu-
trons is given by the term —pu B(r, t) in the Schrodinger equation:

4 m m

i o) = (—— + 2 Ut -

hoot 2 R K B(r, t)) |D(r.t)). (3.2)

h _

In relation to the magnetic interaction operator —uB = |u,|@B, the direction
of the neutron magnetic moment can be written as g = 2u,s = —2|u,|s, where,
defining the coordinate system x’, y’, z’ with 2’ in the direction of the quantization
axisin H (i.e. x" = x,y" = —z,2' = y), s = (sx, 5y, 5,/) is the spin vector given
by the expectation values for the respective spin components, s; = (¢ (£)|S;|¢(t)),
(j =«".y.2"),and @ = (0w, 0y, 02) is the Pauli matrix defined by

01 0 —i 1 0
O"/_(l 0)’ ﬂ_(i o)’ UZ/_(O —1)' (3:3)

Furthermore, U(r, t) is the external potential and B(r, t) is the magnetic induction,
both being generally dependent on space and time.

Applying the property of the Pauli matrix to Eq. (3.2) leads to a couple of equa-
tions for two spinor components, ¢ 4 (z), ¢ —(z), at depth z in a sample in a steady-
state condition:

¢/‘;‘ + [kzz.' _4'7[(Nbcoh + CB”)] ¢)+ —4.7ICBJ_¢_ =0,
¢Z+[k§_4n(Nbcoh_CB||)] ¢_—4ncBi¢p4 =0, (3.4)
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where k, = 27sin 6;/A is the wave number vector component perpendicular to
the sample surface, 0; is the incident angle, and ¢ = 2wmu/ h?.

From the solutions of Eq. (3.4), the perpendicular wave number components k.
in the medium where N by, and B are constant become

by = /k2 —47(Nbeoy % cB1), (3.5)

where Bt = ‘/Bﬁ + Bi. This situation corresponds to the refractive indices for

the medium given by the relation

2 12
nl = 1—;(Nbcoh:|:cBT). (3.6)

It must be remarked that, strictly speaking, if we consider a possible change of
the magnetic potential on the sample surface in reflection and refraction, the term
B in Eq. (3.6) should be replaced by By — H. However, in the ferromagnetic ma-
terials usually employed as a sample for magnetic reflection and refraction, the
condition Bt > H is well satisfied and then the correction mentioned above can
be neglected. In contrast, in the case of superconductors with the property of per-
fect diamagnetism, the exact formula for the magnetic potential must be used as
Eq. (11.1).

For the simplified case of By = 0 in Eq. (3.4), the coupling in the equation
being resolved, the reflectivity R4 from the incident neutron spin state + to the
reflected neutron spin state +, and that R__ from the incident neutron spin state
— to the reflected neutron spin state —, reduce to the same form as the standard
formula, Eq. (2.4), as

2

sin 0; — /sin? 0; — (A2/)(Nbeop = ¢ B))

(3.7)

Ryt =
sin 0; + \/sin” 6; — (12/7)(Nbeoy + ¢By)

Both reflectivities take the same value by scaling the wavelength with the relation

A y/Nbeon + ¢Bj = A—\/Nbeoy — cBy . (3.8)

The polarized neutron reflectometry experiment was undertaken on the basis of
such an expectation.

The experiment was carried out with the cold neutron beam from the solid
methane moderator at the pulsed neutron source IPNS, Argonne National Labora-
tory. In the horizontal arrangement shown in Figure 3.2b, a guide field was applied
over the whole neutron flight path after the polarizer to maintain the polarization.

The fundamental optical performance can be assured in Figure 3.3a, where the
measured reflectivity of nonmagnetic silica glass with a high-quality polished sur-
face is compared with the calculated curve of the standard formula, Eq. (2.4). Both
results agree well, and the depth resolution Az = 1/2Ak, in the present experi-
mental condition was estimated to be about 40 A. In the case of a sample with a
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lead layer of thickness 2 pm evaporated as usual on a silicon crystal, instead of the
sample with a high-quality polished surface, the reflectivity decreased compared
with the calculation using Eq. (2.4) owing to the effect of the surface roughness.
The present result is consistent with the indication observed in Figure 2.3b.

Use of a nickel single crystal gave the experimental results for the polarized neu-
tron reflectivities shown in Figure 3.3b. The sample magnetization was saturated in
the (111) easy direction. During the measurements, the condition that magnetiza-
tion direction is parallel to the neutron quantization axis, which is the premise for
applying Eq. (3.7), otherwise the reflected beam would be depolarized, was routine-
ly checked by the insertion of a polarization analysis leg. It can be easily checked
that two reflectivity plots in Figure 3.3b for the spin states + and — satisfy well
the relation for the wavelength scaling, Eq. (3.8). In this way, the present results
from preliminary measurements of polarized neutron reflectometry on a sample
of relatively weak magnetic material such as nickel gave an obvious difference be-
tween the reflectivities for the different neutron spin states, and indicated well the
applicability of polarized neutron reflectometry.

As these experimental examples show, polarized neutron reflectometry was first
applied to obtain magnetic depth profiling of magnetic materials and was then fur-
ther developed for other fields in the middle of the 1980s. These developments of
various applications in the early stage over about 10 years were reviewed by Felch-
er [125]. Not only was specular reflection with reflection angle 6, = 0; applied to
analyze the magnetic profiling in the direction of depth, but also experiments to
measure and analyze nonspecular reflection with reflection angle 6, # 6, were
started to obtain possible information on the structure parallel to the surface. The
application of specular reflectometry was also extended, in addition to single-layer
samples, to sandwiched structures and multilayers. The fundamental principle of
magnetic multilayer reflectometry will be described in the next section, and some
examples of nonspecular reflectometry on a single-layer sample will be given in
Chapter 11.

3.13
Magnetic Storage of Neutrons

As mentioned in Section 1.5, neutrons with spin parallel to the magnetic field are
repelled by the field in a vacuum. Therefore, it is possible to use magnetic guides
and magnetic storage bottles for polarized neutrons in a strong magnetic field. The
idea of neutron magnetic storage was proposed by Vladimirskii in 1961 [126], and
the first experimental realization of magnetic storage of ultracold neutrons was
performed in late 1970 [127, 128].

As for the experimental principles for magnetic storage, two approaches are pos-
sible, that is, the electromagnetic method and the permanent magnet method. In the
early experiments on magnetic storage, the former method was employed. In the
electromagnetic apparatus, it is possible to attain a strong field over than 10T by
making use of a superconducting magnet, but it requires a relatively large scale ex-
perimental arrangement. In contrast, with permanent magnets, an apparatus with
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Figure 3.4 Magnetic reflection potential for ultracold neutrons
produced by an array of rectangular rods of permanent mag-
net elements: (a) cross section of the magnetic element ar-
rangement; (b) magnetic potential distribution for neutrons
(1neV = 1072 eV) (Inoue et al. [129]).

a maximum magnetic field of about 1T will become a practical concept by mak-
ing use of recently developed high-performance magnetic materials. The magnetic
design with an array of alternatively arranged poles in a fine pitch as shown in
Figure 3.4a provides the large gradient of the magnetic field in the storage device
which is an important requirement for the magnetic reflections of neutrons to be
stored. In accordance with such a concept, a preliminary experiment on the mag-
netic storage of ultracold neutrons was carried out by Inoue et al.

As proposed by Vladimirskii, it is necessary for magnetic storage that the perma-
nent magnet elements be arranged so as to realize a field distribution with strength
increasing very steeply near the surface of the elements, whereas there should be
almost no field away from the array of the elements. To meet this requirement,
Inoue et al. arranged a number of fine elements of a Nd—Fe-B permanent magnet
with dimensions of 15mm x 20 mm, and 400 mm long, and with a surface field
strength of about 0.4 T (Figure 3.4a), and thus realized a storage device for ultra-
cold neutrons. The calculated magnetic field distribution in the device is shown in
Figure 3.4b for the magnetic potential for neutrons [129].

As the preliminary experimental approach, the U-shaped magnetic chamber with
the magnetic elements arranged as shown in Figure 3.4 was prepared and the ex-
periments were performed with the ultracold neutrons from the supermirror tur-
bine shown in Figure 2.17. The experimental results for the magnetic reflections
of ultracold neutrons in the present device are plotted in Figure 3.5 [130]. Half of
the unpolarized neutrons incident on the device guided by the turbine will be po-
larized with parallel spins and then repelled by the field, whereas the remaining
half will be attracted by the magnetic field and absorbed by the structure materials
such as the magnet elements and shielding materials. The chamber has a critical
velocity of reflection for neutrons of about 2 m/s, and therefore it was positioned
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Figure 3.5 Ultracold neutron reflection experiment with a
magnetic chamber consisting of permanent magnets: (a) ex-
perimental arrangement; (b) transmitted neutron count rates
through the U-shaped magnetic chamber dependent on the
gravity rise height. UCN ultracold neutrons; circles, experimen-
tal results; curve, calculated result (Inoue et al. [130]).

at a gravity rise height higher than the turbine exit port. This port provides the ul-
tracold neutron spectrum shown in Figure 2.17b. The effect of the gravity rise was
studied for three kinds of height, that is, 1.3, 2.0, and 2.7 m, in the present exper-
iments. The count rates for the exiting neutrons were measured after the gravity
fall from the chamber exit port as plotted in Figure 3.5b and were compared with
the theoretical curve for the dependence on the gravity rise height calculated from
the turbine spectrum shown in Figure 2.17b. The comparison indicates reasonable
agreement in the rise height dependence of the neutron intensity, thus, this ultra-
cold neutron storage chamber with a permanent magnet array has the magnetic
reflection performance expected from the design.

Recently another development of the permanent magnet storage experiments
was carried out by Ezhov et al., in which the permanent magnet elements with a
maximum field of 1T are arranged in an array to form a vertical cylinder for the
long-time storage of ultracold neutrons [131]. For the long-time storage, it is impor-
tant to maintain the neutron spin parallel to the magnetic field during the period
of a number of reflections in the storage device. As pointed out in Section 1.5, pos-
sible fluctuations such as a sudden change in the magnetic field direction faster
than the Larmor precession frequency of neutrons induce depolarization of the
neutrons and cause neutron leakage out of the storage space. The preliminary re-
sult of their experiments on ultracold neutron storage carried out at the high-flux
reactor, Grenoble, is shown in Figure 3.6b, from which the storage lifetime for neu-
trons of 874.6 + 1.6 s was deduced. This result indicates a small loss coefficient and
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Figure 3.6 Ultracold neutron storage experiment with a storage
chamber consisting of permanent magnets: (a) experimental
arrangement (storage volume, inner diameter about 20 cm,
height 50 cm) and the magnetic element configuration; (b)
experimental dependence of exiting ultracold neutron counts on
the storage time (Ezhov et al. [132]).

therefore their continued measurements will lead to valuable progress of neutron
magnetic storage studies.

On the other hand, in the electromagnetic storage of neutrons, an experimental
accuracy of about 10 s for the storage lifetime was reported [133, 134].
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3.2
Reflection and Transmission of Neutrons by Magnetic Multilayers

3.2.1
Reflectivity Analyses with the Transfer Matrix Method

In Section 2.3 we studied the reflection and transmission of neutrons by nonmag-
netic multilayers, and further various methods were introduced to derive the scat-
tering amplitude density profile from experimental results of reflection and trans-
mission by multilayer samples, in which it was predicted that polarized neutron
reflectometry will become an effective approach for that purpose. In this section,
such polarized neutron analyses on magnetic samples will be described.

As mentioned in Section 2.3, the extension of the analytical solution for reflec-
tion and transmission of unpolarized neutrons by a nonmagnetic single layer to
nonmagnetic multilayers was the problem to solve simultaneous equations includ-
ing an increasing number of amplitude coefficients according to the increase of the
layer number, and it was rather a simple task to apply the analytical solution. How-
ever, in the case of polarized neutron analyses, the situation is completely differ-
ent because of the property of the Pauli matrices included in the description of the
magnetic potential, and this character appeared in Eq. (3.4). Practically, with regard
to the two spinor components 1 4 and ¥ _, the component of the magnetic induc-
tion By parallel to the neutron spin induces the applied magnetic potentials + Upag
and — Up,g, respectively, with opposite signs. Further, if the component perpendic-
ular to the neutron spin, B exists, the transition between the spin components,
that is, partial depolarization of neutrons, might be induced. For the analyses of
such complicated situations in polarized neutron experiments, Blundell and Bland
employed a transfer matrix method to obtain possible information on the magnet-
ic profile on multilayers [135]. As mentioned in Section 2.3, the transfer matrix
method was originally introduced by Croce and Pardo in the analyses of reflection
and transmission of neutrons by multilayers [92].

In this matrix formalism, the wave functions in each region, that is, Eq. (2.20),
are rewritten as follows by taking the y-axis as the direction of the layer thickness,
in order to reserve the z-axis for the direction of magnetic induction lying on the
layer surface,

Puly) = Aneik”(y_y") + Bne—ikn(Y—Yn) s Y1 <Y =< Vns (3.9)

and then ¢, (y) at the interface y = y, is expressed by a vector (g”)

n
Defining ¢,41(y), Yn < ¥ < Yn41 in a similar way, we can write the continuity
conditions for these functions and their derivatives at y = y, as a whole as

1 1 A, _ e_iknj!»ldnﬁ»l eikn+'ldn+l An-i—l
kn _kn By kn—‘,—le_lkW‘HdW‘H _kn+lelkn+ldn+l Bn+1 ’

(3.10)
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or

D(kn) (2:) = D(ku41)P(kn+1, dn+t1) (gz:) : (3.11)

where the transmission matrix D(k,) and the propagation matrix P(k,, d,) are de-
noted as

1 1
D(ky) = (kn i ) , (3.12)
e—ikndn 0
P(k,, d,) = ( o eikndn) : (3.13)
respectively.

As a result, the solutions of Eqgs. (2.19) and (2.20) for the multilayer potential can
be expressed with the transfer matrix M as follows:

1 M M t
S : (3.14)
r My My )/ \O
where r and t are the reflection coefficient and the transmission coefficient, respectively,
and the transfer matrix M is given by

N—1
M =D"'(k) [l‘[ [D(ky)P(ky, dn)g—l(kn)l} D(ky). (3.15)

n=1

For the simplest case of a sufficiently thick substrate only, it becomes N = 1 and
M = D '(k)D(k;). Then the relation obtained, r = My /M1 = (k — k1)/(k + k1),
agrees with Eq. (2.4) as R = |r|2. Further, the equation t = 1/My; = 2k/(k + k1)
agrees with the continuity condition a = 1 + r for Eq. (2.19) by putting d — oo,
that is, putting b = 0.

Next, we extend the matrix formalism to the case including a magnetic potential,
that is, apply the magnetic potential in Eq. (3.2) to multilayers. For simplicity, we
suppose the magnetic induction vector for each layer lies on the interface, that is,
on the surface (x, z), and denote the vector for the (n + 1)th layer as rotated by an
angle 60, , 1 around y-axis relative to that for the nth layer. In this case, the rotation
rule for a spin-1/2 system shown in Section 3.4, Eq. (3.48), and the formula for the
Pauli matrices lead to the continuity condition, Eq. (3.11), being replaced by

D (ki ki) (ﬁ) = R(Onn+1)D (k2+1’ kiﬂ) P (k2+1’ Ky dn+1)

. (*f’}ﬂ) ,
¢n+1

(3.16)
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N
where ¢35 = (2:’) is the solution for the spin s =1, |, and

n

coS(0n,n41/2) L sin(en,,,+1/2)1) (3.17)

R (6 nt1) = (— Sin(Opny1/2)L  cos(Opnt1/2)1

is the matrix for the rotation of the quantization axis with angle 6, , 4 at the inter-

face n,n + 1, where I = (1 0).

0 1
Furthermore,
+ 4, _ (D(k}) 0
P(k', d,) 0
Tl _ [ =\F*n
Pk, ky,dy) = ( o Pk}, dy) (3.19)

are the 4 x 4 transmission matrix and propagation matrix, respectively, extended for
the layers including the magnetic potential.
In this way, we obtain a 4 x 4 transfer matrix:

M = D7 (k, k)R(01,)

x [ﬁl [Q (k1+1’ ki+1) P (k1+1’ ki dn) D!

n=1
X (kz—i-l’ ki+1) ﬂ(en,n+1)]:|2(kN, kn). (3.20)

In the analysis of Blundell and Bland explained above, each magnetic induction
vector is assumed for simplicity to lie on each interface, whereas Ignatovich and
Radu gave the analysis in principle for arbitrary directions of the magnetic induc-
tions [122, 136].

By making use of these analytical formulations, we can easily calculate reflection
and transmission by multilayers with an arbitrary magnetic structure, and then we
will be able to obtain the reflection coefficient for a magnetic multilayer and the trans-
mission coefficient for a magnetic multilayer. However, the actual work involves the
inverse process for practical requirements, that is, the reduction of the magnetic
profile from experimental results on the reflection and transmission for an actual
structure will not be so easy. Particularly, in such a case where the direction of the
magnetic induction for each layer is different from layer to layer, many trials with
various model calculations will be required to obtain a reliable magnetic profile.

As mentioned in Section 2.3, Majkrzak et al. developed the reference layer
method with reflectivity measurements for the sample with known reference lay-
ers added in addition to the unknown layer to be studied, in order to determine the
unique scattering amplitude density profile of the unknown layer. As an extension
of the method, they proceeded to polarized neutron reflectometry by making use
of magnetic reference layers. If the magnetic induction of the magnetic layers
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lies along a single direction, and incident neutrons have spin polarized parallel or
antiparallel to the magnetic induction, then the off-diagonal elements in Eq. (3.17)
become zero, and the coupling between the spinors is resolved. Then, the resultant
relation reduces to the application of the 2 x 2 matrices, Eqgs. (2.22)—(2.27). There-
fore, the next equation can be derived for the case of negligible absorption and real
scattering amplitudes [137]:

t 1+r
(inbt) =M (inf(l — r)) ’ (3-21)

1 .

A B cos 0; nTlsin@;

M = = J J ). 3.22

- (C D) 1_[ (—njsinej cos 0 ) ( )
J=N

where

The matrix elements A ~ D are all functions of k, and 6; = n;d;k, where n; for
each layer is given by Eq. (3.6). Since it can be derived [138] that the determinants
of each matrix on the right hand of Eq. (3.22) are always unity, that is, they are
unimodular matrices, by making use of the relation AD — BC = 1 and of the
assumption that the previous and the next layers of the set of multilayers are a
vacuum, we obtain the reflection coefficient as

B+ C+i(D—A) (B4 D —(A2+ C?)—2i(AB+ CD)
r = =
B—C+i(D+ A) 2+ (B + D2) + (A2 + C?)

(3.23)

Although the measured reflectivity corresponds to | 7|2, and from the above equa-
tions the relation

1 2
S

— | =A’4+B*+C*+D*=23 3.24
S R 24

holds, it seems by looking at these relations that we cannot determine A ~ D from
the measured reflectivities. However, employing the reference layer method, that

is,
A B a b\ (w x
(¢ 5)-( )0 2 o9
where (a, b, c, d) refer to the reference layer, (w, %, y, z) to the unknown layer, then
putting @ = a? + ¢2, B = b2+ d?, y = ab + cd, we obtain

3 =wr+xYa+ (yE+ 2B+ 2wy + x2)y . (3.26)

Thus, if 2, | = 1-3 can be derived from the experimental results for the con-
ditions with three different known layers, and this yields three different relations
corresponding to Eq. (3.26) for the cases | = 1-3. Then we can obtain «, f, and y
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as the common solutions for these three measurements, that is, we can determine
the matrix elements a ~ d in the unimodular matrices [137].

Further, from the unimodularity of these matrices, the restriction y? = a8 — 1
can be easily derived, and finally only two measurements become sufficient to de-
termine the matrix elements. These two kinds of measurements can be carried out
by making use of neutrons polarized (+) and (—), respectively, without changing
the sample. This method of reflectometry to obtain the phase information on reflec-
tivity and to determine the scattering amplitude density profile of an unknown layer
is named the polarized neutron reference layer method developed by Majkrzak et al.

An example of a practical application of the polarized neutron reference layer
method will be introduced in Chapter 11.

3.22
Analyses of Nonspecular Reflections

Hitherto, studies on the specular reflections of polarized neutrons, that is, the ex-
periments on and the analyses of the phenomena in the reflection angle the same
as the incident one, have been described. Recently, further extended trials have
been performed to obtain specific information from experiments on nonspecular
reflections and also on spin-flipping reflections. As one of the analyses for such tri-
als, the supermatrix formalism of Rithm et al. will be introduced below. Rithm et al.
expected that neutron reflectometry will be further applied in the future to much
more complex magnetic structures according to the progress of the experimental
techniques because of its simple and powerful approach for magnetic structure
studies. They proposed the supermatrix formalism as a generalized formalism with
strictness and applicability directly to the layer structures with any kind of com-
plexity, and demonstrated also an example of the practical analysis [139].

From the Schrédinger equation including the magnetic potential, Eq. (3.2), mak-
ing use of the Hamiltonian for the mth layer, H,, = —#%/2m,)A + Un(z) —
M B, (), leads to the expression for multilayers as H = XH,,, where m, is the
neutron mass, and U,,,, the nuclear potential, is given by Eq. (1.19). Equation (2.20)
and its derivative, or Egs. (2.22)—(2.25), or further Eq. (3.9) and its derivative, can
be written by extending them to magnetic multilayers as

19(0)) = (1 + R)[to) ,
|¢'(0)) = iko(1 — R)[to) ,
|¢(2z4)) = Tlto)
|9/ (z0)) = ik, T|to) , (3.27)

where the subscript s denotes the substrate.

These formulations were extended from Eq. (3.9) and its derivative to a system
with the magnetization in an arbitrary direction, where |¢(z)) is a two-component
eigenvector of the Hamiltonian H including the spin system, |to) being the inci-
dent vector, and R and T are the 2x2 reflectance matrix and transmittance matrix,
respectively.
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Extending the formalism similar to Egs. (3.14) and (3.15), or Egs. (3.21) and (3.22),
to the condition of the magnetic structure with an arbitrary magnetized direction
leads to the expression with the transfer supermatrix S,, for each layer and the
transfer supermatrix Sy, for the whole structure in place of these matrices as

|¢(Zm)>) (|¢(zm—1)))
=Sm , m=1~mn, 3.28
(I¢’(zm)> 19/ (zm—1)) (3-28)
|¢(Zn))) (|¢(0)))
=S : 3.29
QW@M “\lo'(0) (3-29)
where, from the condition of the continuity at the interface, similar to Eq. (3.22),
Sy S cosk,dn k' 'sink,d,
Sm - (i%nl ifnz) N (_km Sinkmdm cogkmdm ) ’ (330)

and k, = \/kZ— k> k>, = 2m,[h? - H .

Substituting Eq. (3.27) into Eq. (3.29) and eliminating T, we obtain
R=AT"{(SE —iky'S2) ko — (Siy + ikoSia) ks} (3.31)

—tot ~—tot —tot

where A = (S5 + iky ' Sigi) ko + (St — ikoSiq) ks
Now we use the decomposition formula (refer to textbook [B], Chapter 8, Sec-
tion 58) which is useful for the analyses with the magnetization in an arbitrary

direction:

1
R=3(Ro+ R, (3.32)

s = % {[S% + Si‘n”_] + (esm0) [S’V‘Lr - s’:n”_]} , (3.33)

where Ry = Tr{R} = Ry + R_, R = Tr{Re} = (R+ — R_)b,, b* = 1,
egm = Bu/|Bul, and B, is the magnetic induction in the mth layer, S’:n Vi being
the eigenvalue of the matrix S%”.

By making use of these relations, we finally obtain the next equation on the re-
flectivity R measured in experiments:

R

[(r[Rto)]” = Tr {pRp, R |

< {IR[1 + (PoP)] + [RPL— (PP
+ %Re {R; R(Po + P) + (R* Po)(RP)}
— % Im{R;R(PO x P) + %(R* x R)(Py— P); , (3.34)

where the density matrices p. = (1 + Pog)/2, p = (1 + Po)/2, and further
Py = Pyny, and P = Pn are the polarization efficiency of polarizer and the polar-
ization analyzer, for the polarization directions ny and n of incident and analyzed
neutrons, respectively.
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Figure 3.7 Analysis with the transfer super-
matrix. (a) A multilayer with a magnetization
profile; experimental setup for an FeCr mul-
tilayer to indicate the fundamental difference
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incident neutron polarization, spin-flip (SF)
and non-spin-flip (NSF) polarization analyses
of reflected neutrons, respectively. (b) Results
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Collinear magnetization RNSF

Azimuth angle @ (rad)

of the spin-flip and non-spin-flip reflectivity on
the azimuthal rotation angle ¢ of the sample
around the axis perpendicular to the sample
surface, as calculated for the FeCr multilayer
embracing an angle 50° in adjacent Fe lay-
ers, and for the experimental setup depicted
in (a). The thin solid line represents the non-
spin-flip calculation under the assumption

of a collinear magnetization profile (Riihm

of the analyses; variation of the dependence et al. [139]).

An example of analyses with the present supermatrix formalism is shown in
Figure 3.7. The sample studied consists of 16 layers in total, alternately of 53-A-
thick Fe layers and 17-A-thick Cr layers, with the magnetizations in adjacent Fe
layers embracing an angle of 50°.

The calculations were performed for an assumed measuring condition with the
wave vector transfer 2k | = 0.045 A~'. The effectiveness of the present method for
analysis of the experimental data on a sample with noncollinear magnetizations is
obviously indicted.

Practical polarized neutron experiments on a sample with a significant non-
collinearity similar to that assumed in Section 3.2 will be introduced in Chapter 11.

33
Neutron Behavior in Magnetic Devices

In previous sections, we studied reflection and transmission of neutrons by mag-
netic mirrors and magnetic multilayers. Concerning the effects of the magnetic
field, the fundamental explanations of the behavior of neutron spin in a magnetic
field were also given in Section 1.5. Therefore, in this section, experimental studies
on the particle motions of neutrons accompanied by spin motions in a magnetic
field will be given. If we can control the particle motion of neutrons with a magnet-
ic field, it will open an interesting area in physics and in applications in view of the
fundamental difference from the utilization of neutron scattering.
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3.3.1
Magnetic Deceleration and Acceleration of Neutrons

The Schrédinger equation including magnetic interaction of neutrons was given by
Eq. (3.2). Therefore, incident neutrons with spin parallel (antiparallel) to the mag-
netic field in a vacuum and approaching from the left side as shown in Figure 1.12a
experience a positive, that is, repulsive (negative, i. e., attractive) potential until the
midpoint in the magnetic field, and thus the neutrons are decelerated (accelerated).
If the neutron spin is reversed at the midpoint, the effect of the magnetic field is
also reversed, and the neutrons are attracted (repulsed) during the passage through
the later half of the magnetic field; thus, they decelerated (accelerated) again. The
resultant effects of magnetic deceleration (acceleration) correspond to twice the
magnitude of the magnetic potential for neutrons.

Such a magnetic deceleration and acceleration scheme for neutrons in a strong
magnetic field was proposed and preliminarily tested by Utsuro [140] as an attrac-
tive approach available for a wide-velocity region by making use of the adiabatic
spin reversal described in Section 1.5 with a high-frequency magnetic field simul-
taneously applied in the device.

The magnitude of the magnetic potential for neutrons in a magnetic field can be
calculated from the magnetic dipole moment #, = —6.031 x 10~ '2eV/Oe. Thus,
for a magnetic field of 1T, corresponding to a neutron energy of about 0.06 peV, the
detection of the deceleration or acceleration effect will be possible only if incident
neutrons with extremely low energy are used, that is, using ultracold neutrons with
energy below about 1 peV (velocity below about 10 m/s) or otherwise with the use
of an experimental setup with an extremely high energy resolution to detect a very
small fractional change below about 107> of the incident thermal neutron energy.

The former approach was employed by Utsuro in a preliminary experiment with
the setup shown in Figure 3.8. The rotating supermirror blades of the turbine pro-
vide ultracold neutrons in the velocity region of about 4-30m/s, as the velocity
spectrum given in Figure 2.17b [77, 101]. In this magnetic acceleration experiment,
the turbine was modified to remove the blades, except for two diagonal blade pack-
ets. It then produce two bursts of ultracold neutrons per revolution. The time-of-
flight measurements of ultracold neutrons were performed through a short cop-
per guide with an effective flight path length of about 28 cm and a cross section of
5 x 2cm?. The static magnetic field with a strength of about 2.2kG and the field
gradient of about 53 G/cm with a couple of pole pieces of a permanent magnet
and the high-frequency magnetic field of frequency 6.30 MHz and the coil current
I,, = 15 A satisfy the condition for the adiabatic spin reversal during the passage
of ultracold neutrons through the guide.

In the case where the high-frequency field is not applied, all the neutrons in the
velocity region beyond the critical velocity for total reflection of magnetized foils for
parallel-spin neutrons (about 6 m/s), and half of the incident neutrons (antiparallel
spin component) in the velocity region between about 3.5 m/s (critical velocity of
the foil substrates) and about 6 m/s will pass through the guide. When the high-
frequency field is applied, the former component will again be transmitted since
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Figure 3.8 Configuration of a preliminary experiment on mag-
netic deceleration of neutrons (Utsuro [140]).

half of the neutrons (antiparallel spin component) are accelerated and the other
half (parallel spin component) have their spin reversed to antiparallel, whereas the
latter component will be accelerated with the spin reversed to parallel. A partial
intensity decrease in the velocity region of about 3.5-6 m/s is thus induced ow-
ing to the reflection by the magnetized second foil. The experimental results [140]
gave qualitatively reasonable agreement with these expectations but the statistical
accuracy was not enough for further quantitative discussions.

Another experimental approach employing very high resolution spectroscopy on
magnetic deceleration and acceleration effects on thermal neutrons was success-
fully carried out by Weinfurter et al. [141] at the Julich Heavy Water Reactor. The
experimental setup for the magnetic action on thermal neutrons is shown in Fig-
ure 3.9a. The working volume of the magnetic device is 5-cm diameter x 2.5-cm
length, with a static magnetic field of 2.02 T and a gradient of 8 G/cm. The incident
neutrons were monochromatized to a wavelength of 1 = 0.214 nm by a copper mo-
saic crystal (refer to Section 1.3), and with regard to the magnetic device were very
precisely analyzed with a double-crystal spectrometer of perfect silicon crystals (reflec-

500

M No spin flip

400 -
23001
Copper monochromator 7] Resonant
———— 5 spin flip
) £ 200 (V=58.97 MHz)
Gradient -

magnet
Perfect 100

Si-crystal

O Detector  (b) AE [ peV]

(@)

Figure 3.9 Experiment by Weinfurter et al. on the energy change
of neutrons with adiabatic spin flip in a gradient magnetic field:
(a) experimental setup; (b) comparison of energy change with
and without spin flip (Weinfurter et al. [141]).
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tion angle resolution opwum = 6.9 purad). Thus, a very slight wavelength change
(AAJA = 6.7 x 107°) could be evaluated from a slight change of the reflection an-
gle of the second silicon crystal. The experimental results are given in Figure 3.9b,
indicating the deceleration and acceleration effects with an energy change of about
0.240(5) peV for parallel and antiparallel spin components, respectively, included
in the unpolarized incident neutrons. The energy change measured agrees well
with the theoretical expectation of 0.243 peV. Thus, the phenomenon of neutron
energy change induced by an adiabatic spin flip in a gradient magnetic field is well
described by the theory, and can be applied to high-resolution spectroscopy and
various kinds of energy control for neutrons.

3.3.2
Magnetic Focusing

In the famous experiment of Stern and Gerlach [44, 45], the flight path of particles
with spin is split in the region with a magnetic field gradient. Application to neu-
trons was also carried out more than 50 years ago [142]. Such an approach to mag-
netic control of neutrons is not only very interesting in principle, but can also be
expected to be applicable in various schemes very different from the applications
of magnetic material mirrors and magnetic multilayers. In the present chapter, we
studied the magnetic storage of ultracold neutrons in Section 3.1 and magnetic
deceleration and acceleration in the previous subsection. Now, another attractive
possibility is the magnetic bending and focusing of neutrons by making careful
use of a magnetic potential without disturbing their polarized spin states. Such an
experiment will be introduced in this subsection.

First, as mentioned in Section 1.5, a neutron spin in a magnetic field behaves
with Larmor precession. The motion of a magnetic dipole in a magnetic field can
be generally described by the Bloch equation [143], and the equation of motion
for neutron spin was expressed as follows by Mezei [55], who opened the door for
application of Larmor precession to neutron spectroscopy:

% = @[H xs], (3.35)
where the spin vector s = (sy/, 5,7, 5,/), as explained in Section 3.1, represents the
expectation value s; = (@ (t)[S;|@(t)) (j = x/,y’,2’) for each component of the
neutron spin, and ¢ (t) is the wave function for a spin at time ¢, S; being the opera-
tor with regard to the spin component. Further, i, = u/u y is the magnetic dipole
moment of a neutron in units of the nuclear magneton uy, and the coefficient
y = 2|l |un/h on the right side of Eq. (3.35) is the gyromagnetic ratio.

Therefore, if the change of direction of the magnetic field is sufficiently slow, the
spin initially polarized in the direction of magnetic field follows well the magnetic
field. Under such an adiabatic condition, Summhammer et al. analyzed the expect-
ed intensity gain of neutrons focused into a narrow-velocity region by making use
of a magnetic potential traveling with the neutron flight and with controlled spatial
distribution and temporal progress [144]. Shimizu et al. carried out analyses and
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experiments on the magnetic bending and focusing of neutrons in a static magnet-
ic field with the spatial configuration satisfying the adiabatic condition [145]. Here
the latter studies of Shimizu et al. will be explained below.

As the starting point, they expressed the motion of a neutron in a magnetic field
by the equation [145]

ar

“7 =Vl B), (3.36)

where a = |u|/m = 5.77m?s72T™1, and e; = s/|s| is the unit vector parallel to
the neutron spin. Substituting the magnetic dipole moment of the neutron i, =
—1.913 into Eq. (3.35), or the gyromagnetic ratio y = 1.833 x 108rads™ ' T~" into
the coefficient on the right-hand side, and further combining with Eq. (3.36), one
can solve for both the motion of the neutron itself and the neutron spin.

The angular velocity of rotation of the magnetic field direction in the frame mov-
ing with the neutron is given by wg = |dep/dq| - dq/dt, where q is the coordinate
along the trajectory of the neutron and ez = B/|B|. If the magnetic field is so
strong that the neutron spin adiabatically follows the magnetic field, then Eq. (3.36)
is simplified to

2
% = FaV|B|, (3.37)
where the upper and lower signs correspond to parallel spin and antiparallel spin,
respectively, in the magnetic field.

As an example of a practical configuration, incident neutrons enter in the direc-
tion of the z-axis from an entrance pinhole in the arrangement shown in the upper
part of Figure 3.10 into the sextupole magnetic field defined by the equation

yp? — x2

B=—| 2xy , (3.38)

where C is a constant. Then, using the abbreviated notation as dx/dt = % and so
on, Eq. (3.37) can be simplified as

%= Fo’x, )'5=:Fa)2y, z=0, (3.39)

and the solution becomes

b Y _ X0 Y()
(5 )‘M(&) no)’ (3.40)

M:(COSG sin O

M —sin® cos@) , parallel spin, (3.41)

. (cosh 6 sinho

sinh & cosh 0) , antiparallel spin, (3.42)
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Figure 3.10 Principle of neutron beam fo- coordinate system of the x&-plane and the
cusing with a sextupole magnetic field. Upper  y#-plane at each section, where black and
part: trajectories of neutrons in the magnet- gray lines correspond to parallel and antipar-
ic field emitted from a pinhole source at the allel components, respectively, to the local
center of the magnetic field entrance. Lower magnetic field. (Shimizu et al. [145]).

part: trajectories of neutrons described in the

where w? = Ca, & = %/w, 7 = y/w, 0 = wt, and the subscript 0 denotes the
quantity for 6 = 0.

As introduced in the previous section, the matrix M for parallel-spin neutrons
rotates the neutron beam by an angle —0 in the x&- and y#-planes. This situa-
tion is described in the lower part of Figure 3.10, and as illustrated in the figure,
parallel-spin neutrons starting at the point source with 6 = 0 will be focused again
on a point at the condition = 7 in the device. On the other hand, antiparallel-
spin neutrons will be defocused and diverge in the direction of (1,1), whereas they
will be focused in the direction of (1, —1). However, according to Liouville’s theo-
rem, the phase space density of neutrons does not change owing to any operations
of collective forces, and therefore the phase space area of the element in the x&-
and y#-planes will not change. Even within the present restriction, the proposed
scheme will give us a great gain in the neutron intensity compared with the usual
divergent beam when we go far from the source point without such focusing de-
vices if we can again focus the beam to a localized point at a position far from the
primary source.

The experiment to test the focusing effect with a sextupole magnet was carried
out by measuring the intensity of transmitted cold neutrons produced by a lig-
uid-hydrogen moderator at the 46-MeV electron linac of Hokkaido University. The
neutrons were introduced into the sextupole magnetic device with dimensions of
10-mm inner diameter, 48-mm outer square, and 2-m length consisting of a num-
ber of NEOMAX48 permanent magnet elements with a size of 5 x 5 x 50 mm?.
The magnetic field strength was measured as C = (3.5 £ 0.6) x 10* Tm ™2 The
experimental results obtained with the setup of a 2-mm-diameter entrance hole
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Figure 3.11 Experimental results of pulsed with the inner elements, and open squares
cold neutron beam focusing with a strong represent the case without the inner elements.
sextupole magnetic device. (a) Wavelength (b) Wavelength dependence of the magnetic
distribution of neutron count rates at the mag-  gain factor denoted as R(1) = N(4)/No(4),
netic field exit. Closed circles represent the compared with the result of the theoretical
case with the sextupole magnet, open circles calculation (solid curve) (Shimizu et al. [145]).

represent the case without the magnet but

about 1.7 m from the primary source and the detector at the position about 20 mm
from the same 2-mm-diameter exit hole on the extension line of the center axis
are plotted in Figure 3.11a as the wavelength dependence of the transmitted neu-
tron intensity. The result indicates an obvious peak due to the magnetic gain at a
wavelength of 1 =~ 14.4 A, and the gain factor shown in Figure 3.11b agrees well
with the theoretical calculation over the whole wavelength region. The observed fo-
cusing performance for 14.4-A neutrons with the 2-m-long device corresponds to
the magnetic parameters @ = 432rads™ "' and C = 3.2 x 10* Tm ™2, which are
in reasonable agreement with the measured magnetic field strength. Further mea-
surements on and analyses of the details of focusing characteristics and the degree
of adiabaticity in neutron spin behaviors were also studied.

Further, these characteristics of magnetic focusing and control for neutrons can
be generalized to other kinds of magnetic structures [146]. A generalized relation is
derived as follows for the magnetic field configuration in a multipole magnet and
the trajectory curvature for neutrons:

n
|B| = B, (ﬁ) , (3.43)
Po
a2X _ 2 2ynj2—1
= =FX(X+Y ,
400 ( ) (3.44)
ZT}; — :FY(XZ + YZ)n/Z—l ,

where 0 = wt, > = nB,u/mp*, X = x/pp,and Y = y/py, n = 1,2,3,..., refer
to quadrupole, sextupole, octupole, and so on, respectively, of the multipole mag-
netic field. The upper and lower signs correspond to parallel spin and antiparallel
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Figure 3.12 Neutron energy analysis with a quadrupole mag-
netic prism: (a) arrangement of experimental device, where

Ly = 0.4mand L, = 4m, and the magnet elements are es-
sentially same as those in Figure 3.17; (b) measured wavelength
dependence of neutron beam bending. PSD position-sensitive
detector (Oku et al. [147]).

spin in the magnetic field. As an example, an experiment using a magnetic prism
was performed by Oku et al. to bend a neutron beam to a position depending on
the wavelength by making use of a quadrupole magnetic field [147]. The experimen-
tal setup and the result are shown in Figure 3.12. The effective separation of the
neutron beam depending on the wavelength is obvious as expected from the rela-
tion given above. The energy resolution measured was about 0.5 peV for a spatial
resolution of 0.5 mm over the whole energy region of cold neutrons.

333
Pseudomagnetic Prism

In the ordinary optical prism, the incident beam is bent with an angle depending
on the wavelength in transmission through the apex of a triangular rod, and can be
used for analyzing the wavelength component in the beam. The magnetic prism
for neutrons such as introduced in the previous Section provides spin- and wave-
length-dependent separation of the optical path by making use of the effect of a
magnetic field gradient or magnetic scattering. Now, spin-dependent separation of
the optical path can be used for neutrons by making use of the effect of the spin-
dependent nuclear scattering potential. Zimmer et al. carried out such an experi-
ment to observe the Stern—Gerlach effect without using a magnetic field gradient [148]
for neutrons passing through the apex of an angular rod with nuclear scattering in
place of a magnetic field gradient.

Although the nuclear scattering potential U,, for a neutron was given by
Eq. (1.19), this was a spin-independent formula. For the case including spin-
dependent nuclear scattering, the formula becomes

M M
h? . h? i
U=> 54T Niby — g - [—2 2my4nN,~bNIi£,~i| : (3.45)

i=1 i=1
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Figure 3.13 Stern—-Gerlach effect observed
with a pseudomagnetic prism. (a) Configu-
ration of the experiment. 1 incident neutron
beam, 2 chopper, 3 supermirror polarizer, 4
first slit, 5 spin flipper, 6 second slit, 7 nuclear
polarized target plate, i) prism setting, ii) filter

where the scattering amplitude operator extended to the spin-dependent expres-
sion Ei = b} + b;s- I, was rewritten according to the magnetic potential formal-
ism in the present chapter as composed of spin-independent term b} and the term
with the nuclear polarization P; = (I,)/I; of a nuclear spin I;. Further, y is the
gyromagnetic ratio of the neutron.

Their experiment was carried out with the configuration shown in Figure 3.13a,
where making use of a small refraction angle 6 derived from the refractive index
formula, Eq. (1.16), leads to the expression for the splitting angle, that is, the Stern—

Gerlach effect, as

2
A6=2|n+—n_|tan%=;—ﬂNbN|P|tan%, (3.46)
where a is the apex angle of the prism and P is the nuclear polarization ratio.
The spin-dependent scattering amplitude by is particularly large in the case of a
proton, being by = (5.8236 & 0.0014) x 10~'2 cm. Therefore, in their experiment
a polarized hydrogenous compound was employed.

The prism used in the experiment was a mixture of 96 wt% propanediol and
4 wt% H,0, doped with Cr(V) complexes, and frozen in the form of a plate with
dimensions 18 x 18 x 3mm?. The latter component is needed to apply the tech-
nique of dynamical nuclear polarization. A special treatment was performed on
the plate to obtain optically flat surfaces. The measurement was carried out with

the thermal neutron beam F2 at the Technical University of Munich reactor. In the
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configuration shown Figure 3.13a, the incident beam is defined by the first slit,
with width 200 um, and the second slit 1.1 m away and with width 150 um, and the
detector was placed a further 3.59m away. A supermirror polarizer selects polar-
ized neutrons with a wavelength of 6 A and resolution of A1/ = 30% was used.
The time-of-flight measurements indicated the resultant average wavelength and
the wavelength width to be 5.80 + 0.05 A. From the experimental results on the
Stern—Gerlach effect shown in Figure 3.13b and the distance between the prism
and the detector of 287 cm, the split angle in the experiment is derived as Ad =
(2.063 £0.035) x 10~* and the nuclear polarization ratio as P = —35.941.0%. The
negative sign in the nuclear polarization ratio comes from the polarized incident
neutrons employed. Furthermore, the present results correspond to a pseudomag-
netic field strength of about 1.5 T, and the difference between refractive indices is
Ing —n_| =38x107".

3.4
Measurement of Larmor Precession

3.4.1
47 Periodicity of Spinor

One of the most important indications among the fundamental properties of Lar-
mor precession is the result arising from rotation by an angle of 2a radians on a
spin-1/2 system. In this subsection, one of the experiments in which the result was
obtained by measurement will be described.

A theoretical introduction will be helpful before the description of the experi-
ment. We define a vector angle & to represent rotation by an angle a = |a| in
the right-handed rotation system around the axis directed toward the unit vector &.
The quantum mechanical rotational operation R(e) on an arbitrary system is given
by

R(a) = exp(—ia - J), (3.47)

where J is an angular momentum operator and determines the transfer property
for rotation of the system [149]. In the case of a spin-1/2 system, according to the
Pauli matrices ¢ = (0, 0y, 0;) given by Eq. (3.3), R(e) is a 2 x 2 matrix r(e), and
then it can be written as

r(a) = exp(—iea - g/2). (3.48)

Further, from the commutation relations on the Pauli matrices,

. . . 2
0x0y =10z, 0,0, =10y, 00y =10y, 0y,,= 1,

0i0j = —0;0;, (3'49)
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the next relation is derived for an arbitrary function f(ag) for an arbitrary vec-
tor a:”

1
flag) = 1f(@) + fl-a)+ T (@)~ fi=o)l. (350)
And as the typical case
exp(iag) = 1cosa + i% sina; (3.51)

therefore, we can write
a . L a
r(e) = 1cos 7" ia - gsin R (3.52)

In this way, operating the rotation o = 2z on the wave function ¢ leads to the
result

P(x) > ¢'(x) = —(x). (3:53)

The possibility of experimental observation of the sign reversal with 27 rotation
was proposed in 1967 [150, 151]. In 1976, Klein and Opat demonstrated it by mea-
surement of Fresnel diffraction of a neutron beam [152, 153]. Since the observed
quantities in many physical experiments are squares of the corresponding wave
function, the present phase factor —1 could not be measured in such cases. How-
ever, if the wave function is divided into two partial waves and either one is rotated
by an angle of 27 radians coherently to the other, thereafter both partial waves
are superposed, and we will observe some noticeable difference. The experimental
arrangement employed by Klein and Opat is shown in Figure 3.14a.

The experiment was performed with the high-flux reactor at the Institut Laue—
Lanvegin to observe the Fresnel diffraction by magnetic domain boundaries in a
ferromagnetic film. The high-flux beam of unpolarized monochromatic cold neu-
trons enters from the left side to the setup in the figure, where the lateral coherence
of the beam was defined by passing it through a slit 5 wm wide and 2 mm high. The
iron foil is a carefully oriented and aligned ferromagnetic crystal containing long
and straight Bloch walls, the boundaries of which separate domains of opposite
magnetization as illustrated in the figure. Therefore, in traversing the foil on either
side of a domain boundary, the neutron spin precesses in opposite directions. The
two parts of the wave function, as the trajectories drawn by thin lines in the fig-
ure, then acquire a relative phase shift, which leads to the appearance of a Fresnel
diffraction pattern in the plane of observation. When the two parts traverse a foil
of thickness d containing magnetic fields +B and —B on the left and right of the
domain boundary, respectively, the relative angle a of precession of the neutron
spin is given by

20, = uptm (3.54)

oa=0o; —a = L7 — = _, .

L R L U p—y

9) This fundamental relation can be easily and odd orders, the former becomes
derived, for example, separating the [f(a) + f(—a)]/2, whereas the latter reduces

Tailor expansion of f(ag) to even orders to[f(a) — f(—a)]/2 X ag/a.
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Figure 3.14 Neutron beam experiment indicating the result of
rotation on a spin-1/2 system: (a) experimental arrangement;
(b) Fresnel diffraction interference pattern for neutrons in the
case of a relative precession angle for the spin: i 9.2 X 2z rad, ii
10.2 X 27 rad, iii 11.2 X 27 rad (Klein and Opat [153]).

where wp, u, m, v, and A are the Larmor precession angular frequency, magnetic
dipole moment, mass, velocity, and wavelength of the neutron, respectively. Accord-
ing to the theory, a destructive interference is expected when precession angle a in
Eq. (3.54) is an odd multiple of 2.

In the experiment, cold neutrons with wavelength A = 0.433 nm and a wave-
length resolution of AA/A = 2.3% were used. The iron foil cut from a sheet of
Fe-3% Si was 72 £ 1 pm thick and was mechanically and chemically polished. The
domain boundaries were carefully aligned to be parallel with the slit to better than
+2mrad. The internal field B in the iron foil specimen was 1.98 T. A typical result
of the measurements is shown in Figure 3.14b, part i, in comparison with the calcu-
lated result using standard Fresnel diffraction theory. Parts ii and iii in Figure 3.14b
show similar results but for the foil tilted backward about the horizontal x-axis so
as to present a greater effective thickness to the transmitted neutrons. From these
results, the expected effect of destructive interference in the case of a being odd
multiples of 277 was obviously recognized, and in the case of even multiples such a
destructive interference tended to disappear.
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3.4.2
Coherent Superposition of Spin States

Now, we would like to look at the experiment in which the principle of superposition
of spin states for a fermion with spin 1/2 was studied. The fundamental interest in
what would result from such an experiment is related to an experiment proposed
by Wigner [154]. He presented a theoretical consideration on the observation in
quantum mechanics concerning the neutron spin after the so-called double Stern—
Gerlach experiment, that is, first making neutrons spin in the direction of x-axis,
then splitting them into parallel and antiparallel states in the direction of the z-
axis with a magnetic field gradient, and finally bringing them together again by a
magnetic field produced by the current in a cable. The discussion is whether the
final state is measured as a mixture of the two intermediate states, that is, paral-
lel and antiparallel states in the z-direction, or as the recovery of the initial state
polarized in the x-direction with no z-component. Summhammer et al. [155, 156]
and Badurek et al. [155-157] carried out the experiment corresponding to that pro-
posed by Wigner by making use of the experimental method of interferometry with
a perfect silicon single crystal. Various kinds of physical experiments with neutron
interferometry will be described in detail in Chapter 9, but the present experiment
by Summhammer et al. and Badurek et al. will be appropriate to introduce here as
the fundamental properties of Larmor precession.

In the experimental arrangement shown in Figure 3.15a, a three-wedge type of
optical element prepared from a large silicon single crystal block was used as a
triple-Laue interferometer. The three wedges were cut out exactly perpendicular to
the lattice planes of the silicon crystal and with exactly equal thickness and equal
separations. The incident neutrons were monochromatized with a wavelength of
1.835 A and polarized by a magnetic prism. Proper angular setting of the interfer-
ometer crystal allowed both of the coherent partial waves Laue-reflected by the first
wedge either in the spin-up or in the spin-down state with respect to the z-axis to
be chosen to coincide with the direction of a magnetic guide field by a Helmholtz
coil pair covering the whole setup. In the same way, the second wedge produces
split four partial waves, and the third wedge brings two of them, labeled I and II,
exactly together. Thus, each of the resultant two partial waves after the third wedge,
that is, labeled as O-beam and H-beam in Figure 3.15a, is a superposition of two
different intermediate states I and II. Rotating the phase shifter inserted between
the first and second wedges makes it possible to adjust the optical path difference
between states I and II, resulting a phase difference y due to the refractive index
given by Eq. (1.23).

Further, by actuating the spin flipper shown in the figure, the spin polarized in
the direction of the z-axis rotates by 180° around the y-axis; thus, the state |I) of the
partial waves in path I becomes

D) = r(m, e,)e™|1T) = —ioye™| 1) = €| |.), (3:59)

in contrast to that of path II, to be written as |II) = | 1), where r is the rotation
matrix defined by Eqs. (3.48)—(3.52) and o, is the Pauli matrix. Therefore, the O-
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beam and H-beam arriving at the detector are represented as
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The present equations can be derived by making use of the expansion

1

NG

on the eigenstates

1 0

of the Pauli matrix o, to the eigenstates | 1) and | | ) of o, where

oul ) =1 1) = (1) C ol b =l b = —(_11) , (360

and considering the phase change by 7/2 occurring for every reflection in the in-
terferometer, with further representation of |6, ¢) = cos %| 1.) + € sin %| 12).
Equations (3.56) and (3.57) indicate that the polarization of the beam emerging
from the interferometer lies on the x—y plane, and rotates on the plane depending
on the change of the effective thickness of the nonmagnetic phase shifter. In this
way, the result obtained with the present experimental setup will give us an obvious
demonstration of the properties of the coherent superposition of spin states.

The experiment was performed at the high-flux reactor in Grenoble, under spe-

| 12) (1) + 1)), [z) = =) (3:58)

1

cial precautions to minimize possible temperature variation and a temperature gra-
dient in the experimental apparatus, since only a slight deformation of the silicon
crystal should induce a significant phase shift on the neutrons in the optical path.
The polarization ratio in paths I and II was higher than 81 and —87%, respectively.
The experimental results are plotted in Figure 3.15b, and agree well with the the-
oretical expectation of quantum mechanical superposition of spin states, given by
Eq. (3.56), that is, a periodic pattern observed in the y-component depending on
the phase difference caused by the nonmagnetic phase shifter, whereas there is no
such pattern in the z-direction.

In the experiment of Summhammer et al. and Badurek et al. mentioned above,
splitting of neutron waves was performed in the same spin state and thereafter the
spin state was flipped for one of the waves. Another scheme for the spin state su-
perposition experiment was employed by Ebisawa et al. They split neutron waves
by the spin states [158], by making use of a multilayer spin splitter in place of the
Laue-reflection splitter with a silicon single crystal. As shown in Figure 3.16a, the
multilayer splitter was prepared by evaporating first a nonmagnetic reflection layer
on a silicon substrate, next a gap layer of Ge with a designed thickness, and final-
ly a reflection layer of magnetic material. Employment of the present multilayer
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the current of precession field 1 (PC1), solid, (Ebisawa et al. [158]).

spin splitter instead of the first and third wedges in the arrangement shown in
Figure 3.15a provides spin splitting of incident neutrons as well as superposition
of split partial waves, and insertion of the spin flipper into one of the split paths
is not necessary. Therefore, by inserting the configuration shown in Figure 3.16a
between the polarizer and the polarization analyzer in Figure 3.15a, one can vary
the phase difference between the two partial waves by changing the precession field
current or changing slightly the setting angle of the multilayer spin splitter. Such
neutron spin interferometry experiments were developed by Ebisawa et al. at the
cold neutron source facility of the Kyoto University reactor, and progressed fur-
ther at the neutron guide hall of the JRR-3M reactor, Japan Atomic Energy Agency,
Tokai. Some examples of the experimental results are shown in Figure 3.16b.
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In the setup shown in Figure 3.16a, the neutrons with the spin rotated to lie on
the x—y plane by the first 77/2 flipper are decomposed into +z and —z components
by the first spin splitter, and trace different optical paths, and next the polarizations
are reversed by a r flipper working in a phase-echo scheme, and are then finally
superposed by a second spin splitter by tracing the equivalent optical paths to the
first splitter, to return again to the spin state lying on the x—y plane. Splitting to pro-
duce + spin states in the region between the two spin splitters and superposition
at the second splitter can be assured by the periodic pattern and the phase change
of the pattern observed for slight angular shifts of the spin splitter, as shown in
Figure 3.16b. Various kinds of physical studies making use of the present setup of
the phase echo spin interferometer will be described in Section 9.6. A variety of
neutron optical experiments based on Larmor precession will also be introduced
in Chapter 9.

3.5
Neutron Spectroscopy with Larmor Precession

3.5.1
Neutron Resonance Spin Echo Method

In the present section, recent developments on the application of Larmor preces-
sion to neutron spectroscopies will be described. As already mentioned at the end
of Chapter 1, the neutron spin echo (NSE) method [55] as a method of high-resolu-
tion spectrometry by analyzing a slight change in the Larmor precession angle was
an epoch-making invention to attain very high energy resolution without undesir-
able sacrifice of the selected energy width of neutrons. In this subsection, one of
the further recent developments, the neutron resonance spin echo (NRSE) method,
will be introduced.

Gihler and Golub [159] proposed an advantageous spectrometric method for
neutrons by making use of a completely different magnetic field structure as shown
by solid lines in Figure 3.17, in contrast to that shown by broken lines used in the
conventional spin echo method. In the case of the conventional NSE method, inci-
dent neutrons experience Larmor precession first in flight path I;, then the neutron
spin is reversed at the midpoint of the total path, and finally they attain Larmor
precession during flight path [, in the opposite direction. Thus, the velocity change
induced by the interaction with a sample put at the midpoint can be measured by
detecting the change in the Larmor precession angle at the end of the flight path.
In the proposed new NRSE method, in contrast, incident neutrons polarized par-
allel to the downward magnetic field with magnitude B, as shown in Figure 3.17
first pass through the incident spin rotator C;. The magnetic field in spin rotator
C, is directed perpendicular to By and rotates with the Larmor precession angular
frequency w of neutrons in By. Further, the high-frequency coil current I, of C;
is adjusted so as to rotate the neutron spin by exactly 7/2 in the frame rotating
with angular frequency w, according to Eq. (3.35); thus, the transmitted neutrons
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Figure 3.17 Comparison of working principles of the proposed
neutron resonance spin echo (NRSE) method and the conven-
tional neutron spin echo (NSE) method (Gahler et al. [159]).

are distributed in spin states +1/2 and —1/2 with equal probability, as indicated by
Giittinger’s formula, or the more general formula, Eq. (1.28). The high-frequency
coil of the exit spin rotator C; works in the same way and the phase is also synchro-
nized to that of C;. The present operating condition corresponds to that of Ramsey’s
separated oscillating field method described in Section 1.5.

Further, in the present flight path between the separated oscillating magnetic
fields, there are three magnetic fields, By, Bs, and B, all acting in the same direc-
tion as By. In this setup, as the magnetic field in C, rotates with @, during the
flight period of neutrons in paths Iy, I;, and I, which precess in fields B;, B;, and
B;, respectively, a phase difference will arise between the spin precession and the
magnetic field rotation as

Ap = w1t] + ot + Wty — wo(t + t5 + £)
= (w1 — wo)t1 + (w5 — wo)ts + (w2 — wo)ta

=1 +os+e. (3.61)

Next, we consider the action of a 7 rotator C, inserted just in front of the sam-
ple S at the midpoint of the total path. The rotator C, in the NRSE method is
different from that in the NSE method. Cj is a high-frequency magnetic field, the
same as C; and C,, and rotates with the phase 7/2 delayed after C; and C;. In this
way it plays the same role as that in the conventional NSE method but now in the
rotating frame; then the relation for the phase difference becomes

Ap=—p1+¢s+¢2, (3.62)

and the modification of the conventional spin echo method to the resonance ver-
sion is thus successfully achieved.

In the NRSE method, the operating conditions are settled as w; = wg and at
the same time B; = B; = Bg, where Bg is a weak guide field to prevent depo-
larization of neutrons during the flight. Then we can get rid of the effect of the
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flight path divergence, which was one of the noticeable problems deteriorating the
energy resolution owing to the broadening of the precession angle distribution in
the NSE method, and also of the effect of the scattering position distribution in the
sample with a finite size. In this way, high-resolution spectroscopy for quasi-elastic
and inelastic scattering can be performed [159, 160]. The resultant magnetic field
configuration in the NRSE method is illustrated in Figure 3.17, which corresponds
to that of the NSE method but as a whole lowered by By. In the case of an echo
arrangement, l; = I, = [, the phase difference becomes

A(p:wol(vll—:—z)gaz)—il-d?lgzg-r, (3.63)
from which it arises that Q = dE/h = (E; — E1)/h, T = hwol/2vE.

In the NSE method, serious effort must be devoted to attain high homogeneity
of the precession field and also to restrict the divergence angle of the neutron flight
path to realize highly homogeneous Larmor precession. In the NRSE method, the
high accuracy of the high-frequency rotating field will play an important role.

Further details on the characteristics of and developments on devices used in the
NRSE method will not be given here, but a typical example of the application of the
NRSE method will be introduced here as a test experiment carried out by Klimko
et al. on superfluid “He [161].

In superfluid “He, the dispersion relation of the excitation energy versus the
momentum shows the well-known S-shaped curve, and the linear region near the
origin represents phonon excitations with energy proportional to the momentum,
whereas the elementary excitation around the bottom of the valley in the S-curve
is called a roton. Figure 3.18 illustrates the line width I" of the dispersion relation
and the shift & of the excitation energy for roton creation in superfluid *He mea-
sured by neutron inelastic scattering. The experiment was carried out with a new
spectrometer, ZETA, which consists of a zero-field NRSE configuration installed
in the spectrometer IN3 at the high-flux reactor in Grenoble. The temperature de-
pendence of the line width reported previously indicated good agreement with the
theory, whereas the previously reported temperature change of the excitation en-
ergy indicated disagreement with the theory, and further the present experiment
gave another different result. Klimko et al. are also evaluating the advantage of the
NRSE method in high-resolution measurements on a dispersive type of excitation
beyond the roton minimum in superfluid *He or acoustic phonons in solids by
making use of the configuration tilting the rotating field in the ZETA spectrometer
with regard to the neutron beam.

The descriptions of the theory and experiments for the NRSE method given
above belong the category of steady-state neutron utilizations, but in recent years
pulsed neutron experiments have also become important. Application of the NRSE
method to pulsed neutrons was performed by a group at the Kyoto University Re-
search Reactor Institute [162]. Several things have to be considered to apply the
NRSE method to pulsed neutrons. First, since the phase difference at the detec-
tor, 7, given by Eq. (3.63), is proportional to wg/v, control of wy, or the magnetic
field By, in relation to the neutron flight time is necessary. Further, precautions for
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the energy (velocity) change of neutrons owing to the effect of magnetic potential
during their passage through the spin rotators Cy, C,, and C, are also required.
Furthermore, some auxiliary magnetic field is applied to compensate for the pre-
cession angle dispersion due to the broadening of the neutron flight path. The
characteristic pair type of spin rotators and the auxiliary guide field illustrated by
successively varying arrows in Figure 3.19a play such important roles in the pulsed
neutron type of NRSE spectrometer under development by Ebisawa et al., the work-
ing principle of which is described in Figure 3.19 [163, 164], and the pulsed type of
NRSE spectrometer proposed for installation in the intense pulsed neutron labora-
tory at J-PARC, Tokai.

3.5.2
Neutron Spin Maser

As an another application of Larmor precession of neutrons, the concept of a neu-
tron spin maser and its simulation experiment will be introduced below [165-167].
A maser is a kind of coherent electromagnetic amplifier which cooperatively pro-
duces coherent electromagnetic waves with the same phase and the same wave-
length by irradiating an assembly of atoms or molecules excited to an unstable
energy level with electromagnetic waves. A nuclear spin maser is an application of
the present principle to a nuclear spin system in a magnetic field and holds the nu-
clear spins in the desired state for a long time. Conventional nuclear spin masers
establish the maser condition, as shown in Figure 3.20a, by inducing an automatic
oscillating current in a feedback coil and recovering the spin states by the effect of
the rotating magnetic field if any transverse (x—y-) components arise in nuclear
spins precessing in an assembly of atoms.

The direct application of the present principle of a nuclear spin maser to neu-
tron spins is difficult because of the very low density of neutrons compared with
the atomic density. Therefore, Yoshimi et al. proposed, as shown in Figure 3.20D,
a new principle for a maser system by inserting a positive amplifying circuit be-
tween the detection of the spin precession and the induction of the rotating mag-
netic field, thus establishing the maser condition even in the case of very low spin
density. Further, they carried out successfully a simulation experiment to operate

Feedoack ﬁ Precessmg . Feedback coil
oscillating field By z magnetization

4z bottle precessing

< spin

Induced
current

Polarized
(a) pumping light (circulary polarized)  (b) ultracold neutron Multi scaler

Figure 3.20 Operating principles of spin masers: (a) conven-
tional spin maser; (b) neutron spin maser proposed to work by
a new mechanism (Yoshimi et al. [166]).
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b is that due to resonance frequency fluctuations (Yoshimi et
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nuclear maser oscillations and hold the condition for a long time by making use of
polarized 2Xe gas in place of low-density polarized neutron gas [165].

As already mentioned Section 1.5, continuation of neutron spin resonant preces-
sion for a long time for high-precision determination of the resonance frequency
is one of the most important tasks in fundamental physics in relation to the search
for the electric dipole moment of the neutron. Yoshimi et al. estimated the expected
experimental precision for the determination of the electric dipole moment of a
neutron by applying the spin maser method for ultracold neutrons with the system
setup given in Figure 3.20b.

According to their estimation for a measuring time for about 30 days (2 x 10°s),
the sensitivity of the experimental data at a level of 10728 e for the neutron electric
dipole moment will be attained as shown in Figure 3.21 [167] with the supposed
experimental conditions of an ultracold neutron storage lifetime of 500 s and 10*
ultracold neutrons being extracted per second to determine the precession condi-
tions. The estimated sensitivity will surpass that of the conventional experiments
by about 2 orders [166, 167].

3.6
Berry’s Geometrical Phase

As an end to this chapter, we describe an interesting experiment on the observation
of neutron spin behavior relating to an important viewpoint in quantum mechan-
ics. In 1984, Berry [168] pointed out that when a quantum mechanical system at an
eigenstate makes an excursion in the parameter space of the Hamiltonian H(R)
for that system, such that the parameter R in the Hamiltonian is varied sufficient-
ly slowly along a circuit C, the wave function of the state includes, in addition to
the usual dynamical phase factor, a factor exp{iy (C)} with a geometrical phase v (C),
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and also proposed an experiment to observe the effect. His recognition of the ge-
ometrical phase factor was received interest with corresponding concept of gauge
invariance, which will be explained later in Section 9.3.

Following the outline of Berry’s theory, we suppose that the state of the system
|¢(t)) satisfying the Schrédinger equation

H(R)| (1) = ih|p(t)), (3.64)

is changed sufficiently slowly and stays in an eigenstate |n(R)), that is, is changed
adiabatically satisfying

H(R)|n(R)) = E.(R)[n(R)), (3.65)

with energy E,(R) for the parameter R = R(t) at the instant ¢t. Then we arrive at
the result that the state |¢) can be written as

90 = exp {5 [ 4 EL(RW) { explizatInRO) (3.66)
0

that is, in addition to the dynamical phase factor of the first term on the right side,
the second term, a factor including the phase y,(t), appears. The important indi-
cation is that even though the parameter returns to the origin R(0) after time T has
elapsed going around the circuit C, it results that y (T) # y (0).

The expression for the function y,(t) can be obtained by substituting Eq. (3.66)
into Eq. (3.64). The expression becomes much simpler when the circuit C traces a
loop close to some eigenstates |m(R)) in a degeneracy for the Hamiltonian H(R),
that is, close to the region R* where E,(R*) = E,(R*). A typical example is a
neutron precessing around a magnetic field B, the two spin states of which are
degenerate in the condition B = 0. In this condition, Berry’s phase is given by

1
y+(C) = :FEQ(C), (3.67)

where £ (C) is the solid angle for the circuit C extending around the origin in B
space. In this way, Berry’s phase is given by the phase of the geometrical circuit
and therefore it is also called the topological phase. Further, it was revealed that
the Aharonov—Bohm effect (to be introduced in Section 9.3) is a special case of the
topological phase explained here.

The first experimental demonstration with neutrons on Berry’s phase was per-
formed by Bitter and Dubbers [169]. The key point of the experimental principle
is given by the B; coil illustrated in Figure 3.22b, which, with the axial magnetic
field coil not shown in the figure, induces a magnetic field B tracing the closed
circuit C shown in Figure 3.22a, and at the same time changing adiabatically, dur-
ing the flight of neutrons passing through the coil in the axial (z-) direction. The
point B = 0 in Figure 3.22a is the degenerate condition for the spin states men-
tioned above, and therefore Berry’s phase defined by Eq. (3.67) will be realized in
the region near such a degenerate point.
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Figure 3.22 Neutron experiment on Berry’s verse spin component P, (T) = G, (T)Py(0)
geometrical phase. (a) Adiabatic change of with regard to the helical magnetic field B,
the magnetic field vector B tracing a closed coil current (without Berry’s phase the max-
circuit C. (b) A helical coil arrangement induc-  ima of this curve should be equidistant), (d)
ing the magnetic field By in a right-handed observed and calculated phase shifts ¢; (Bit-
system; neutrons are transmitted in the z-di- ter and Dubbers [169]).

rection. (c) Spin rotation pattern for the trans-

From the adiabaticity condition, the requirement |y | < |¢| must be satisfied by
Berry’s phase y, where ¢ is the dynamical phase due to the total magnetic field
including B,. Thus, a high-precision measurement is necessary for the separation
of y. The experiment was carried out with a polarized beam (polarization ratio of
about 97%) of cold neutrons with a velocity of about 500 m/s extracted through a
guide tube at the high-flux reactor at the Institut Laue-Langevin, Grenoble. The
incident neutrons enter in a direction perpendicular to the front end surface of the
coil wound around an 8-cm diameter and 40-cm-long cylinder, then pass through
the entrance magnetic field adiabatically. The magnetic field component B; rotates
27 for a coil length of 40 cm. The coil set was contained in a 30-cm diameter and
80-cm-long MuMetal cylinder.

The measured pattern of spin rotation with regard to the change of the B;-coil
current is plotted in Figure 3.22¢, and the resultant total phase is plotted as shown
in Figure 3.22d in comparison with the curves from the theoretical calculation,
respectively. According to the theoretical derivation of Berry’s phase mentioned
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above, by extrapolating to the adiabatic limit, Bitter and Dubbers obtained y =
—Q = 27, in good agreement with the theoretical expectation.

The phenomenon of a topological phase, or an additional phase factor due to
spin rotation in a helical magnetic field, is also observed in various experimental
fields, such as nuclear magnetic resonance and polarized neutron scattering by he-
lical magnetic materials. Further, measurement of Berry’s phase in stored ultracold
neutrons was also reported. In the research field of neutron interferometry, we will
study in Chapter 9 several experiments on Berry’s phase that are being carried out.
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4
Quantum Mechanics of Scalar Neutron Waves
in One Dimension

4.1
Some Descriptions of the Fundamental Theory

Optics deals with waves and their transformation by objects, that is, optics deals
with scattering of waves. Likewise, neutron optics deals with scattering of neu-
tron waves. However, such a definition is too broad, as it covers the whole field
of neutronography. Here we limit ourselves to elastic reflection of neutrons from
interfaces, and borrow from optics the notion of refractive index. We shall not con-
sider devices such as lenses and microscopes; notwithstanding that these devices
are familiar in the field of neutron optics. Though we do not consider them, neu-
tron optics remains a very rich field of research. It is not a weak analog of the usual
light optics, it has its own image, and it provides new results.

From the preceding chapters the reader already knows that the neutron is a wave,
so we shall not dwell too long on this point. We only remind the reader that a free
neutron is described by a plane wave

Yo(r, k, t) = exp(ikr — iwt), (4.1)

containing wave vector k, which is related to momentum p(k = p/#h), and fre-
quency w, which is related to neutron energy E = p?/2m(w = E/#), where m is
the neutron mass. The plane wave satisfies the free Schrodinger equation

ih 9y = ” A 4.2

thop = —5 Ay, (#-2)
and it is common to say that the plane wave Eq. (4.1) is the wave function of a free
neutron with momentum p. However this is not so! A function is a wave function
if it satisfies the Schrédinger equation and is normalizable. A plane wave is not
normalizable; therefore, it must be replaced by a wave packet. However, at this
point we enter a dense quantum mist. According to canonical quantum mechanics,
a particle described by a wave packet cannot have momentum, because momentum
is an eigenvalue of the momentum operator p = —ihd/dr, and it exists only in
states which are eigenfunctions of this operator, that is, in states described by plane
waves, which are unacceptable for wave functions. So, at the very beginning we find

Neutron Optics. Masahiko Utsuro,Vladimir K. Ignatovich
Copyright © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40885-6
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ourselves facing a terrible contradiction. We can forget about it without questioning
the Holy Bible, or we should resolve it for to be honest with ourselves.

To resolve this contradiction we must reject the canonical definition of momen-
tum. The full discussion of this point is postponed to Chapter 10. Here we only
can say that the plane wave is a component of a wave packet, and, if we can predict
what happens to every component, we can find what happens to their superposi-
tion. It is a great surprise to discover that the behavior of wave packets (this will
be shown in Chapter 10) is very similar to that of plane waves. The difference is
very small, but it is this difference which is the most important for development of
the fundamental physics. We hope that some day physicists will realize this. Here
and with some exceptions in all the other chapters we take a plane wave as a wave
function, remembering that it is only one component of it.

Sometimes the wave packet is considered as a property of a neutron beam, and
notions such as longitudinal and transverse coherence length and coherence time
are introduced, as if the different neutrons were like different plane wave compo-
nents of a single wave packet. This is not so, and it is misleading. We shall not use
them. When needed, we shall use the natural characteristics of the neutron beam:
energy and angular spread, which mean energy and angular resolution for a given
experiment.

Equation (4.2) is valid only in empty space, and if some parts of the space are
filled with matter the equation changes to

., 0 h?

lhﬁ Y(r,t) = ﬁ[_A + u(r, 1))V (r, t), (4.3)
where h2u/2m describes the interaction potential of the neutron with matter. The
solution of this equation is not a plane wave and our task is to find it. In this book
we shall consider mainly potentials which do not depend on time, so we can seek a
stationary solution ¥ (r,t) = exp(—iwt)®@ (r), and Eq. (4.3) is reduced to the form

[A —u(r) + k@ (r) =0, (4.4)

where k2 = 2mE/h*> = (p/h)?. Moreover, in this chapter we shall consider only
planar systems, which change only along one coordinate axis, say x, so the po-
tential is u(x). Therefore, the solution of Eq. (4.4) can be represented as @ (r) =
exp(iky, )y (x), where vectors r) are parallel to the (y, z) plane. Substitution into
Eq. (4.4) gives

[d*/dx® — u(x) + k2] p(x) =0, (4.5)

where k, = ,/k? — kﬁ is the normal component of the wave vector k. In the fol-

lowing we shall use this equation and omit the subscript x of k.

In this chapter we shall start by studying the reflection and refraction processes
in semitransparent mirrors of finite thickness and multilayered systems by treat-
ing the neutron as a scalar particle. The one-dimensional systems are very conve-
nient to study details of many different phenomena, such as resonances and Bragg
diffraction. They are all in the realm of application of quantum mechanics, and we
shall see how excellently it deals with them.



4.2 Reflection and Refraction at a Potential Step

Now we Start the Main Task of this Chapter

We start by reviewing the simplest well-known problem in quantum mechanics —
reflection and refraction at a rectangular potential step, and our main tool will be
the Schrédinger equation:

[d*/dx® — u(x) + k*] p(x) = 0. (4.6)

4.2
Reflection and Refraction at a Potential Step

Consider reflection from an infinitely thick wall filling the half-space x > 0 with
an ideal flat interface at the point x = 0. The interaction between the wall and the
neutron is a constant u, (what this constant is will be discussed later), so the whole
potential u(x) is represented by the function © (x > 0)ug, where O (x) is the step
function equal to unity, when the inequality in its argument is satisfied, and to zero
otherwise. So we have the potential step shown in Figure 4.1.

The solution of the Schrédinger equation with this potential step

[d?/dx® — ug® (x > 0) + k*] p(x) =0, 4.7)

is completely defined by an incident wave. For the incident wave e'** the solution
is

P (x) = O(x < 0) [e”"‘ + Z)’e—ik"] + O (x> 0) et (4.8)

with some yet unknown reflection, 7o, and transmission (refraction), ?o), ampli-
tudes, where — above r and t means that the incident wave travels toward the
interface from left to right. The refracted wave depends on k’, which is the wave
number inside the potential. Substitution of the refracted wave into Eq. (4.7) gives
—k’? — uo + k* = 0, which defines k¥’ = v/ k2 — u,.

Ifthe incident wave originates inside the medium and propagates to the interface
from right to left, then the solution is

P(x)=0(x <0) e + O(x > 0) [e—ik’x + %eik’x] . (4.9)
u
Fe—lkx — e
0 te*
Ug
e/kx
0 X

Figure 4.1 Reflection and refraction at a potential step of height ug located at x = 0.
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To find the coefficients in Eq. (4.8), it is necessary to match the wave function at
the interface, that is, at the point x = 0, to make the wave function and its first
derivative continuous:

1+7 =1, kl-Tol=kT. (4.10)
The solutions of the above equations are

2k
k+ k"

— k—k ? 1+—>
o = ——//, = o =
0= T 0 0

(4.11)

Similarly, we can match the wave function (4.9); however, because of symmetry we
can immediately obtain

. K-k o o 2K
to =

T0=m=—r(), 1—r0=m. (412)

In the above case, the space to the left of the step is a vacuum, that is, the potential
to the left of the step is zero. However, we can consider a more general case, when
the whole space is divided into two parts, with potential u; to the left and u s to the
right. In such a case, if the incident wave travels from the left, that is, from u; to
u r, the reflection and refraction amplitudes are

= , L 413
T Tk 1)

where ki f = k2 —u; .

For k? > ug we can approximate k¥’ = /k2 — uy ~ k — uo/2k and the reflection
amplitude 7o becomes approximately uo/4k?; therefore, at k2 > u the reflection
coefficient |7 |2, which is usually called reflectivity, decreases with increase of k as

1 |uol?
-2
~ — ol 414
ol™~ T 14

Unitarity condition This is an appropriate place to mention unitarity. When con-
sidering the problem of reflection and refraction of plane waves at an interface,
unitarity means that the total flux density of the reflected and refracted particles
must be equal to the incident one:

k=kl7o>+ k2. (4.15)
This relation defines the refraction probability, w = (k’/k) |T0) |2, which can be writ-

ten as

—Lk/ 4.16
W_(k—l—k’)z' (4.16)
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4.2.1
Total Reflection

Let us go back to the reflection amplitude 75 Eq. (4.11). Since k¥’ = /k? — uy, then
for k% < u, the wave vector inside the medium, k’, is imaginary, k' = ik”, where
k” = \/uo — k?, and the reflection amplitude becomes a complex number:

/7
= ——— =exp(—2iyo), Vo= arctan (T) = arccos(
i
(4.17)

This means that for k < ug the reflection coefficient |75|? is equal to 1, that is,
this is the case of total reflection. The value ,/uy is called the critical wave number
and it is denoted as k..

Recall that k in all expressions represents the perpendicular component, k; =
k., of the total incident wave vector k. The condition k% < kZ means total reflec-
tion of the neutron from the wall. The stricter condition |k|? < k? means that the
neutron undergoes total reflection at any incident angle. Neutrons with energies
k? < k2 are called ultracold neutrons. They can be stored for quite a long time in
closed vessels (textbooks [F,G,H]).

4.2.2
Optical Potential and Ultracold Neutrons

Above, we studied reflection and refraction for an abstract potential step. In this
section we show how large this potential is in reality.

It will be deduced later, but now we simply declare, that the interaction of neu-
trons with materials is described by the optical potential

2

U= zh—m4ﬂNobc , (4.18)
where # = h/2x = 1.05- 1073 s is the reduced Planck constant, m = 1.675 -
10~ %* g is the neutron mass, Ny ~ 10?> cm™? is the number of atoms per unit vol-
ume of the medium, and b, is the average (coherent) neutron scattering amplitude
of a single atomic nucleus. Therefore, the reduced potential ug = 2m U/A? used in
our equations is equal to 47 Nob,.

The scattering amplitude b is different for different materials (textbook [E]), and
it can be positive as well as negative, but it is on the order of |b;| ~ 1072 cm.
Substitution of numerical constants into Eq. (4.18) shows that the typical value of U
is 1077 eV. The energy of ultracold neutrons is E = #2k?/2m < U ~ 1077 eV, and
their velocity is v ~ 5m/s.

Historically, reflection from a potential step was described like in light optics
with the help of a phenomenological constant, the index of refraction: n ~ 1 —
u}/2k?. Fermi, who first observed specular and total reflection of neutrons from
matter, used this index of refraction, which is valid only for uy < k? (see [170],
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Chapter VIII), and he called total reflection total internal reflection, in accordance
with light optics, whereas in reality the neutron reflection is an external one. He
used an approximate expression, though at his time one could find in the literature
a rigorous derivation of n = /1 — u/k? without the requirement for uy/2k? to
be small [15].

Fermi derived the refractive index with the help of the concept of a quasi-poten-
tial uq(r — r;) = 47b.0(r — r;), which he devised to describe the interaction of a
neutron with a single nucleus at a point r;. This potential is called quasi because
it does not describe the real neutron—nucleus interaction. However, in perturba-
tion theory this potential gives the same scattering amplitude b as the real potential
gives with the rigorous scattering theory.

With this quasi-potential it is easy to derive the optical potential u, by averaging
the quasi-potential over many atoms:

up = Zul(r—rj) = / Nod*r' uq(r —7') :/N0d3r’4nbcé(r—r’)
J

= 47 Nob, . (4.19)

This derivation, of course, is not a rigorous one. A rigorous derivation is given in
Chapter 5.

It is interesting to note that the strong forces are short-range, that is, they act at
distances on the order of 10 fm, and the interaction radius of the quasi-potential
is even equal to zero. Nevertheless, the potential Eq. (4.19) turns out to be a long-
range one and even macroscopic. This is clearly seen in everyday experiments with
neutron reflectometers. Fermi clearly understood that the quasi-potential is not a
real one. The real nuclear potential is attractive, thatis, negative, and if we average it
across the medium, we obtain a negative number, whereas Eq. (4.19) for most of the
chemical elements is positive, that is, repulsive, because their scattering amplitude
b, is positive. The total reflection, and storage of neutrons in bottles, is possible
because the potential Eq. (4.19) in many cases is repulsive.

Fermi, however, thought that the storage of neutrons is not possible, even though
he and Zinn witnessed total reflection [171]. He, like Rutherford [172], thought that
the neutron is a tight hydrogen atom, and he wrote [170] (p. 92): “There are no
vessels capable of holding neutrons, because the neutrons diffuse in between the
nuclei and freely permeate through matter”.

Only in 1959 did Y.B. Zeldovich first point out that ultracold neutrons can be
trapped in containers [72]. Such neutrons were first observed in 1968 [73], and
the first storage experiment was performed in 1971 [74] under the supervision of
F.L. Shapiro.

423
Digression on the Ultracold Neutron Anomaly

Since then, researchers have conducted numerous experiments with ultracold neu-
trons (see, for example, textbooks [F,G,H]), and they all reported one result, which
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has not been explained up to now. According to the measurements, conducted with
very clean bottles where absorption by the nuclei and the probability of inelastic
scattering are very low, the loss coefficient of ultracold neutrons in a single colli-
sion with the walls is almost two orders of magnitude higher than the theoretical
estimate. This phenomenon is called the ultracold neutron anomaly.

Ultracold neutron losses (textbook [G]) can be described by the imaginary part
ug of the potential Eq. (4.19), caused by the imaginary part b’ of the scattering
amplitude b, = b/, — ib’. For real potentials the refection coefficients of ultracold
neutrons, |70>|2, is unity. When the potential contains uj, the reflection coefficient
is less than unity by the amount

k
u=1-In%p=2m———, (4.20)
Vuo— k4
where #n = uj/uy = b/[bl, uy = 4w Nyb/, and for the moment we restored

the sign L to denote the normal component of the neutron wave vector k. The
right side of Eq. (4.20) is the linear approximation of the left side in terms of uf,
which is valid for uj < k* — uj, that is, almost everywhere except the narrow
range k? — ujy ~ uj. The parameter 7 is called the loss coefficient. It is equal to
koi/4n|b’|, where 01 = 0;, + 0, is the loss cross section, comprising the inelas-
tic, 0., and absorption, o, cross sections of neutrons for interactions with nuclei,
and b/, is the real part of the coherent scattering amplitude. o; is found from mea-
surements of the transmission through the walls of neutrons with k4 > /. Since
o1 « 1/ k, the coefficient # is a constant with a specific value for every substance.
In Table 4.1 we give amplitude b/, in femtometers, optical potentials U’(1 % iz),
where U’ is in units of 1077 eV, 5 is in dimensionless units of 107>, and for o, we
used only o,, because usually 0;,, < 0, and it depends on temperature. For in-
stance, the optical potential of Ti is —0.51(1 —0.00051)-10~7 eV, because imaginary
part is always negative.

The term ultracold neutron anomaly means that the experimentally found ey,
is considerably higher than theoretical one, ny, = ko;/4nb’, with o; found from
the transmission experiments. The difference can be of two orders of magnitude.
For instance, in the case of Be [78], 7y, = 3 - 1077, whereas Nexp = 3 - 107 at low
temperature (approximately 10 K).

At first sight it is very easy to explain the anomaly by contamination of sur-
faces with chemical elements of high absorption or inelastic cross sections, be-
cause in transmission experiments such contaminations are not seen. However,
the required quantities of elements with large o, are too high compared with their
abundances in the environment. In addition, elements with large o, such as hy-
drogen, though very abundant, are improbable, because the inelastic cross section
should have a steep temperature dependence, and should become ineffective at
low temperatures, whereas the loss coefficient # does not show a steep tempera-
ture dependence. Nevertheless the role of hydrogen is discussed in the literature
again and again.

The ultracold neutron anomaly was even considered to be a problem of quantum
mechanics. In [173] it was suggested that the neutron can pass through the walls
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Table 4.1 Values of b/, in 107" cm and of the  there are always some additional factors,

optical potential U = U’(1 — in - 107°) such as inelastic scattering and contam-

in 1077 eV. The data were compiled with ination, that increase 7. With the help of

the help of Internet resources http://www. U’ it is easy to find the critical wave num-
ncnr.nist.gov/resources/n-lengths/ and berk, = +/2mU’Jh = 0.00695+/U"
http://www.ktf-split.hr/periodni/en/. At the in reciprocal angstroms if U’ is in units of
the latter Web page one can find densities 10~7 eV. For instance, in the case of Ni we

of gases in solid or liquid states. The ener- find k, = 0.00695+/2.45 = 1.088 - 1072 A~,
gy U’ is calculated with a precision of two With the help of k. we can find the reduced
digits after the period, and # is calculated critical wavelength A, = A./2w = 1/k.. For
with a precision of two digits after period. It instance, in the case of Ni the reduced critical
seems such precision is sufficient because wavelength is approximately 92 A.

Nz b: U’ n Nz b: U’ n Nz b: u’ n

Hy -3.74 -0.45 2.45 Nipg 10.30 2.45 12.12 Basg  5.07 0.21 6.03
Dy 6.67 0.76  0.002 Cup 7.72 170 13.62 Las; 824 0.57 30.27
He, 326 0.17  0.064 Znzy 5.68 0.97 5.43 Cesg  4.84 0.37 3.62
Li;  -1.90 -0.22 10.3E2 Gaz; 729 097 10.49 Prso 458 0.35 69.82
Bey, 7.80 250 @ 0.027 Ges; 8.19 0.94 7.47 Ndgo 7.69 0.59 18.3E1
Bs 530 1.78 40.2E2 As33  6.58 0.79 19.02 Pmg  12.6 - 37.0E1
Ce 6.65 3.05 0.015 Sezs 797 0.76  40.82 Smg; 0.80 0.06 32.9E5
Ny 9.36  1.07 5.64 Brss  6.79 0.42 28.26 Eugs  5.30 0.29 23.8E3
Og 580 1.51  0.001 Kr3g 7.81 0.41 89.01 Gdes 9.50 0.75 14.6E4
Fo 565 0.70  0.047 Rbsy; 7.08 0.20 1.49 Tbes  7.34 0.60 88.65
Nejp 4.57 0.49 0.24 Srg  7.02 0.33 5.07 Dyss 16.90 1.40 16.4E2
Naj;p  3.63  0.24 4.06 Yo 7.75 6.11 4.59 Hog; 8.44 0.71 21.3E1
Mg, 5.37  0.61 3.26 Zry 7.16 0.80 0.72 Eres 7.79 0.66 56.8E1
Al;3 345 0.54 1.85 Nby; 7.05 1.02 4.54 Tmey 7.07 0.61 39.3E1
Sijgs 415 055 1.14 Moy, 6.72 1.12 10.27 Ybyo 12.40 0.78 78.04
Pis 5.13  0.47 0.92 Tcyz  6.80 1.25 81.78 Luy; 721 0.64 28.5E1
S16 285 0.29 5.17 Ruge 7.02 1.35 10.14 Hf;, 7.70 091 37.5E1
Cli; 958 082 97.23 Rhss 590 1.11 68.2E1 Tazz 691 1.00 8290
Arig 191 0.12 9.83 Pds 591 1.05 32.46 W74 477 0.78 10.7E1
Ki9  3.67 013 1591 Agy; 592 0.90 29.73 Reys  9.20 1.63 27.1E1
Cayo 470 0.28 2.54 Cdss 4.83 0.58 14.5E3 Osys  10.70 1.99 41.58
Scp1 1210 1.26 63.19 Ing 4.07 0.41 13.3E2 Ir;7  10.60 1.95 11.2E2
Tip; -3.37 -050 5025 Snsg  6.23  0.60 2.80 Ptyg 9.60 1.65 29.83
V3 -0.44 -0.08 31.9E1 Sbs;  5.57 0.48 24.51 Auyg  7.90 1.21 34.7E1
Crps 364 079 2330 Tes; 5.68 0.44  23.01 Hggo 12.60 1.34 82.2E1
Mnys -3.75 -0.80  98.62 Is3 5.28 0.32 32.42 Tlgy 8.78 0.80 10.86
Feys 9.45  2.09 7.53 Xess 4.92 0.21 13.54E1 Pbg; 9.40 0.81 0.51
Coy; 249 0.59 41.5E1 Csss  5.42 0.12 14.9E1 Bigs 8.53 0.63 0.11
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because its wave function is a wave packet, which does not spread and which is
a neutron property. It was even estimated that to explain the ultracold neutron
anomaly the width s of the packet in the momentum space should be

s~ 4-10"°k, (4.21)

where k is the average wave number of the packet. It was an exciting moment when
soon after the publication of [173] transmission of ultracold neutrons through a
thin Be foil was really found [84], but instead of the suggestion made in [173]
a new theory with the notion of localization because of incoherent scattering was
proposed [174]. However, very soon it was found [175, 176] that the transmitted neu-
trons are not really ultracold ones. Their energy E was in the range U, < E < 2U,,
where U, is the the optical potential of the foil. This means that the neutrons are
heated a little bit. Such a small heating can be attributed [177] to interaction of ultra-
cold neutrons with dust particles on the wall surfaces. It was hoped that the small
heating would explain the anomaly, but the probability of small heating was found
to be too low to do that, so to solve the problem of the anomaly the experimenters
tested new materials. For instance, in [178] measurement of the loss coefficient in
vessels with Be or Al walls covered by diamond-like carbon was reported. However,
the loss coefficient was too high (approximately 10™*) even at 70K, and it was
attributed to hydrogen and to holes in covering of diamond-like carbon.

Success was achieved with Fomblin-like hydrogen-free fluoropolymer, for which
the loss coefficient 77y, at a temperature of approximately 110 K was reported to be
2-107°, which is higher than the theoretical value only by a factor of order 2. A
review of recent research in this area can be found in [179].

4.2.4
Experience with an Experiment

Now we can compare with an experiment the theoretical predictions for the reflec-
tion coefficient

R(k) = [75 (k) (4.22)

(it is usually called reflectivity) for 7o given by Eq. (4.11). Figure 4.2 shows the
schematic of the experiment with a neutron reflectometer. If the mirror is a suffi-
ciently thick plate (on the order of 1cm) we can consider it as a semi-infinite one.
There are three possible types of such an experiment:

Time-of-flight experiment In this type the detector and sample are fixed, the in-
cident beam is well collimated, and its grazing angle 6 is fixed but its spectrum
is wide. The normal component of the wave vector of the incident neutrons k; =
V2mE[h? sin 0 varies with the energy E, which is determined by the time-of-flight
method.

Experiment with monochromatic neutrons and a large stationary detector In this
case variation of k is achieved by rotation of the sample.
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M

Figure 4.2 The reflectometry experiment. Neutrons emitted by
a source S are reflected from a mirror M at an angle 6 and are
registered by a detector D.

6 — 20 experiment with monochromatic neutrons In this type of experiment the
sample and detector rotate around the same axis, but the rotation angle of the de-
tector is twice that of the sample, and the detector always registers the specularly
reflected neutron beam.

Though the setup in Figure 4.2 looks simple, in reality the experiment is not so
simple, because for thermal neutrons the grazing angle for total reflection is on
the order of milliradians. At such an angle a mirror surface of 10-cm length looks
like a filament of 0.1-mm thickness, and the incident neutron beam must have
the same or a smaller width. We shall see what happens if the condition is not
satisfied.

Figure 4.3 shows Japanese experimental data'” for the reflectivity from a glass
plate fitted by expression (4.22), where the fitting parameters are the real and imag-
inary parts of the optical potential u’ — iu” of the glass.

Before commenting on this figure, we want to warn the readers that our presen-
tation of the results is different from the usual ones in several aspects. First, reflec-
tivity is usually presented as its dependence on momentum transfer ¢ = k¢ — &,
which for specular reflection is equal to 2k . This seems strange, because the re-
flection amplitude depends on k. Second, the data are usually presented in di-
mensional units of reciprocal nanometers. We think it is much better to present the
results in dimensionless units, k = k_ / k., where k, is some characteristic wave
number. Below we use the optical potential u. of some selected material as a refer-
ence unit of energy, and determine k, as the critical wave number corresponding to
this reference energy. In Figure 4.3 the optical potential of Ni of 0.245 peV is chosen
for the unit of energy; therefore, the unit of the wave number is k, = 1/9.2 nm~L.
Third, sometimes when the fitted curve visually well reproduces the positions of
the experimental points, researchers do not report the value of y2; we think that
it is necessary to report not only y2, but the behavior of y at all points. If we have
fitted curve f(x) and experimental data y; at points k; with statistical uncertainty

10) I am very grateful to Dr. Ryuji Maruyama
from the Japan Proton Accelerator Research
Complex (J-PARC) of the Japanese Atomic
Energy Agency for sending me these data
and for his explanations.
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Figure 4.3 Fitting of the glass reflectivity data from Japan

with R (k) given by Eq. (4.22). The data were obtained with a

0 — 20 reflectometer. The incident beam was wider than the
surface area visible at small k. (a) One fitting parameter, u’; (b)
two fitting parameters, u” and u”’; (c) logarithmic scale of (b);
(d) % (k;) distribution (Eq. (4.23)). The large variation seen at
small k is explained by the properties of the setup.

0 j, then the distribution
ki)—v;
xlky) = L8 20 (4.23)

Oj

gives information about the properties of the setup or about some missed physical
phenomena. The single value

N
1
2 2
x _—N_n_ljz:lx(kj) ) (4.24)

where N is the number of experimental points and » is the number of parameters,
is also informative, but without full y(k;) this information is very limited.

Figure 4.3a shows the result of fitting with a single parameter — the real part
of the glass potential, when the imaginary part is fixed and equal to some more
or less well estimated value 0.0002. Fitting gives ' = 0.24, in good agreement
with the expected glass potential close to that of silicon, but y? = 4.2 in this case
is large. Figure 4.3b shows the result of fitting with two parameters: the real and
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imaginary parts of the glass optical potential. The fitting gives the same real part
uw = 0.24, but the imaginary part ¥” = 0.0094 is too high compared with the
expectation and makes the reflectivity curve smoother. However, 3?2 = 2.4 is bet-
ter than in Figure 4.3a. The high imaginary part can be attributed to scattering on
inhomogeneities and surface roughness. In both plots we see some scattering of
experimental points around the fitted curve. This scattering is due to the setup.
The reflectivity was measured with a 6 —26 reflectometer. At small angles (small k
up to approximately 0.08), part of the incident beam went over the mirror without
touching the surface, and is registered by the the detector together with the reflect-
ed beam. In the interval 0.08 < k < 0.3, the reflected beam separates from the
direct beam, and this explains some dip in reflectivity near k ~ 0.2.

In Figure 4.3c the reflectivity is shown on a logarithmic scale. The fitting looks
perfect, scattering at small k is not seen, and it can be overlooked, but this is not
the case for the scattering of the points for curve y (k) shown in Figure 4.3d. In this
special case, when scattering at small k is well explained, we do not have a reason
to seek an additional physical phenomenon, though a physical phenomenon could
be masked by the properties of the setup.

Figure 4.4 shows the fitting of experimental data for glass reflectivity obtained in
Hungary [188] with a reflectometer with a monochromatic beam, a rotating mirror,
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Figure 4.4 Fitting of the glass reflectivity of the sample. (a) One fitting parameter, u’;
data from Hungary [188] with R (k) given by (b) two fitting parameters, u’” and u”’; (c) log-
Eq. (4.22). The data were obtained with the arithmic scale of (a); (d) % (k;) distribution
reflectometer with a wide detector, which col- (Eq. (4.23)). The reason for the large variation

lects all the reflected neutrons at any angle 6 seen at small k is not yet understood [188].
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and a wide stationary detector, which collects all the reflected neutrons. Fitting with
one parameter v’ for u” = 0.0002 with the same dimensional units as in the case
of the Japanese data gives too high a potential u’ = 0.405, which can be attribut-
ed to the special chemical formula of the glass used. On a linear scale the graph is
shown in Figure 4.4a, and on logarithmic scale it is as shown in Figure 4.4c. We see
a strong deviation of theoretical curve from the experimental points at large k. The
parameter 2 for such a fitting is extremely high: 4% = 170. The distribution y (k)
over all the experimental points is shown in Figure 4.4d. The result of fitting with
two parameters u” and u” on a linear scale is shown in Figure 4.4b. The parameter
%2> = 132 for such a fitting becomes a little bit less but still remains unacceptably
high. Moreover, the fitted value of u” = —0.0046 is completely unacceptable, be-
cause it is negative and therefore nonphysical. The experimental data can be fitted
with more parameters. If we average the reflectivity over some interval 29, which
determines the resolution of the system, and add background n;, we obtain the
formula

k+o P
R = [ BpPSE + . (4.25)

k—o
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Figure 4.5 Fitting of the data from Hungary [188]: (a) with
four parameters and R(k) given by (4.25); (b) the distribution

of x (k) for such a fitting; (c) fitting with nine parameters, as
shown in Eq. (4.26).
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Fitting of this expression gives u’ = 0.408 and u” = 0.003, which is high for glass,
but not negative, and 0 = 4% and n, = 0.0024, which is quite reasonable. The
result of fitting on a logarithmic scale is shown in Figure 4.5a. It looks quite reason-
able; however, y? = 29.1 for this fitting is still too high. Distribution y(k), shown
in Figure 4.5b, demonstrates that there is still some peculiarity in the experimental
data near the critical edge. After fitting with even more (nine) free parameters, one
can achieve y2 = 4.5 and even lower. The formula for the fitting and additional
parameters is

k4o
4 4 d
R = [ 17 [o0+ mlp — p'F + aalp = p'1] 55
k—o
¥y + aslk — K| + adk —K[°, (4.26)

where p’ = \/p? — u. We do not list the fitted values for these parameters because
their physical meaning is not yet clear. However, the result of the fitting, which
is shown in Figure 4.5¢, is interesting because it demonstrates that there is some
unexpected detail near the critical edge. The problem is whether it is related to a
physical phenomenon or whether it points out some instrumental peculiarity. Both
cases are important for our understanding, so this question must be resolved.

4.2.5
Surface Waves

Surface waves propagate along the surface and decay exponentially in both direc-
tions: inside matter x > 0, and outside it. That is, the wave function is

Y(x) = O(x < 0)exp(k1x) + O(x > 0) exp(—k2%) . (4.27)

It is clear that such a function cannot be matched at the interface x = 0, because
its derivative cannot be continuous. Therefore, surface states of particles do not
exist. Nevertheless it was suggested [180] that there is some surfacelike solution of
the Schrodinger equation for the case of a thin film with repulsive potential uy > 0
covering a substrate with an infinite potential. It is necessary to say that the solu-
tion found in [180] is not acceptable. Though it exists, the solution is nonphysical
because it violates unitarity. According to it, particles are created in a vacuum [181].

In relation to this problem, the question arises of why surface waves exist in elec-
trodynamics and in elasticity theory. The answer is simple. In quantum mechanics
the wave equation is the main equation defined in all the space simultaneously.
In electrodynamics the main equations are the Maxwell equations, which are used
to derive wave equations. If the electromagnetic constants & and u are discontinu-
ous, the wave equations in general can be derived separately in spaces with differ-
ent € and u and the matching conditions are derived not from the wave equation
but from the Maxwell equations. In particular, instead of continuity of the normal
derivative of the wave function, one requires continuity of some field components.
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Therefore, a discontinuous derivative of the wave function is not forbidden. The
same is true for elastic waves [181].

4.2.6
Goos—Hinchen Shift

The Goos-Hinchen (G-H) shift was predicted for light by Newton. According to
him, the light ray at total reflection dives in the reflecting medium and goes out
of it at a point B (see Figure 4.6) shifted with respect to the point of entry A (see,
for example, [182] and references therein). It was measured by Goos and Hinchen
in 1947-1949 [183, 184]. This shift depends on the light wavelength and angle of
incidence but its typical value was on the order of 1 um. Since neutrons are also
waves, they also should have a G-H shift.

It is impossible to define the entrance and exit points for plane waves. So we
need to consider reflection of a wave packet.

Let the incident neutron be described by a wave packet

Po(r, t) = /A(q, ko) exp(iqr — iw,t)d’q, (4.28)

where q = (g, —qz), ko = (ko). —koz) is the average momentum of the incident
particle, vectors with index || are parallel to the surface, and w, = ¢?/2 (we take
units A = m = 1). To be specific, we suppose that it is a Gaussian one with

1 — kp)?
A(g, ko) = T (—%) , (4.29)

where s is the width of the packet in the momentum space. We suppose the mirror
to be the half-space z < 0 with optical potential u¢, and the neutron falls on it from
the half-space z > 0.

The reflected wave function is

Pi(r,t) = /%)(qz)A(q, ko) exp(iq,r — iwgt)d’q, (4.30)

where q, = (q), q-) and 7 (q2) is given by Eq. (4.11).
We shall see that with the wave packet we can predict two effects: the G-H shift
at total reflection and nonspecularity at nontotal reflection [185].

z

X

Figure 4.6 Explanation of the Goose—Hénchen shift.
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4.2.6.1 Total Reflection
After substitution of Eq. (4.29) into Eq. (4.28) and integration over d*q we obtain

s2(r — kot)?

1 . .
mexp (— 2(1 T i52t) + lk()r — la)kt) , (431)

’l/)()(r, t) =
where s%t characterizes spreading of the wave packet. We suppose that s is small
and neglect spreading.

The cross section of the wave packet at the interface depends on time. We can
choose the time origin t = 0, when the wave packet center crosses the surface. The
footprint of the packet on the surface at that time is

s,
Y(rp,z=0,t=0) =exp —?r“ +ikyry ), (4.32)

with its center at the point r = 0. The center of the footprint of the reflected neu-
tron is shifted along the surface by distance J, and our task is to evaluate this
distance.

According to Eq. (4.17), at total reflection we have

70(42) = exp(—iy (42)) , (4.33)

where the phase y (q,) = 2 arccos(q.//to) can be expanded in a Taylor series near
q. = ko.. In alinear approximation it is

7(qz) = v (koz) — §(q2 — koz) , (4.34)

where

2 /

After substitution of Eq. (4.34) into Eq. (4.30) and integration over d3q we obtain

2
Wo(rt) ~ exp (—%(r &~ koot)? + iko,r — iwkt) , (4.36)

where ko, = (koy, koz) and & = (0,0, ).
We see that at the entrance time t = 0 of the incident wave packet the center of

the reflected wave packet is at the point z = —¢ under the surface. Therefore, at

the exit time ¢’ = {/ ko, its center is shifted with respect to r = 0 by the amount

2 ko

0 =tkoyy= 57—
T ko,

(4.37)

To estimate the value of such a shift for thermal neutrons, we approximate
koz/koy ~ 1073, and k{, ~ \/u, then 6 ~ 10° A, or 6 ~ 0.1 mm.

We considered the simplest version of the neutron G-H shift from a passive
mirror. Modification of this shift in the case of active media is discussed in [186).
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4.2.6.2 Nontotal Reflection
In the case of nontotal reflection the reflection amplitude can be represented as

70(qz) = exp(—x(4z)) , (4.38)

where

(4.39)

_ 4z — v/ 4% — vo
x(q:) = —2In (T)

can be expanded in a Taylor series near q, = ko,. In a linear approximation it is

%(d2) = %(koz) + 5(q2 — koz) , (4.40)

2 /
g = k—éz, k(/)z = kgz — Up . (441)

After substitution of Eq. (4.40) into Eq. (4.30) and integration over d*q we obtain

where

2
Po(r,t) & 7 (kos)es "2 exp (—%(r — K.t +iklr— iwk/t) , (4.42)

where k'r = ko, —k and k = (0,0, szg). We see that the normal component of the
wave vector kj slightly decreased, because reflection of the waves with higher g is
less than that of the waves with lower q.,.

The decrease of ko, is equivalent to the decrease of grazing angle. If we denote
kor = kosin 6, then k ~ kyA0O, thatis,

52

AO =2——.
kokf,

(4.43)
If the width s is given by Eq. (4.21), then for kj_ ~ s we get A@ ~ 107> or on the
order of an angular second.

4.3
Scattering by a Rectangular Potential Barrier

After the digression on the ultracold neutron anomaly and discussion of some spe-
cific properties of neutron reflection from an interface, let us return to one-dimen-
sional scattering problems with a given optical potential u.

Consider reflection from and transmission through the potential barrier shown
in Figure 4.7. Commonly, the reflection r and transmission ¢t amplitudes are calcu-
lated by solving the Schrodinger equation with the potential uo® (0 < x < d). The
solution is given by

P(x)=0O(x <0) [e““‘ + re_”“‘] +0O0<x<d) [Ae”‘/" + Be_”‘/"]
+ O (x > d)te’ 9
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Figure 4.7 Rectangular potential barrier of height ug and width d.

(4.44)

Note that the wave function to the right of the barrier is written as t exp(ik(x —
d)), which is different from the familiar t,q,, exp(ikx). Such a definition is more
convenient, and it only redefines the phase of the transmission amplitude t =
exp(ikd)tysyal.

By matching the wave function Eq. (4.44) at x = 0 and x = d, we obtain a
system of four equations for four unknown coefficients r, A, B, and t:

1+r=A+B, k(1—r)=k'(A—B),
Aeid 4 BemiKd = ¢ k’(Aa““-—Be—*%)::kt. (4.45)
Solution of these equations gives the reflection and transmission amplitudes r

and t. We now show how these amplitudes can be found without such a boring
approach.

4.3.1
The Other Method

We know that the amplitude of the incident wave at the first interface is unity. If
we could only know the amplitude of the wave incident inside the barrier (denote
it by X) onto the interface at x = d, we would immediately obtain the transmission
amplitude of the barrier

=1 X. (4.46)
and the reflection amplitude
=T+ %exp(ik’d)ﬁX , (4.47)

as a superposition of reflection from the first interface and the contribution of
wave X, which after reflection from the second interface propagates toward the
first one and passes through it into the vacuum. So we need to find X. But for it we
can write a self-consistent equation:

X = exp(ik’d) o + exp(ik’d)To exp(ik'd)7; X . (4.48)
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Here, the first term on the right describes the initial incident wave, which enters
the barrier and travels to the right edge. The second term corresponds to the wave
generated by X itself. The wave incident at the right edge first reflects from the
edge with amplitude 7;, then travels to the left edge, then reflects from it with
amplitude 7y, and travels back to the right edge. Both waves (or terms) on the
right side of Eq. (4.48) combine to form the total amplitude of the wave incident at
the right edge of the barrier. However, we already designated this amplitude by X,
therefore the right side of Eq. (4.48) must be equal to X. The result is Eq. (4.48),

which instantly leads to the solution
— 1./
X = _oexpird) ZeXp(‘k LI (4.49)
1—r5exp(2ik’d)

where we denoted 7 (d) = ¥ (0) = —75 = —r, according to Egs. (4.11) and (4.12).
Substitution of X into Eqs. (4.46) and (4.47) gives

o to exp(2ik’d)(—ro) 1—exp(2ik’d)
r=r =T ,
0 1—riexp(2ik’d) "1— Zexp(2ik/d)
ik'd 1-r3
b= (4.50)

1—rZexp(2ik’d)

The same result was obtained by Godfrey [189], who used summation of the geo-
metrical progression, which resulted from multiple reflections at two edges inside
the barrier.

The expressions (4.50) reveal an interesting symmetry: amplitude r converts in-
to t by permuting ry and exp(ik’d), and they show that at uy = 0 the transmission
amplitude is exp(ikd).

4.3.2
Asymptotical Behavior of Reflectivity from a Rectangular Barrier

With Eq. (4.50) we can find the asymptotic of r for large k. According to Eq. (4.14)
we see that ry at large k decreases; therefore, r2 in the denominator of Eq. (4.50)
can be neglected and we obtain
2 il kd

ik > 00) = 5 (1 expik'd), Ir(k — o)t = IR ey
We see that the reflectivity oscillates between zero and u?/4k*. This result is valid
for ideal monochromatization. In the case of large d and some spread of k in the
interval 0k > 2m/d, we must average Eq. (4.51) over O. As a result, the factor
sin®(k’d) is averaged to 1/2, and we get for the reflectivity

Ir(k E G 452

r(k — o0)|” = — .

(k= o0 = &, (+5)

which is twice as high as the reflectivity Eq. (4.14) from the semi-infinite plate. This
result is correct only when the imaginary part of the potential can be neglected. In
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the presence of the imaginary part, u”, which is always negative, the wave num-
ber k’, in the case Re(k’%) > 0, acquires a positive imaginary part k" ~ u”’ /2Re(k’).
Therefore, exp(ik’d) decays in proportion to exp(—k’'d). For sufficiently large d we
can neglect exp(2ik’d), and then the reflectivity of a layer becomes identical to
Eq. (4.14). However, we must be cautious, because with increase of k’ the imagi-
nary part k”/ decreases, therefore exp(—k”’ d) — 1, the reflectivity of the layer again
becomes oscillating, and its averaged asymptotic again becomes equal to Eq. (4.52).

433
Wave Function inside the Barrier

Using X, the total wave function inside the barrier is immediately clear,
P(0 < x < d) = [exp(ik/(x — d)) + exp(—ik’(x — d))(—10)] X . (4.53)

Indeed, the wave traveling to the right, X exp(ik’(x — d)), must be equal to X next
to the right barrier edge. The wave traveling to the left, (—7o) X exp(—ik/(x — d)), is
equal to X reflected from the right edge. After substitution of Eq. (4.49) we get

?o)exp(ikd)

YO<x<d)= 1—rlexp(2ikd)

{exp(ik’[x — d]) — roexp(—ik/[x — d])} .

(4.54)

4.4
Neutron Scattering from Semitransparent Mirrors

To describe reflection and transmission for arbitrary potentials, consider two semi-
transparent mirrors [193], separated by a distance [ (Figure 4.8), Each mirror is de-
scribed by some potential u; (i = 1, 2). The reflection and transmission amplitudes
for each potential u; are r; and t;. The task is to find the total amplitudes for reflec-
tion Ry, and transmission Tj, of the system of two mirrors. To solve this problem,
we apply the same method as in the case of the rectangular barrier. Assume that
a plane wave exp(ikx) is incident on the first mirror from the left. Its amplitude
is 1 at the surface of the first mirror. The wave incident on the second mirror has
amplitude X at its surface (Figure 4.8). The equation for X is similar to Eq. (4.48),

X = exp(ikl)t; + exp(ikl)ri exp(ik])r, X . (4.55)

The solution of Eq. (4.55) is

ty exp(ikl)

X = (4.56)

1—riryexp(2ikl)’

The total transmission and reflection amplitudes can now be easily represented in
terms of X:

R12 =rn-+hH exp(tkl)er B T12 = th . (457)
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Figure 4.8 System of two semitransparent mirrors, represented
by two potentials separated by a distance /.

Substitution of Eq. (4.56) gives

exp(2ikl)r, _ hexp(ikl)y

Rypy=r+ t%]_ 12 (458)

—riryexp(2ikl)’ C 1—rrexp(2ikl)’
4.4.1
Bringing Two Mirrors Together

The distance | between two mirror is arbitrary and therefore, in particular, it can be
set to zero. Equations (4.55) and (4.57) in this case are

X:t1+r1r2X, R12: r1+t1r2X, lezth, (459)

and amplitudes R and T become

R12 =r -+ t%]_—r—i‘lrz , T12 = 1i2—::11r2 . (460)
This result is very simple; however, it leads to an important discovery. We found
that an arbitrary potential can be virtually split at any point into two parts, with
the total reflection and transmission amplitudes expressed via the transmission
and reflection amplitudes of the parts. However, we assumed that the mirrors and
the respective subpotentials are symmetrical, which in general may not be true
(Figure 4.9). In the case of asymmetrical potentials, the reflection and transmission
amplitudes r; and ¢; depend on the direction of propagation. Therefore, Eq. (4.60)
are to be rewritten as

— P
— — <« 19 — < «— — r <
Rp=n+h—C—=h, Ra=hnh+h—C—=th, (4.61)

1—7’1 ) 1—T1 p)
and
— BHh < RN
2 b 1 b
Tpn=—rs, Tu=—=, (4.62)
1-— r r 1-— 1 r

Figure 4.9 At any point every potential can be subdivided into
two parts. Equations (4.61) and (4.62) describe the total re-
flection and transmission amplitudes, via the reflection and
transmission amplitudes of the parts.
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where the arrows indicate the directions of propagation for waves incident on the
corresponding potential.

4.4.2
Splitting of Rectangular Potentials

It is a good exercise to verify the results of the previous section with a rectangular

potential. Take a rectangular barrier of width d, and split it into two parts dy, d, =

d — dq. Then,

r(dh) — [r*(d1) — t*(d1)]r(d2)

1—r(d1)r(da)

t(d1)t(da)

1—r(d)r(da)

The validity of these relations can be directly checked by substitution of Eq. (4.50)

into the last equations.

T’(dl + dz) =

’

t(di + da) = (4.63)

443
A Film over a Substrate

If we have a film with potential u ¢ and thickness [ ¢, evaporated over a thick (we can
consider it as infinitely thick) substrate with potential u, we can find the reflectivity
of the full system according to Eq. (4.60):

Tos(k)

Rps(k) = |rr(k) + t3(k) ————| , 4.64
b = |r )+ ) (464
where ry and t ¢ are given by
1-— eXp(Zik}lf)
k) = k ,
(k) = ros )1—r§f(k)exp(2ik’flf)
o 1—r2 (k
tr(k) = e*i ~ o )‘ — (4.65)
1—r0f(k)exp(21kflf)
and ros and r, are given by
=tk h=r"F o i 4.66
rof()_k-i-kf, rOS()_k-i-ks, fis = uf,S' ( )

444
Experience with an Experiment

Now we can check how well the theoretical reflectivity matches the experimental
one. In Figure 4.10 we present the fitting of experimental data from Japan' ob-
11) A lot of thanks again to Dr Ryuji Maruyama

from J-PARC of the Japanese Atomic Energy
Agency for sending me these data.
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Figure 4.10 Reflectivity of a Ni film of thickness / over a Si
substrate, fitted with the help of Eq. (4.67) and five fitting pa-
rameters. (a) Result of fitting on a logarithmic scale; (b) y (k)
distribution.

tained with a 6 —26 reflectometer on the reflectivity from a Ni film of thickness
50 nm evaporated on a Si substrate. For the fitting the formula

k+o i
R(k) = / Rfs(k)%, (4.67)
k—o

was used, where Ry (k) is given in Eq. (4.64). The fitting parameters were the
real and imaginary parts of the Ni potential uyn; = wu}; — iuy;, the thickness of
the Ni film, I¢, the real part of the Si potential uf; (the imaginary part of the Si

135



136

4 Quantum Mechanics of Scalar Neutron Waves in One Dimension

potential was fixed u¥; = 2-10™*), and the resolution 6. After fitting, we obtained
uni = 0.961 — 0.0022i, uf; = 0.214, I = 50.35nm, and 6 = 6%. All the values
are quite realistic; however, x> = 8.2 for this fitting is too large. The distribution
% (k) is shown in Figure 4.10b. If we increase the number of fitting parameters, and
include, for instance, the imaginary part of Si, ug;, we shall decrease %2 10 5.6, but
the resultant Si potential, ug; = 0.6345—0.5081, will be quite unrealistic.

445
Properties of the Reflection and Transmission Amplitudes

4.4.5.1 Asymmetrical Potentials

In general, the reflection and transmission amplitudes from the left and from the
right of a potential can be different. To see what the difference can be we may
consider some asymmetrical potential, which can be easily calculated. For instance,
let us consider an asymmetrical potential constructed with two symmetrical ones,
as shown in Figure 4.11.

Expressions for the total transmission and reflection amplitudes for such a po-
tential are given in Eq. (4.60). We immediately see that Ty, = Tj;, and therefore
for any arbitrary potential

T=T. (4.68)
However, Ri; # Ry1, and therefore 7 # %, but for real potentials the difference
is only in phase, that is,

T =exp(iy) 7, (4.69)

where y is a real number.
Indeed, the unitarity principle tells us that the number of reflected and transmit-
ted particles is equal to the number of incident ones; therefore,

TR +ITP=[FP+[F)P=1. (4.70)

Taking into account Eq. (4.68), we immediately obtain |¥| = | 7|, which means
that there can only be a phase difference between the two amplitudes, as shown in
Eq. (4.69). For a symmetrical potential the phase difference is zero, y = 0.

Note that Eq. (4.70) is only valid when there is no absorption inside a poten-
tial, that is, when u is real. If the potential has a nonzero imaginary part, then
the phase y has a nonzero imaginary part too. Therefore, the absolute values of
the reflection amplitudes are not equal to each other. However, the transmission
amplitudes from left and right are equal even for an absorbing potential.

Rne—ikx
e
ikx Tige™~>)
e/ Uy
0 s X

Figure 4.11 Using two symmetrical potentials to construct an asymmetrical potential.
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4.4.5.2 Relations between Phases of rand t

Here we show that the difference between phases arg(r) and arg(t) is equal to +7/2
for real symmetrical potentials. To prove that, consider the gedankenexperiment,
shown in Figure 4.12.

Assume that mirror M1 is described by an arbitrary, but symmetrical potential.
The incident beam is split into two parts by mirror M1. The two beams then under-
go total reflections on M2 and M3. The two beams then recombine on M4, which
is identical to M1. Conservation of particle numbers requires that the total counts
of the two detectors correspond to the number of incident neutrons. This means
that

[rt)2|e'? + eV | + |r?e'® + 12V P =1. (4.71)

If we write r = |r|exp(iy,), t = |t|exp(iy:) and assume for simplicity that ¢ =
1 = 0, then the last equation converts to

(1712 4+ |12 + 2|rt)*[1 + cos(2, — 2¢)] = 1. (4.72)

Without absorption, the first term on the left in (4.72) is equal to 1; thus, the rest
of the expression is zero. Therefore,

2, — 2y = %7, (4.73)

and y, = y: £ /2. End of proof. We leave it to the reader to check that the result
is the same for arbitrary ¢ and .

It is now clear that if t = |t|e'?*, then r = Zi|r|e'?:. Therefore, t £ r are unit
complex numbers exp(i£4.), where £4 = ¢, L arcsin(|r|) and t2 — 12 = exp(2i ¢h,).
According to this, the total reflection amplitude Eq. (4.60) of two symmetrical po-

D1

rt[e’? + e

etV 4 261¢

D2

M3

Figure 4.12 Gedankenexperiment aimed at finding the phase
difference between r and t. Semitransparent mirrors M1 and
M4 are identical. Mirrors M2 and M3 have 100% reflectivity,
but different phases. Acquired phases ¢ and i correspond to
two different propagation trajectories between mirrors M1 and
M4. The total neutron counts from two detectors, D1 and D2,
should be equal to the number of incident neutrons.
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tentials can be written as

t2 — r2 2i — 2i¢,
Ry = nt (- _ ntexpRigu)rn i —exp2i¢ 1)T2, (4.74)
1—7’17’2 1—7’17’2 1—7’17’2

where ¢, are phases arg(r;) and arg(t;), respectively.

Thus, it is obvious that if one of the potentials has 100% reflectivity, that is, r; =
exp(iy ;) with j =1 or 2, then the whole potential has 100% reflectivity too.

The above expression for the phase relations Eq. (4.73) can be easily gener-
alized for an asymmetrical potential. If we write 7 = |7 |exp(iy;) and ¥ =
| 7| exp(i;), then instead of Eq. (4.73) we get

1 7
E(Z‘f‘?({_r):%tiz- (4.75)

4.5
Periodic Systems

What novelty can we find in all that after excellent works by Par-
rait?

A referee

The splitting method is very effective when applied to periodic systems. Imagine a
periodic potential with N arbitrary periods. We want to find the reflection Ry and
transmission Ty amplitudes of the total system. It turns out that the easiest way to
tackle this problem is to find first the reflection amplitude R from a semi-infinite
system N — oo.

To find Ry and Ty, we start [194-198] by examining a semi-infinite periodic
potential, shown in Figure 4.13. The arrows indicate the incident and reflected
waves, with the reflection amplitude denoted by R. The wave incident on the second
period is denoted by X. Similarly to Eq. (4.59), we can immediately write a system
of equations for X and R:

X=t+rRX, R=r+tRX, (4.76)

where r and t are the reflection and transmission amplitudes for a single isolated
period (let it be symmetrical for simplicity), and we took into account that the semi-
infinite potential does not change when its first period is removed. Note the sym-
metry: the second equation transforms into the first one after exchange of r and t.

To solve this system, determine X from the first equation and substitute it into
the second one. As a result, we get

t2R

R = .
r+1—rR

(4.77)

This is a quadratic equation, which can be rewritten as y2 — 2py + 1 = 0, where
y = Rand p = (r*> + 1 — t2)/2r. The solution to such an equation is trivial,
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Rexp(—ikx) < #(x) exp(iqx)
exp(ikx)
e O 4

Figure 4.13 Semi-infinite periodic system.

y = p — +/p?— 1, butit can also be represented as

y=Y2tIovr ol (4.78)
NEaENa '

which immediately leads to [195-198]

A U A L (4.79)

VA2 =2+ /(1-r? -1
The last expression is very easy to remember and also easy to verify, as shown
below.

1. Imagine that the potential is absent and all we have is free space. However,
an empty space can also be thought of as a periodic system of empty periods.
In this case a single period reflects nothing and therefore the whole system
also reflects nothing, that is, r = 0 should lead to R = 0. It is easy to check
using Eq. (4.79) that this is true.”

2. On the other hand, imagine that the height of the potential is very large or
infinite and therefore the transmission t is zero. Then the total reflection R
from the whole potential should be equal to the reflection from the first
period r, since other periods effectively do not participate in the reflection
processes. It is easy to see that this is also true.

Recall that the wave function inside a periodic potential (see Figure 4.13) can be
represented by a product ¥ (x) = exp(igx)¢(x) of a periodic function ¢ (x) and
a phase factor exp(igx) with the Bloch wave vector g. Therefore, if the wave inci-
dent on the first period is 1, the wave incident on the second period is exp(iga),
where a is the period thickness. But we denoted the latter wave by X, therefore
X = exp(iqa)!

It is easy to find X from the system (4.76). To do that, we need to find R from the
second equation and substitute it into the first one. As a result, we again obtain a
quadratic equation, this time for X. We can, however, immediately write down the
solution using the r—t permutation symmetry of Egs. (4.76). It follows from this
symmetry that

oo NAFP =P AP 450

VA= + - -1

12) Note that the above arguments are not true
for 2 = 1, because in this case we get an
uncertain ratio 0/0 .
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This formula, like (4.79), can also be easily checked.

1. Imagine again that the free space is a periodic system of empty periods.
In this case r = 0 and t = exp(ika). By substituting these values into
Eq. (4.80), we find that exp(iqa) = exp(ika), thatis, g = k, as expected.

2. On the other hand, imagine that the potential height of a single period is
very large, and the transmission ¢ is equal to zero. By substituting ¢t = 0 into
Eq. (4.80), we obtain exp(iqa) = 0, that is, Im (q) = ico, which means that
nothing reaches the second period.

The formulas obtained can be modified in different ways. We consider here only
one important modification valid for real potentials. Let us write t = [t|exp(i¢;)
and r = +i|r|exp(i¢;). Then, t2 — r> = exp(2i¢;). Therefore, (1 £ r)?2 — t2 =
14 2r —exp(2i¢h;), and (1 £ )2 — r2 = 1 4 2t + exp(2i¢,). Substitution of these
expressions into Egs. (4.79) and (4.80) leads to

_ \/sin ¢i+ 1] — /sing, —|r|
\/sin¢t + |r| + \/sinq)l — |7 '
ias _ \/cosq)t—i- |t| — /cos ¢, — |t|
\/cos b1+ |t + cos g, — [t]

This representation can be very useful if amplitude ¢ is calculated by perturbation
theory. Then |r| = /1 — |t|?, and formulas (4.81) take into account all the required
properties of r and t automatically.

Amplitudes rand t depend on energy. At some energies for which sin® ¢, —|r|? <
0, the amplitude R, according to Eq. (4.81), is a unit complex number, |R| =
At these energy values we have the total reflection from a semi-infinite periodic
potential. This total reflection is called Bragg diffraction. Itis important to note that
at the points where sin® ¢, < |r[> and |R| = 1, we have cos® ¢, = 1 —sin’ ¢, >
[t|> = 1 — || and the absolute value of the Bloch phase factor is less than 1, that
is, q is the complex number q = wn + iq”, with integer n and nonzero imaginary
part iq”.

To find Ry and Ty we need only to take into account that the semi-infinite po-
tential of a period a is also periodic with a period Na. So we can again consider the
semi-infinite periodic potential, but instead of r and t we use Ry and Ty:

(4.81)

=Ty + RyRXY, R=Ry+ TyRXV, (4.82)

where instead of X we use X~ = exp(iqNa). The system (4.82) can be resolved for
Ry and Ty. As the result we obtain

1—exp(2iqNa) 1- R?

Ry = R . Ty =exp(igN —
N R T R epigNa) . TN T PN T T S piaNa)
(4.83)

It is easy to see that the above formulas have structure similar to the reflection and
transmission amplitudes for a rectangular potential Eq. (4.50).



4.5 Periodic Systems | 141

4.5.1
Asymmetrical Period

If the period is asymmetrical, the reflection amplitudes from the left and the right
are different. We distinguish these reflections in the equations by using — and «
above the letters. Equations (4.76) for a semi-infinite periodic structure then be-
come

X=t+$KX, R=7+tRX. (4.84)

By solving the first equation for X, and substituting the solution into the second

—
equation, we can obtain the equation for R, which can then be rewritten as

— 22
TQ)Z—ZL(1+r2—t2)TQ)+ LA
212 2 ’

—
where r = v 7 ¥ is the symmetrized reflection amplitude. Denote R = (7 /)R,
then the equation transforms to

1
R2—22—(1+r2—t2)R+1=0,
r

and its solution coincides with Eq. (4.79). This means that the asymmetry of r prop-
agates to R, that is,

<~ —
1 Z_tZ_ 1— 2_t2
R='Rr F=_'gr gr=Ylt" ViL-1) . (4.85)
r r VI+n2—t2+ J1-r2—12
but
< = t t

1-%K 1-rR’
that is, the Bloch phase factor is symmetrical.

Similarly, the asymmetry of ¥ and 7 also propagates to (IE and R—N), that is,

< — .

<~ r — 4 1—exp(2igNa)

Ry=—RN, Ry=—Ry, Ry=R - . (4.86)
r r 1— R%exp(2igNa)

Let us consider an example which shows the above equations at work.

452
Kronig—Penney Potential

Consider an ideal crystal consisting of an array of thin atomic planes, shown in
Figure 4.14a.

The interaction with each plane is described by a d-like potential u(x) = 2pd(x),
where p can be tied to the actual properties of the crystal, and the factor 2 is intro-
duced for convenience. By averaging the potential of a single plane over a single
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u(x) u(x) = 2p32, 6(x — na) u(x)
2pé(x)

(a) 0 a2a3a (b) I 0 I x

Figure 4.14 (a) A one-dimensional periodic potential, consist-
ing of many planes parallel to the front interface. (b) A symmet-
rical potential representing a single period consisting of a single
plane and two half-period wide gaps on each side of the plane.

period a, we obtain the average interaction potential, which should be equal to
Ug = 4 N()bi
a a

l/u(x)dx: l/2p6(9¢)dx= i = ug =4 Nob . (4.87)
a a a

0 0
Therefore, p = uga/2 = 2wbN;, where Ny = Nya is the number of atoms per
unit surface area of a single atomic plane.

The scattering amplitude b is on the order of 102 cm, and a is about 3-10~8
Therefore, according to Eq. (4.87), the parameter p ~ 3 - 107°(2:r/a) is almost 5
orders of magnitude less than the wave vector k = 27r/4 of thermal neutrons with
a wavelength of A = 1.8 A, which is important to know for future estimates.

The potential shown in Figure 4.14a is

x) = ZpZ(S(x—na), (4.88)

and we can identify a symmetrical single period shown in Figure 4.14D,
ui(x) =2p0O(—aj2 < x < af2)0(x). (4.89)

It consists of an atomic plane and two empty spaces of width a/2 on both sides.
To find the reflection r and transmission ¢t amplitudes for such a period, we first
need to find the reflection, ry, and transmission, t;, amplitudes for a single atomic
plane. The Schrédinger equation in this case is

2
[% +k2—2p6(x)]¢(x) =0, (4.90)

where the incident wave is exp(ikx) at x < 0. The solution to the above equation is
Y(x) = O(x < 0)[exp(ikx)+ ryexp(—ikx)]+ O (x > 0)t; exp(ikx). (4.91)

The unknown coefficients, r; and t;, can be found by matching the wave function at
x = 0. The wave function is continuous at that point, whereas the first derivative
undergoes a step since the second derivative contains the d-function. Therefore,
the system of equations for r; and #; is

1+rn=t, ikh—ik(l—r)=2p(1l+r). (4.92)
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The solution to this system is

— _l'p _ . —iy1 _ |P|
r = — = Fi|rije , Inl= —,
1 k i ip | 1| | 1| m
k ; k
t = — = |tle”'", || = ——, (4.93)
k+ip k2 + p?
y1 = arcsin (p/ k2 + pz) = Farcsin(|r|), (4.94)

where £ corresponds to the positive and negative values of p, respectively.

The amplitudes r and t are different from r; and t; only by the phase factor
exp(ika), which describes propagation of the neutron in the two empty intervals
a/2 before and after scattering on the d-function potential. Thus,

k+ip
¢ =ka—y1. (4.95)

—i , k ,
r = exp(ika) ”? = Fi|re'?, t=exp(ika)k+ip=|t1|e’¢,

After substituting Eq. (4.95) into Eqgs. (4.79) and (4.80) and performing some
transformations, we obtain

R Vk + ptan(ka/2) — /k — p cot(ka/2)

~ Vk+ ptan(ka2) + /k—pcot(kar2) (+:96)

. y/p+kcot(ka/2) — /p — ktan(ka/2)
e*p(t94) = VP + kcot(kaj2) + /p — ktan(ka/2) (497)

It is funny to see that the second formula can be also represented as

_ y/1/k+1/ptan(ka/2) — \/1/k —1/p cot(ka/2)
~ J/1/k + 1/pan(ka/2) + /1/k — 1/p cot(ka/2) '

exp(iqa) (4.98)

Equations (4.96) and (4.97) can be easily analyzed. For small pa = uga?/2 < 1
(this parameter is approximately equal to 2;rh/a ~ 1073 and therefore is always
small) and small ka/2 < 1 we get

R:—k_ v kz—uO, £l — 1+ iavk? — uo/2 ~ gV —uo
k+ VEkZ—u 1—iavk?—uy/2

uo = 4 Noh , (4.99)

which is in good agreement with the optical potential concept. In particular, from
the second formula it follows that g ~ /k2 — uq. For k* < u, the Bloch wave
number g becomes imaginary, and we obtain the total reflection.

According to Eq. (4.96) the total reflection takes place also at k = kg, = wn/a,
where n is an integer and kg, is the Bragg wave number of nth order. The reflection
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IR|?
2M0 2M0
1_
| |
| (| (I
| I I
1 1
0 Uo Epy Ep E

Figure 4.15 Dependence of the reflection coefficient on the
energy of a neutron incident on the Kronig—Penney periodic
structure. The curve shows that the the total Bragg reflections
take place when kZB,,, <k*< kZB,,, + 2uo.

coefficient |R|? is equal to 1 not just at one point, but within the whole interval.
From Eq. (4.97) the nth order Bragg diffraction takes place within an interval kg, <
k < kpn + Okp,. This interval is called the Darwin table. Figure 4.15 shows such
Darwin tables for the dependence of the reflection on the neutron energy E = k2.
The reflection coefficient is equal to 1 when k%, < E < k%, + 2u for n # 0, and
in the interval 0 < k% < ug for n = 0, where uy = 4w Nyb is the height of the
potential barrier for the medium.

We considered the Kronig—Penney potential with a single atomic plane in a
period, but we can also consider many atomic planes in the period and analyze
when some of the Bragg peaks become forbidden [199, 200]. This means that at
kg, = mn the reflection amplitude is zero. It is a good exercise for the reader to
consider two identical atomic planes in the period and to find the distance between
them which makes the Bragg peak of the second order forbidden. After doing this
exercise, the reader will find that the common assertion that the Bragg peak of the
second order is forbidden when the distance d between two identical crystalline
planes in a period a is equal to a/4 is not correct [199]. With such a period the
Bragg peak of the second order is not forbidden, but is very narrow.

453
Supermirrors

In previous sections we learned about Bragg reflections in periodic potentials,
where incident neutrons are totally reflected at energies located within a certain in-
terval, called the Darwin table. The locations of the Darwin tables and their widths
are defined by the properties of the potential. Therefore, it is possible to design a
potential to get a mirror with the required properties [200, 201]. For instance, we
can construct mirrors which reflect neutrons with energies higher than the opti-
cal potential uq. Such mirrors are called supermirrors, and they are fabricated by
depositing thin films with different optical potentials on a flat substrate.

The idea of a supermirror is demonstrated in Figure 4.16. We evaporate on a
substrate a system of periodic chains with overlapping Bragg peaks. So the neu-
trons in some energy interval are Bragg-reflected by one of the chains. A period of
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IR?

Dy Dy Dy D3 Dy

l |
0 ko 1ki Ky k3 ks k

Figure 4.16 A system of periodic potentials with overlapping
Bragg peaks. The system reflects neutrons with energies k? >
kZ = uy,, which are denoted here by unity. (I explain: by unity is
denoted up)

u

Figure 4.17 A single period of a multilayered system is fabricat-
ed using two different materials. The film of one material has a
high optical potential u), and a width dj,. The film of the other
material has lower potential u,, and the width d,,,.

a periodic chain is a bilayer composed of two layers with different potentials. The
layer with the higher potential we call a barrier, and the one with the lower poten-
tial we call a well. Our goal is to find the positions k; of the Bragg peak centers, the
thicknesses of the barrier, dj (k;), and the well, d,, (k;), layers in a single period (see
Figure 4.17), and the optimal number, N;(kg), of periods in the chains [201].

The algorithm is as follows. Suppose we want to have a mirror with critical wave
number k,, = 5k, where k. is the critical wave number of a single barrier. It
is common to denote such a mirror by M5. Then we choose first kg = k. The
reflection amplitude of a periodic chain of N periods is

1 —exp(2igNa)

Ry(k) =R , 4100
w(k) *°1—R2, exp(2igNa) (4-100)
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where exp(iqa) is the Bloch phase factor and R is the reflection amplitude from
the semi-infinite periodic potential. If we neglect imaginary parts of the potentials,
then we can represent R as

_ Vsiny +r] = Vsiny — 1]
Vsiny + [r[ + /siny — ||’

where v is the phase of the transmission amplitude of the single period (Fig-

Reo (4.101)

ure 4.17) and |r| is the modulus of the symmetrized reflection amplitude of the
period. The total reflections take place at sin®y < |r|?. The center of the Bragg
peak of nth order is at ¥ = nu, and its full width (width of the Darwin table) is
equal to 2|r|. Therefore, the widths dj and d,, of the barrier and well layers are
determined from two conditions: at the given position of the Bragg peak we must
have v = m and |r| must be maximal. Solution of these two conditions (see the
proof on page 148) gives
T

kydy, = kyd, = 5 , kb,w = k% —Upw - (4.102)

When Eq. (4.102) is satisfied, we have

- _Inl=Irl _  2rep  _ ki — k) __ Up— Uy
L—|rpru|l 14712, k2 + kI 2k —up—uy
T =-7, (4.103)
r=V7¥ = ilzj“”;b  Twp = I]i:;’:; , (4.104)
and
o =1. (4.105)

The Bloch phase factor at the middle of the Darwin table (when Eq. (4.102) is satis-
fied) becomes

_ Vcosy + [t] — y/cos y — [¢] _ V14 =1

exp(iga) = o Y
) = T+ Jeos o =T T+t + V1-Ti
(4.106)
and
SR e L ¢ e L1 [ (S )
2iqa) = =
exp(2iqa) T+l (L4l —rw)
(L= ros)(1 + row) \* _ K2
() R 4.10
((1+r0b)(1—r0w)) k»2v< -

Because of that

1—exp(2igNa)
1— R2_exp(2iqNa)

|RN|2:'ROO

w

2 2\
~1-4 (k—§> =1-Cy < 1. (4.108)
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The deviation from unity decreases with N, and the number N is defined from the

acceptable deviation ¢:

In(Z/4)

TN ) )

(4.109)

To find the acceptable deviation we calculate R with the help of

VA2 —12— /112

— 12

Roo =

: (4.110)

VA+r2—t2+/1-r)?

and find |Roo(kg)

— 12

2, which for complex potentials is less than unity: | Roo (k3)|> =

1— & < 1. Itis evident that the optimal N is found from { = &. Therefore,

_ In(0.25[1 — | Roo (k3)I])
NE) = ) — k)

11

(4.111)

0.9

1 T. WWWW"F

0.8

0.7

0.6
R(K)

0.5
0.4

0.3
0.2

0.1

0
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Figure 4.18 Supermirror M5.5 calculated with
the algorithm explained in the text. The barrier
has the potential u, = 1—0.0001/ and the
well has the potential u,, = —0.5 — 0.0001i.
To improve the quality of the mirror the dis-
tance between the Bragg points was 2|r| in the
interval 5.5 > kg > 4.3, 1.8|r| in the interval
43 > kg > 3.8, and 0.9]r| in the interval

3.8 > kg > 1. Moreover, the number of peri-
ods in the interval 1 < kg < 2 was twice that

3 35 4
k

given by Eq. (4.112). One additional chain at
kg = 1.05 with six periods is also included
to cure a defect in reflectivity. Atop of all the
chains there is a single barrier of width 5. The
total number of periodic chains is 48 and the
total number of bilayers is 2323. For mirror
M3.5 the total number of chains is 19 and the
number of bilayers is 410. For mirror M3 the
total number of chains is 14 and the number
of bilayers is 256.

4.5 5 55 6
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In practice, however, if £ < 0.01, we should accept a deviation of order 1%. There-
fore, practically

_ In(0.25[1 — | Roo(ks)[*] + 0.01)
M) = T )

(4.112)

Now, the algorithm is simple. We calculate the positions of all the Bragg points,
the widths of the layers, and the number of periods for every periodic chain and
after that recursively obtain the reflectivity from all the chains with some wide bar-
rier atop of all them. The results of the calculations of mirror M5.5 with potentials
up = 1—-0.0001i and u, = —0.5—0.0001i are shown in Figure 4.18. To get this
result it was found empirically that it is better to modify the distance between the
Bragg points and the number of periods. These modifications are pointed out in
the figure caption.

4.5.3.1 Proof of Eq. (4.102)
The transmission of a period for real potentials is

|tbtw|

t = typty
14 |rprylexp(iop + igw)

T 1= ryry

= |t| exp(iy1),
(4.113)

= exp(igp +igw)

where ¢;(i = b, w) are the transmission phases of separate barrier and well layers,
respectively. From Eq. (4.113) it follows that

77w Sin(@s + @) . (4.114)
VIH Tt + 21ty [0s(0 + $)

Y = ¢p+ ¢y —arcsin (

The condition v, = x is equivalent to

[Tp7] sin(¢p + Pu)

sy + Pu) = = \/1 + |rprwl?® + 2|rprw| cos(gp + q)w)’ (4.113)
and this can be satisfied only for sin(¢, + ¢ ) = 0, or

Pp+ P = (4.116)
For separate layers we have

Ti = Toig 1—2522(132(12?’51) ) (4.117)

b = exp(j kidi)— rizole;pr(iij o)’ (4.118)
where i = b,w, k; = \/m, and

= K=k (4.119)

T k+k
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From Eq. (4.118) it follows that

2
11y

|t = :
\/1 + rg; — 21, cos(2k;d;)

(4.120)

r2. sin(2k; d;
¢; = kid; + arcsin 0 SIN(2Ki i) ) (4.121)
\/1 + 1y, — 218, cos(2k;d;)

and from Eq. (4.117) it follows that
ZI’Qi Sin(k,‘ d,)

ri = —iexp(j@i)lril, |ril = . (4.122)
\/1 + 1§, — 21, cos(2kid;)
The sine function is positive because we shall always have k;d; < 7.
The reflection amplitudes of a single period are
£ 2i
T =r4+ pw T + exp(2igp) 1w
1—ryry, 1—ryry,
:_i|rb|+exp(7’¢b.+l¢w?|rw| exp(iy), (4.123)
L+ |rprw|exp(igp + i)
< _ o+ tﬁjr;, _ Ty + exp(2igp) 1y
1—rpry 1—rpry
- Irwl| + eXp(l(])b‘-i- l¢w‘)|rb| exp(ign) (4.124)
14 |rpry|exp(igpp + igy)
so the symmetrized reflection amplitude of a single period is
2 219
r= V7S = _i \/|7’b| + |l + |rw!|rb|coé(¢b + ¢w) explign+igs).
L+ [rprolexp(igp + igw)
(4.125)

Therefore,

"] = VInP 4 Irl? +2cos(¢p + @u)lrpllrul (4.126)

V1wl 4 2[rpry| cos(pp + @)

Now we must find the maximum of |r| with the condition ¢}, + ¢, = 7. Therefore,
we need to find the maximum of the combination |r| — (¢}, + ¢ — 7), where 4
is the Lagrange multiplier. The condition for maximum gives three equations:

da 4 d

d—%ym,ﬁ[lr|—i(¢b+¢w—ﬂ)1=0- (4.127)

After exclusion of 4 we obtain the equation

d . d
-7l

d d
aa, " da, " = da, P aa, 128
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The derivative of |r| can be represented as

d d

ad; —rl = id; |7 . (4.129)

L2
i+ e

- 17il

d¢>,

According to Eq. (4.126) the second term is proportional to sin(¢, + ¢,) and is
zero because of (4.116). Therefore, Eq. (4.128) is reduced to

=gy = gyl 4130
—|r =0y = — —_— |Tw rf. .
ddy, " dlry| ' dd, dd, " "ddy Y d|rwl (+130)
Let us find first d|r|/d|r;| with account of (4.116) and (4.125):
d d Ayl —|rwl 1—|ryf?
4.131
A" = @l 1= Tralind ~ A= Trlln)? .
Now we calculate d¢;/dd; and d|r;|;/dd; using Eqs. (4.121) and (4.122):
ag; 1—r2
8P g, 0i , 4132
dd; 1+ rg; — 2|rj,|2 cos(2k; dy) ( )
d|1’,’| ZroiCOS(kid,')
=k; . 4.133
dd; (14 rg; — 21, cos(2k; dy))*/? ( )
After substitution of Egs. (4.131)—(4.133) into Eq. (4.130) we obtain
2rop cos(kpdp)(1 = [rwl®)® 21w cos(kwdu)(1 = |rp]*)? (4134

J1+ 7, =21, cos@hids) 1+ 1, — 213, cos(2k du)

This equation has the simplest solution, which is shown in Eq. (4.102). It also
satisfies Eq. (4.116), which is seen after substitution of Eq. (4.121) in it.

4.5.3.2 Historical Remarks
As we know, the first article on supermirrors was published in 1967 by Tur-
chin [202]. However, in this publication there was only an idea: if you prepare a
periodic system of bilayers, you obtain Bragg reflection from it. If the thicknesses
of the layers do vary, you can obtain almost total reflection in a wide interval of nor-
mal energies. As a candidate for the bilayer he considered two isotopes of Ni:®’Nj,
with coherent scattering amplitude b, = —8.7fm, and *®Ni, with b, = 14.4fm.
He did not propose an algorithm to vary the thicknesses of the layers to get almost
total reflection in a wide energy interval. The first prepared and experimentally
measured periodic multilayer system was reported in 1974 [89]. In 1976, Mezei
proposed the first algorithm for the preparation of a multilayer system with high
reflectivity in a wide range of normal energies [90]. According to him the thickness
of the jth layer in a multilayer system is proportional to j ~1/4.

In 1989, Hayter and Mook [204] proposed a different algorithm. They found a
formula™ for the reflection amplitude from a semi-infinite periodic potential of
13) Equation (HM16) is incorrect because it gives

|Roo| > 1 when cos? ¢ > r,; however, it
does not invalidate their results.
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bilayers in our notation as (the numerations of equations with HM correspond to
the numerations in [204])

19 NS P F i + VO P~ T

Roo = , HM16
o /COS P + Ty — A/COS P — Ty ( )
where ¢ = kypd, ~ ky,d,,, and
” kb
exp(—q~a) = i (HM18)

where a = dj, + d,,. If they were able to prepare a semi-infinite periodic system
with the center of the Darwin table at some kj, they would find the next Darwin
point from the requirement A¢ = d,Akj & |ry,p|. If they used N bilayers, then at
the center of the Darwin table they would obtain reflectivity 1 — exp(—2Nq”a). If a
deviation from unity of order & ~ 0.5% is tolerable, they would need

Iné&

= St i (HM22)

However, instead of N bilayers they proposed taking only one. They supposed that
a single bilayer also gives reflectivity of order unity but within a narrower Darwin
table of the width 7, where

. 1—y/k
twp = ——=—=

1+ kb/kw
with ky/k,, = (ky/ky)"Y. So they proposed preparing a nonperiodic system of
bilayers, shifting the Bragg points of neighboring bilayers by an amount Ak, ~
Fwp- Since at the center of the Darwin table k,d, = /2, then Ak,d, +k,Ad, =0,

and Ad, = —|Fyp|/kp. This shift can be smaller than the interatomic distance,
m=1 2 3 4 5 6 7
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Figure 4.19 The measured neutron reflectivities of the su-
permirrors fabricated with the large-scale ion-beam sputter-

ing instrument (IBS) for the spallation neutron source of J-
PARC [205]. Reflectivities of mirror M3 with 403 layer(1), mirror
M4 with 1201 layers (2), and mirror M6.7 with 4000 bilayers (3).
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which leads to unavoidable roughness at interfaces, which deteriorates the quality
of supermirrors.

Since then many supermirrors have been produced all around the world. Among
the recent publications we cite [99], where a magnetic supermirror M5 preparation
was reported with 1875 bilayers, and [100, 205], where production of mirror M6.7
with 4000 bilayers is reported. Experimentally measured reflectivities of such mir-
rors are shown in Figure 4.19.

Our approach here has an advantage because our shift of the Bragg peak posi-
tions is wider and we can make the thicknesses of the layers commensurate with
interatomic distances. However, how practical this advantage is depends on the
precision of technology.

4.5.4
Experience with an Experiment

To check how well the theoretical formulas work and how well the evaporation tech-
nique can be controlled, we consider experimental data on reflectivity from periodic
chains of bilayers on a glass substrate. The samples were prepared at the Budapest
Nuclear Center and they were measured with the KFKI reflectometer [188] with a
wide position-sensitive stationary detector. Bilayers were composed from Ni (barri-
er u, = 1—0.000141) and Ti (well u,, = —0.21 — 0.000127) of such thicknesses to
get Bragg reflectivity at the point' k = 2. In accordance with Eq. (4.102), the thick-
nesses of the layers were chosen as I, = 0.91 ~ 84 A for Niand I,, = 0.76 ~ 70 A
for Ti. In Figure 4.20 we present on a linear scale the results of fitting experimental
data for two, four and eight periods with the formula

k40
— ,dp
R(k)="| IRns(p)I 5 + 1o, (4.135)
k=0
where
= rso(p)

o7 2
Rs(p) = Ry(p) + Ty(p) (4.136)

1- Ru(p) rsolp)

is the reflection amplitude from a periodic chain of N periods evaporated over a
semi-infinite substrate, whose reflection amplitude is ry. The fitting parameters
(in total seven) are real parts of all the potentials, the thicknesses of the Ni and
Ti layers, the resolution 0, and the background n,. The imaginary parts of the
potentials were the same as the table ones. The results for the fitted parameters are
presented in Table 4.2

14) We again use dimensionless units, where
for the unit of energy and the wave number
serve as the optical energy and the critical
wave number of Ni: u}; = 0.245 peV and
k, =1/92A71.



Table 4.2 Fitted values of real parts of po-
tentials u’ for Ni (b, barrier), Ti (w, well), and
substrate (s), their thickness /, resolution 9,
background ny,, and y? for periodic chains
with N = 2, 4, 8 bilayers. Imaginary parts u”’
of the potentials were fixed. The results are
given in dimensionless units. The unit of en-
ergy is equal to the real part of the Ni optical
potential u; = 0.245 peV from Table 4.1, and
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the unit of length is the reduced critical wave-
length 4, /27t = 92 A for Ni. The values in the
fourth line were obtained for zero background,
and the values in the fifth line were obtained
for predetermined background n, = 0.003.
It is interesting to see that the fitting with a
smaller number of parameters (six instead of
seven) gave smaller 2.

N u) u’, u’; uy ul), u? Iy Ly o np P
2 0964 —0.258 0452 0.00014 0.00012 0.0001 1.121 059 0.036 0.003 25
4 0934 —0.388 0.446 0.00014 0.00012 0.0001 1.182 0525 0.033 0.003 114
8 0993 —0.242 0.398 0.00014 0.00012 0.0001 1.061 0.649 0.035 0.0089 349
8 0963 —0.421 0415 0.00014 0.00012 0.0001 1.169 054 0.036 O 209
8 0972 —0.349 0.408 0.00014 0.00012 0.0001 1.13 0579 0.036 0.003 151
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Figure 4.20 Fitting of the reflectivity data from
periodic chains of bilayers evaporated on a
thick float glass substrate. The fitting func-
tion is given by Eq. (4.135). The data were
obtained in Hungary at a reflectometer with

a wide stationary detector. The results are
shown on a linear scale. The chains were (a)
(NiTi),, (b) (NiTi)s, and (c) (NiTi)s. (d) Ideal
theoretical reflectivity from (Ni(84 A)Ti(70A))s
on glass with potential u = 0.4 — i0.0001.

In Figure 4.21 we represent on a logarithmic scale the results of fitting the chain
of eight periods. The data shown on a logarithmic scale in Figure 4.21a correspond
to the data shown on a linear scale in Figure 4.20c. We see that the background
in the fitting is overestimated. The logarithmic scale fitting for zero background is
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Figure 4.21 Logarithmic scale of different types of fitting of
the reflectivity data from periodic chains of eight bilayers on a
thick float glass substrate. (a) The fitting with seven parameters,
corresponding to Figure 4.20c; (b) fitting with six parameters
(np = 0); (c) fitting with six parameters (n, = 0.003); (d) x
distribution for the case shown in (c).
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Figure 4.22 (a) Experimental data points and theoretical calcu-
lation of supermirror M2. (b) y (k) distribution; it was obtained
from direct comparison of experimental and theoretical data
without fitting.

shown in Figure 4.21b. We see that the background is underestimated, and the bet-
ter presentation of the experimental points is achieved when we set the background
to 0.003, as shown in Figure 4.21c. Nevertheless the y? = 151 for this fit remains
extremely high. The corresponding y distribution is shown in Figure 4.21d.
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Besides the samples described above, a supermirror M2 consisting of eight peri-
odic chains and a total number of 59 bilayers was also prepared. The periods and
the number of them were found according to the above prescription with some cor-
rections like in the case of Figure 4.18. The result of measurements compared with
calculations is shown in Figure 4.22a. We see good coincidence, however the y dis-
tribution as shown in Figure 4.22b is wide, and 2 = 32 is pretty high; nevertheless
it is very acceptable because there was no fitting at all.

4.6
Examples of Application of the Algebra

We have already seen how fruitful the algebraic approach is. Now we shall apply it
to some interesting multilayer systems.

4.6.1
Resonant Transmission

Let us look at the system with the optical potential shown in Figure 4.23.

It is a sandwich composed of two identical films of high potential u separated by
a third film of lower potential. For simplicity we shall suppose that the intermediate
film has zero potential.

In such a system a resonance can be seen, which means that at some energy of
the incident neutrons the system of two barriers is transparent [206]. Indeed, the
transmission amplitude of such a system is [207]

) tZ ) ) |t|2

T = exp(ikl)——5——— = 7T , (4137

exp(t )1—rzexp(2ikl) ¢ 1+ |rl>exp(2iy + 2ikl) ( )

where we denoted t = |t| exp(iy) and r = %i|r|exp(ix). The phase ¢ = 2y + 2kl

depends on k, and at some k, and sufficiently large I it can be equal to 7 (2n +

1), where n is integer. At such values of the phase the absolute magnitude of the

transmission amplitude becomes |T| = |t|?/(1 — |r|?) = 1, because |r|? = 1 — |¢|.
On the other side the reflection amplitude

14 (#2 — r?) exp(2ikl) 1+ exp(2iy + 2ikl)

R= = 4.138
' 1—r2exp(2ikl) r1+|r|2exp(2ix+2ikl) ( )

at these k becomes zero.

u

0 1 —

Figure 4.23 Resonant system of two barriers separated by a gap of width /.
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Figure 4.24 Experimentally measured transmission of ultracold
neutrons though the multilayer resonant system shown in the
inset (source [111]).

Figure 4.24 shows the result of an experiment [111] on transmission of ultracold
neutrons through a resonant multilayer system. The two peaks correspond to two
resonances. The resonant transmission is now used for monochromatization of
neutrons.

The resonant transmission seems to be surprising because at these k = k, the
transmission through a single barrier |t| can be exponentially small. In effect, the
transparency of two barriers is a result of accumulation. Because of the small trans-
mission through both sides, the amplitude X of the wave incident from inside on
the second barrier grows so much that even at small |¢| we have | Xt| = 1. This
means that the amplitude of the wave function in-between the barriers is equal to
1/|t|. Indeed, according to Eq. (4.56) we have

|¢]

X — texp(ikl)
1+ |r|2exp(2iy + 2ikl)’

T 1—r2exp(2ikl)

= exp(iy + ikl) (4.139)
and at 2y + 2kl = w(2n + 1) we obtain | X| = 1/|¢|.

The growth of the wave function amplitude requires some time, like the increase
at resonance of the amplitude of a mechanical pendulum. It would be very interest-
ing to observe the transient process, that is, increase of the transmission probability
with time or retardation of transmitted particles.

4.6.1.1 A Resonance between Two Nonequal Barriers

The resonant system can be transparent at resonance only if it is a symmetrical one,
or if the transmissions through two barriers are equal. Let us consider the trans-
mission for a resonant system with two different barriers separated by distance I.
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The transmission amplitude Ty, of the system is

tyt

Ty, = ikl)————; 4.140
12 = exp(i )1 — rirpexp(2ikl) ( )
therefore, at resonance (minimum of the denominator) we have
|t2]]t1]
ITp| = —2 4.141
2 Tl .

The resonance is high when |r; ;| is close to unity, or |#;] and |, | are small. In that

case |rj| = \/1—t? ~1—t?/2,and

2|t |t

Tl < ——— 5
[t1]% + 2]

(4.142)
This means that the transmission cannot be unity if || # |t,].

4.6.1.2 Breit-Wigner Formula
It is common in science to describe resonances by the Breit-Wigner formula:

r)p

Foc — 1=
“E_E +il)2

(4.143)

where E, is the resonance energy and [ is its width. Let us show how this formula
can be deduced in our case.

According to Egs. (4.138) and (4.139), the resonance energy E = E,, is deter-
mined by the equation ¢ (E) = 2y + 2kl = @(2n + 1), with integer n. At E ~ E,
the phase ¢ (E) can be represented as

P(E) = @(En) + ¢"(En)(E — Ey) = (21 + 1) + ¢'(E)(E — En),  (4.144)

where ¢/(E) = d¢(E)/dE.If [t|*> < 1, then |r| ~ 1, and the reflection amplitude
near the resonance is

—i¢'(En)(E — En) . E—E,
R= ~ T (4145
TP e EE—En P E R, v )
where
1— 2 t2
POl L P U (4.146)

IrP¢"(En) — ¢'(En)
is the resonance width. To estimate it we suppose that ¢’(E,) ~ d(2k,l)/dE, =
21/k,, where k, ~ nsm/l. Substitution into Eq. (4.146) gives I, ~ |t|*k%/nm =
2|t(k,)|>E,/na. Ttis clear that k, ~ n, and [¢(E,)| increases with n; therefore, I,
also increases with » as is clearly seen in Figure 4.24.
At E ~ E,, the transmission amplitude according to (4.137) is

il,/2

g ] L —
“E_E, il

(4.147)

We see that at E = E,, itimmediately follows that R = O and | T|> = 1.
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4.6.1.3 Decay of Quasibound Systems

To every resonance in the potential shown in Figure 4.23 there corresponds a
metastable quasibound state. The neutron in this state lives for a comparatively
long time. Its lifetime between barriers can be calculated by stationary and nonsta-
tionary methods.

In the nonstationary approach  one solves the Schrédinger equation

; 9 32 Y(x,t) =0 4.148
[ﬁ+@_WJWJ— (4148

with initial value ¥ (x,0) = A@ (x € I)[exp(ikx) + exp(—ikx)], where A is a nor-
malizing constant, and the @ -function shows that the initial function is concen-
trated between two barriers. Solution of Eq. (4.148) is found with the help of the
Green function, G(x, t),

1
W(x,t) = / G(x —x/, ) ¥(x/,0)dx’, (4.149)
0

so we need to find a Green function which at t — 0 becomes a J-function:
lim, o G(x — %/, t) = O(x — x').

In the stationary approach we define the wave function in the form ¥(x,t) =
Y (x) exp(—ik?t), where v (x) satisfies

[d2/dx? — u(x) + K]y (x) =0, (4.150)

and where k is a complex number k = k’ — ik” with a negative imaginary part.
The negative sign is necessary to make the wave function stationary. Indeed, let us
look at the wave between barriers going to the right. Suppose its amplitude there
is unity. This wave is reflected from the right barrier with reflection amplitude
r = =i|r|exp(iy) and propagates to the left. Near the left barrier it is equal to
rexp(ikl). After reflection from the left barrier, the wave propagates to the right,
and near the right barrier it becomes r? exp(2i k). But if the state is stationary, then
the amplitude near the right barrier should be the same as at the very beginning,
that is, unity. Therefore, we should have

[r|>exp(2iy + im + 2ikl) =1, (4.151)
which is a condition of the stationarity. But |7|?> < 1 and therefore
exp(iy + im + 2ikl) = 1/|r|* > 1 (4.152)

and the phase ¢ (k) = 2y + 2k! have to be of the form 7 (2n + 1) — i¢”, that s, its
real part should satisfy the resonance condition and the phase should also contain
a negative imaginary part. It is possible to satisfy Eq. (4.152) when ¢ is

¢" = —In|rl> = —In(1 - [t2) ~ ¢ (4.153)
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The smaller is ||2, the better is the last approximation. The imaginary part —i¢”
can appear only at complex k = k, — ik” or complex energy E = E, — i E”. This
means that the probability for a particle staying on the resonance level between two
barriers is equal to [ dx |1 (x)|* exp(—2E”'t), that s, it decreases with time, and the
lifetime on this level can be defined as 7 = 1/2E".

To define E” it is necessary to use expansion (4.144). Substitute E = E, — i E”
in it. As a result, we get ¢” = E”¢’(E,). Substitution into Eq. (4.153) gives
E” = |t|?/¢'(E,) = I'[2, where I" coincides with the width Eq. (4.146) of the
resonance level, t = 1/2E"” = 1/I'", which can be expected. We see that the theory
of resonance decay is equivalent to the theory of a-decay.

4.6.1.4 Resonances at Total Reflection

Imagine the second barrier of the system in Figure 4.23 to be infinitely thick. Then
our system becomes as shown in Figure 4.25. For it reflection at all energies be-
low u will be total. Nevertheless, at some energies the system has resonances. The
resonances correspond to maxima of the wave function amplitude between barri-
ers:

texp(ikl) texp(ikl)
X = T = " T T B
1—rroexp(2ikl)  1—|r|exp(iy, + ixo + 2ikl)

(4.154)

where rp = exp(iyo) is the reflection amplitude from the second potential step
and r = |r|exp(iy,) is the reflection amplitude from the left barrier. At resonance,
where . + yo + 2kl = 27n, we get

] 2

1X| = ~ (4.155)
T—[r| [t

because at small t we have |r| = /1 — |t]2 =~ 1 — |¢|?/2.

The resonances can be seen in total reflections only if an absorber is placed be-
tween the barriers. The absorption probability is proportional to | X|?, and has a
maximum at resonances. As a result, reflection at resonances decreases [207].

4.6.2
Channeling

Let us consider the potential shown in Figure 4.26 It corresponds to a real system of
films evaporated on a substrate, as shown in Figure 4.27. The upper film is partly

u

0 — 1 —

Figure 4.25 The resonant system with an infinitely thick right barrier.
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Figure 4.26 A resonant system for investigation of channeling.
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Figure 4.27 A real multilayered system corresponding to the potential in Figure 4.26.
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Figure 4.28 Simplified version of the channeling system. In the
channel there is an interface between illuminated and nonillu-
minated parts, which is determined by the left absorber. The
right absorber limits the area visible to the position-sensitive
detector (PSD).

closed by Cd. We can imagine an experiment in which the part of the system to
the left of Cd is illuminated by a neutron beam. The beam enters into resonance
layer 2, propagates in this layer under Cd, and goes out on the other side of the Cd
layer. Our task is to describe the neutron propagation under Cd and to estimate the

intensity of the outgoing beam [208].

For simplicity we consider a slightly different system, as shown in Figure 4.28,
where the Cd film makes only a shadow on the upper Cu film. In that case the
potentials under the illuminated and nonilluminated parts of the upper film are
identical. With Cd above Cu we should take into account also the Cd optical poten-

tial.
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4.6.2.1 Wave Function inside a Channel

Let us denote x as the coordinate along the resonance layer with potential u, (call it
a channel) and z the coordinate across it along the normal to interfaces. Consider
the channel as consisting of two parts: one is under the illuminated part of the
surface, x < 0, and the other is under the nonilluminated part of the surface,
x > 0. The wave function in the channel is v (x, z) = ¥, (x)y.(2). It satisfies the
Schrédinger equation

[0%/0x% 4+ 9%/02* — u(z) + 2(Ex + E.)] y(x,2) =0, (4.156)

where E = E, + E, is the total energy of the neutron, which is the same under
the illuminated and nonilluminated parts of the surface. However, the splitting of
this energy into two terms, E, and E,, can be different. This is because though the
wave function in the whole channel is representable as the product

Y(x,z) = Y (z)exp(ikyx), (4.157)

under the part of the surface illuminated by the incident wave, exp(ik.x + ik, z),
the component ky. = k, = +/2E, of the wave vector in Eq. (4.157) is the same
as in the incident wave, but under the nonilluminated part of the surface k. is
different. Because of the outward flow of neutrons from the channel, the wave
decays along the channel, and the component k,. = k, + ik} should contain a
positive imaginary part.

The z-component of the wave vector, k;, = /2(E — Ey) + u,, under the illu-
minated part of the surface is /k2 + u,, where k, is the normal component of
the wave vector of the incident wave, but under the nonilluminated part it con-
tains a negative imaginary part —ik;/,, which, because of energy conservation, E =
E. + E, = (k2 + k2)/2, is naturally related to i k.

Our task is to find the decay length along the channel 1/2k/ and to predict the
count rate of the detectors registering neutrons going out from the resonance chan-
nel on the right of the Cd shield. For that we have to find the wave function . (z)
under the nonilluminated part of the surface. This function is to be stationary
there, that is, is to have the same form at all points under the nonilluminated part
of the surface, and it must be continuously matched to ¥ . (z) under the illuminat-
ed part:

Yo (z) = X(k)[exp(—ikaz(z + 1)) + exp(ikaz(z + 1)) r23(k2)], (4.158)

where I, is the channel thickness (we consider that interface 23 is at the point
z = —lp) and ry3(ky;) is the amplitude of the total reflection from the substrate
with potential u; from inside the resonance channel. The factor function X(k,) is

X(k ) _ t()z exp(ikzle)
z 1-— 1217123 exp(ZikzZ lz) ’

(4.159)

where 1, is the transmission amplitude from a vacuum into the channel through
the first layer with potential u; and ry; is the reflection amplitude of layer u; from
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inside the channel layer. The denominator of the factor Eq. (4.159) determines the
resonance behavior of the wave function amplitude in the channel. The absolute
value of X is

x| = ‘ oo exp(ika:1a) _ ol 20l 2
1-— |T21| exp(ing + i%21 + 2ik22l2) 1-— |I’21| |t21|2 |t21|
(4.160)

On the right of the point x = 0 the wave function . (z) should be similar to
1 <(2), so we shall take it in the same form as Eq. (4.158). This way we achieve the
continuity of the wave function in the channel at the point x = 0. Of course there
is no total identity of the functions ¥ (z) and - (z) at the point x = 0. To get
perfect continuity of the function and its derivative at x = 0 we have to introduce
reflected and scattered waves. We neglect them here.

The wave function .. (z), like Eq. (4.158), must be stationary along the channel.
Ths is possible if a stationarity condition similar to Eq. (4.152),

3171 exp(ZikzZ lz) =1, (4161)

is satisfied. Now neglect absorption and assume that reflection from the potential
us is total. Then Eq. (4.161) is equivalent to

1
exp(im; + iX21 + 2ik22l2) = m >0. (4162)
21

It can be satisfied only if
¢(EZZ>) = X23 =+ X21 =+ ZkZZ lz =2an — i¢” , (4163)

where n is an integer. We see that the phase has resonant real and negative imagi-
nary parts. The last one can be represented as —i¢p” = (E;.» — E,)¢’(E,), where
¢'(E) = d¢(E)/dE. It follows that E,,. = E, — i E”, thatis, k. has a negative
imaginary part.

According to Eqs. (4.162) and (4.163), ¢” = —1In|ry| & |t1|?/2; therefore,

F — 21 ]2 ~|t21|2k22

T 2B T 4L 164

where in the last term we approximated ¢’ by (2kz, 1) = 21/ ka,.

Now we can define the decay length 1/ k] along the channel. Indeed, since k.. =
V2(E— E;) = k2 +2iE”, then for small E” (it is natural to suppose it is
small), we have

E" ltal’ ke _ [t k3, [tal’ w
ky 41, ky 4nm ky 47 k-

" o_
ky =

(4.165)

For thermal neutrons the value of k” can be estimated as k" ~ 10?|t,; |?; therefore,
for |ty1] ~ 0.1 we have k¥” ~ 1 cm™!. The losses because of escape through the
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barrier u; (escape losses) are much higher than the losses because of the absorp-
tion, 0,, and inelastic, 0., scattering cross sections, which can be estimated as
No(0, + 0i¢) < 0.1cm™!, where Ny is the atomic density. However, if |£51| < 0.1,
the escape losses become negligible, and decay in the channel of length L is de-
scribed by the usual exponent exp(—LNyo), where o besides absorption and in-
elastic scattering includes also scattering from roughnesses at interfaces and ab-
sorption in layers 1 and 3, which affect the reflection amplitudes r,3 and ry;.

4.6.2.2 Wave Function over the Nonilluminated Part of the Surface
For the known wave function inside the channel we can calculate the intensity of
the neutrons going out through nonilluminated part of the surface on the right
of the second absorber in Figure 4.28 and through the channel edge. We also can
predict the distribution of the intensity on the position-sensitive detector shown on
the right side in Figure 4.28.

The wave function over the nonilluminated interface can be calculated according
to the Fresnel-Kirchhoff principle by an integral over the nonilluminated part of
the surface (¥ = (x’ > L,y’, 2/ = 0)):

7 T ’ / d / 4 d /
4n1p(r)=/ dx /dy |:1/)(r)dZ/G(r—r)—G(r—r)dz/z/}(r)] / 0,
x'>L —00 ==

(4.166)

where the Green function G(r — /) is exp(ik|r — t’|)/|r — ¥/|. We take such a
Green function because it transforms an incident plane wave into an identical
plane wave.

Since the detector is usually very far from our system, we can use an approxima-
tion for G:

exp(ik|r—r'|)  exp(ik|r| —ipr +iy”k/2r)

e, = , (4.167)
where p = kr/r, and we have chosen the position of the detector to be at r =
(x,0, 2).

Let us find v (r) and dvy(r')/dz’ of our resonant system at the upper surface
z/ = 0. The wave y () is generated by the wave X(k,) exp(iky.=(z + 15))r23 inci-
dent on the layer u; from inside the channel. Since the transmission through u; is
determined by amplitude t,; (k.- ), we have

Y(x', 2 = 0) = ty1(ko=) X(k2) exp(ikazsla) a3 exp(iky=x) , (4.168)

P(x', 2") =0 = ikazstor(kas) X(k2) exp(ikazs o) 123 exp(ikysx) ,
(4.169)

dz’

and in all the amplitudes except X the wave vector k, is to be replaced by k.. =
k, —ikl.
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Substitution of the boundary values into Eq. (4.166) with account of Eq. (4.167)
after integration over dx’dy’ gives

2i7 X(k:)(pz + k2> : ik
wv)=tuwzqﬁ—%EE%—¥%—§TEQequh>—ngﬁ§%£éi.miﬂ»

With this function we can find the flux to a detector of height Az:

2 _ l(ken) X (k) (P2 + ko)’ + K Az
T 81 (k)P RZ L

dwy = kAz|y(r)| (4.171)

After substitution of Eq. (4.160), p, = ksin 8, p, = kcos 6, k, = ksin 6y, k, =
k cos Oy, and Az/r = d6, and taking into account that 8 ~ 6y < 1, we obtain

2 dOsin® O exp(—2LkY) 2 dO exp(—2LkY)
dw (0) = = 2 % 4172
w0 7 (cos @ —cos B) + (kI /k)2 7w (0 —0p)2+ 2’ (4.172)
where I' = k// k,. Integration over d6 gives
k2 ”
wy = 2— exp(—2Lk). (4.173)

17
kx

For a given flux J, of the incident neutron beam, the count rate of the detector will

be
k. l
] = ]0?|t02|2521411, (4174)

where D is the thickness of the beam, k. |ty,|?/ k is the probability of penetration of
the incident beam into the resonance layer, and I,/ D is the fraction of the incident
beam that is intercepted by the channel. For k,/k = 1073, 1,/D = 1073, to, = 0.1,
k! = 1cm™!, and k, = 10° cm™! we obtain J/Jo = 0.02 exp(—2L), and for L =
1cm we get J/ Jo ~ 0.002.

It is interesting to compare this result with experiments already performed [209,
210]. A direct comparison is impossible because the multilayer systems (see Fig-
ure 4.29) were different from that used here. Nevertheless, the numbers will not
be very different. For instance, in the experiment reported in [209] the length L
of the channel was not 1 ¢cm, as here, but 2 cm. If we substitute this number in-
to (4.173) we find J/Jo ~ 10~*, which is close to the result reported in [209]. In
the experiment reported in [210], which was made with magnetic layers and polar-
ized neutrons, the length L was 0.6 cm, but nevertheless the ratio ]/ Jo was also on
the level of 10™*. It was attributed to roughnesses on interfaces. In the magnetic
case, roughnesses not only decrease the reflection amplitudes r,3 and ry, but al-
so depolarize neutrons. Therefore, the number 10~* looks quite reasonable. It is
important that in both experiments the angular distribution of outgoing neutrons
was a Lorentzian just as is predicted here.
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Figure 4.29 Multilayer systems for experiments on neutron
channeling: nonmagnetic [209] (a) and magnetic [210] (b). In
both experiments the transmitted intensity was 10™# times that
of the incident one, and the angular distribution of transmitted
neutrons was described by a Lorenzian.

4.6.3
Bound States in Periodic Potentials

Now we want to show briefly how to apply the algebraic method to find bound
states in rectangular and periodic potentials, and how a zone structure is created
in periodic potentials.
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4.6.3.1 Bound Levels in a Rectangular Potential Well [211, 212]

Let us find the bound levels in the potential well shown in Figure 4.30. To do that we
shall take into account that the wave function of the bound level must be stationary.
Therefore, we can use stationarity condition Eq. (4.151), which is now

rtexp(2ik,a) =1, (4.175)

where energy k2 is counted from the bottom of the well and ry is the amplitude of
the total reflection from the edges of the well:

ky —iyu—Ek2 ) ky
= exp(—2i¢g), ¢o = arccos (—) . (4.176)

T htiJu-k Ju

It follows from Eq. (4.175) with account of Eq. (4.176) that

o

ky,a—2¢p9=mn, (4.177)

where n is an integer. Equation (4.177) is equivalent to az — nw = 2arccos(z),

where z = k,,//u, and a = a/u.

4.6.3.2 Zones in Periodic Potentials

For an infinite periodic potential with symmetrical periods we can split the poten-
tial at the beginning of any period into two semi-infinite periodic potentials. The
stationarity condition Eq. (4.175) can be now represented in the form

R (k) =1, (4.178)

because the distance d between two potentials is now zero. The condition (4.178) is
satisfied on two boundaries of the Darwin table, where Roo (k) = £1. The station-
arity condition is satisfied neither inside the Darwin table nor outside it. However,
inside the Darwin table if the particle is put at some point inside the potential it
cannot propagate and becomes localized, because its wave function decays expo-
nentially in both directions. So the width of the Darwin table determines the for-
bidden zone. The permitted zone is the result of accumulation of bound states in
a periodic potential with N periods when N — oo. Indeed, when we have a single
potential well, a particle in the well can exist only on bound levels. When we have

u(x)
—a/2 1Ze*ken | o a/2
70 eZikwa 70 eikwa
1 eikwu

—1p

Figure 4.30 Bound states in the well are defined via the station-
arity condition: rZ exp(2ik, a) = 1.
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two identical potential wells separated by a barrier, every bound level splits, and the
particle on sublevels can propagate from one well to another one. When we have N
identical potential wells, every bound level splits into N sublevels and a particle on
every sublevel can propagate to any of these N wells. Every bound sublevel is a per-
mitted zone of zero width. When N — oo, these zones of zero width accumulate to
give a single zone of finite width. To see this process of splitting of energy levels and
their accumulation into the permitted zone it is worth considering a simple model
of a periodic potential with N periods surrounded on both sides by two potential
barriers (Figure 4.31). Then we write the condition of stationarity in an infinitesi-
mal gap between, say, the left potential step 1 with reflection amplitude R; = ry and
the right combination of the periodic potential and the other potential step 2. The
reflection amplitude of this combination is R, = Ry + T370/(1 — Rnro). The sta-
tionarity condition isnow R; R, = 1, and itis reduced to 2ro Ry +(T% — R%)r = 1.
Substitution of Eq. (4.83) for Ry and Ty gives the equation

2

exp(2igNa) = (ﬂ) . (4.179)
ro — Roo

For propagation we need the real wave number q. At these g the amplitude R is

also real and the right-hand side of Eq. (4.179) is a unit complex number exp(2iy)

with real phase y. If we define a bound state in a single period by the condition

gia = y + nx, then for N # 1 we get

a = Y +nl+nn
NG =1y N

So we see that every level is defined by the main quantum number [, which denotes
the bound level of one period, and the secondary quantum number n, which runs
from 0 to N — 1, and denotes the sublevels into which the main level is split. The
distance between two sublevels is 0 g ~ 7/ Na, so the density of sublevels increases
in proportion to N and in the limit N — oo the system of zero-width sublevels
accumulates into a finite range permitted zone.

4.7
Potentials of General Form

Up to now, when we considered concrete examples of some potential we used
mainly rectangular barriers or potentials of the Kronig-Penney type. In real life we
can meet more complex potentials. In particular, investigation of the experimen-
tal reflection curve from a Cu film over a glass substrate presented in Figure 4.32

N

Figure 4.31 A periodic potential with N periods in a well. For
derivation of the splitting of energy levels.
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showed that description of films with a simple rectangular potentials is not correct.
So it was supposed that the boundaries of the films are not sharp, but smoothed.
The potential of a film on a substrate can be as shown In Figure 4.33. The edges of
the film are smoothed on both sides and the smoothing is different.

4.7.1
Analytical Description of Reflection from a Combination of a Rectangular Barrier
and Eckart Potentials

The smoothing can be described by many different functions; however, the most
convenient are those for which it is possible to find an analytical solution of the
Schrédinger equation. A good example is the Eckart potential (textbook [B]), which
is represented by the function

Uo

It is a potential step of height uy with smooth edge of width h. The optical potential
of a film evaporated over a substrate can be represented by the curve shown in Fig-
ure 4.33. It contains two smooth interfaces with different smoothing parameters.
To find the reflection from such a potential one can split it into three parts [190].
The middle part is an ideal rectangular barrier of height uy and width b,. The left

IR(k,)I?

1x10°

O Experimental data

1
1x10 E Analytical fitting

Reflectivity
X
(o]
II\)

1x10%5

1x104—5

g -
O.(I)OS 0.0I10 0.I015 0.(1)20 0.625 0.630 0.I035
k A
Figure 4.32 Reflectivity curve from a Cu film of thickness

200 nm over a float glass substrate measured with a reflectome-
ter at the IBR-2 reactor, Dubna [190].
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U(x)

Uo
Us L

0 X Xo Xa

Figure 4.33 A film with smoothed boundaries on a substrate
can be described by three potentials: a rectangular barrier for
the film itself, and two Eckart potentials for smoothed bound-
aries.

and right parts are represented by the Eckart potentials, so the total potential is

14 e ¥/l

u(x) = H(X < Xl)uom

+ 0(x1 < x < %)up

14+ e(xz—xs)/hZ)

T (4.181)

+ 0 (x > x) (us + [uo — us]

The potential contains seven parameters: ugs, b1y, b = %) — %1, %1, and x3 — x;,
where u( and u; are the heights of the film and the substrate potential barriers,
respectively, hq, are smoothing parameters of the left and right edges of the film,
b is the width of the film, and x; and x, — x3 are parameters which determine how
well the three pieces are matched at their interlocking. The larger these parameters
are, the smaller the first derivatives of the function (4.181) at the points x = x;
and x = x; are. Points x = 0 and x = x3 correspond to the middle points of the
function (4.180).

4.7.1.1 Reflection from a Single Potential Eq. (4.180)

To find the reflection of the whole potential we have to find the solution of the
Schrédinger equation in three parts and match it at two points: x = x; and x = x,.
First we find the solution of the Schrédinger equation in the potential Eq. (4.180)

PSR N =0 4182
d a2 0 1+e_x/h U)(x)_ . ( . )
After change of variables z = x/h, k = koh, u = ugh?,

y=—¢" px)=y “wy), (4.183)

where u is an as-yet unknown parameter, we transform Eq. (4.182) into the equa-
tion for w

YA—y)w” +(1=2u)y(1—y)w'+[(u* + k%) (1—y)— uw(u,y) = 0. (4.184)
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Now we can define 4 with the requirement u? + k — u = 0. It follows that we can

define u = is = +ik/, where k¥’ = Vk? — u.
Y1 = y)w” +[1—2is— (1 —2is)y]w’ + (s> — k*)w(s,y) = 0. (4.185)
This equation coincides with the one for hypergeometrical functions F(a, 3, ¥, y):
YA—p)F"+[y —(1+a+ p)y]F —aBF=0 (4.186)

with a = i(k —s), § = —i(k + s), and y = 1 — 2is. Two linearly independent
solutions of Eq. (4.184) correspond to the two opposite signs of s = £k’:

wia(k, y) = F(Filk’ — k], Fi[k' + k], 1 F 2ik’, ). (4.187)

They both go to unity when y — 0 or x — oo. Since F(a,f,v,y) = F(8,a,y,y),
then wy ,(k, y) = wi2(—k, y).

According to Eq. (4.183), both these functions correspond to linearly indepen-
dent solutions of Eq. (4.182):

P1a(k, z) = eFH* 2w 5 (k, ). (4.188)

Since F — 1, when z — +o0, thatis, y — 0, the wave functions ¥, at z — +o00
have asymptotics: y1,(k, z) = e*¥z_On the other hand, their asymptotics at
z — —oo are (textbook [B])

Y1a(k, 2) = C(k, £k')e'** + C(—k, £k')e™ =, (4.189)
where

(—2ik)C(1—2ik’)
[—i(k + k)T —i(k + k)]

Clk, k) = = , (4.190)

were I"(x) is the Euler I'-function. From Egs. (4.188) and (4.189) it follows that if
we take the solution of Eq. (4.182) in the form

1

—_
Yk, z) = W%(k'z)’ (4.191)

it will have asymptotics
— ﬁeik/z , z — +00,
Yk 2) = G cokk) e

ikz _
e +—C(kyk,)e , Z—> —00,

(4.192)

which gives immediately the reflection 7 (k) and refraction _t>(k) amplitudes for
the plane wave incident onto the potential Eq. (4.180) from the left. They are

oy = CER K TRIIi + R = (K + k)
k= NI — ik — b))
)]

C(k, k) T(=2ik)T[—i(k’ — k
k+ k" T'(1—2ik)I2[1— ik’ — k)]’ (4.193)

k—k T(1+2ik)2[1—i(k +k




4.7 Potentials of General Form

- 1 =ik’ + k)1 — i(K + k)]
T Ck k) T(-2ik)I(1-2ik)
2k T —i(k + k%))

k4K T(1—2ik)I(1-2ik)
where we used the relation I'(1 + x) = x [ (x). It is seen that these expressions
can be represented as

: (4.194)

7 (k) = 7o (ko)A (ko, to, B), £ (k) = [1 + To (ko)A (ko, uo, h) ,
ko — K

Tolko) = ko + k.’
0

(4.195)

where ki = |/ kg — uo.

We can also find the reflection and refraction amplitudes for a plain wave in-
cident from inside the potential (4.180) and moving to the left. These expressions
can be written down immediately by permutation of k and k’ in (4.193) and (4.194),
which follows from the symmetry of the space:

(k) k' —k T(1+2ik )21 —i(k + k)]

Y T(1=2ik\21—i(k—k)]’ (4.196)
Ty = 2K ML= ik 4 K]
HE) = + k' T(1—2ik)[(1—2ik") " (4.197)

It is interesting to check the difference in reflectivity obtained with formu-
la (4.193) from that of an ideal potential step. Since the arguments of all the
I' functions in Eq. (4.193) at small smoothness parameter h are very close to unity,
and the deviation from unity is proportional to h, then at h — 0 we asymptotically
obtain 7 (k) — 7o (k) as the result for the ideal potential step. The difference at a
finite quite high h = 1 is shown in Figure 4.34. The potential of the mirror was
u = 0.24 — 0.03i. Its real part is close to Si, and the imaginary part was chosen to
be high to show the difference clearly. The solid line gives the reflectivity of an ideal
potential step. The dotted line shows the reflectivity with amplitude Eq. (4.193).
The dashed line represents the reflectivity |7o>(ko)ADw(k0, ug, h)|2, where, accord-
ing to [191], the smoothness of the interface is accounted for by the factor of
Debye-Waller type Apw = exp(—kokyh?). On the linear scale of Figure 4.34a we
see some difference between the three curves for the given h = 1. However, the
dotted and dashed curves coincide, as is seen in Figure 4.34b, if hin Apw is 2
times larger than in A, of Eq. (4.195). However, the coincidence in this case is not
complete, as is clearly seen on the logarithmic scale in Figure 4.34c.

4.7.1.2 Reflection from the Combination of Eq. (4.180) and a Potenital Step
Now we have to find the reflection from the potential

ug(1 + e—xlhy

u(z) = = O(x < %1) + uoO (x > %) . (4.198)

7
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Figure 434 Comparison of reflectivity | 7g |2 of an ideal rect-
angular step (solid line) with reflectivity | 7|2 (dotted line) and
reflectivity | 73 Apw|? proposed in [191] (dashed line), where
Apw = exp(—kk’) = exp(—kokyh?). (a) The parameter h in
Apw is the same as in A, of Eq. (4.195); (b) the parameter h in
Apw is 2 times higher than in A, of (4.195); (c) The data in (b)
on a logarithmic scale.

After change of variables k = koh, u; = uoh?, and u = uoh?(1 + exp(—x;/ h)), we
obtain the Schrédinger equation in the form

(£

dz?
To find the reflection amplitude from the left we match wave functions Eq. (4.188)
on the left side of the point z; to plane waves on the right side of it.

First we consider the incident wave is going to the right at z — —oo. On the left
side we take the wave function in the form 1 (z) + 412(z), and on the right side
we take it in the form a, exp(—ikq(z — z1)), where k; = /k? — u;. The constants
a1, are obtained from matching equations

2

- (4.199)
1+e %

Oz <z)—u10(z> zl)) Y(z) =0.

Yi(z1) + aya(z1) = a2, Pi(z21) + ayy(z1) = ikiaa, (4.200)
where 1’ = di/dz. Their solution is
_ P1(z1) — ikipi(z1)
ikiy2(z1) — ¥3(z1)
o, = P2EYVIE) —Ya(z)v(z) _ 2ik’ (4.201)

ik1ya(z1) — ¥3(z1) Cikia(z) — Yh(z)
In the last equality we took into account that the Wronskian of two solutions (4.188)
is equal to 2ik’. With the help of asymptotical expressions (4.189), we can imme-
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diately find the reflection, 77, and refraction, %, amplitudes. The wave function

z — —oo can be represented as

C(—k, k') 4+ a1 C(—k, k')
C(k, k') 4+ a1 C(k, —Fk)

Y(z - —o0) = exp(ikz) + exp(—ikz), (4.202)

and at z — +oo the wave function becomes

az

Y(z = o0) = Clk, ) + a1 C(k, —F) exp(iki(z — z1)) . (4.203)
Therefore
_ ’ _ _ 1.7
?I)ZC( k, k') + a1 C(—k, k), T1>= a, (4.204)

C(k, k') + a1 C(k, —k’) C(k, k') + a1 C(k, —k’)

To find the reflection from the right we take the wave function in the form

Yi(z)  Ya(2) ]
Ck, k) Clk,—k))

+ 0z < z) [T 4 Frethema ] (4.205)

Y(2)) = 230 (z < z1) [

because the left combination at z — —oo contains only outgoing wave o exp(—ikz).

Matching conditions give

P1(z1) Ya(z1) \ <~
“ (ak, V)~ C<k,—k’)) st

Vi) ¥iz1) N g
“ (C(k, k) C(k,—k/)) = iki[-1+ 7], (4.206)

from which we find

Zlkl
as = - - . (4.207)
ik Yi(z1) _ _a(z1) |\ _ (¥ailz1) _ _¥o(z1)
T\ Ckk) — Ck,—k) C(k,k) — Ck—Fk))
o (yalz) vz vilz) _ _wi(=)
- iky (C(k,k/) - C(k,—k/)) + (C(k,k/) ~ CHE—F)
o= . (4.208)

ik (1/)1(21) _ (1) )_ (1/1{(21) __wi(z1) )
T\ CkF) — Ck—k) C(k,k) — C(k,—F)
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With a3 we find the asymptotically outgoing wave I exp(—ikz) with amplitude

2iky (C(—k,k/) _ C(—k,—k’))

+ C(k.K) Ck—F)
1 = 7 7
. z z P1(z Py(z
iky (g(lk(,kl/)) - lejkz,(—lk)/)) - (C(lk(kl/)) - C(kz,(—lk)/))
_ 2ik’
P1(21) Ck, —k') — 3 (21) Ck, k') — ika (] (21) C(k, —k) — p5(21) C(k, k')
(4.209)
The derivatives over z are
Yi,(2) = eFFE ik o (y) — ydwi,(y)/dy], (4.210)

and the derivative of the hypergeometrical function over y is defined via

d a
——Fla.py.y) = —ﬁF(l +a1+81+y,y).
dy Y

4.7.1.3 Reflection from the Full Potential Eq. (4.181)

Now we can construct the reflection and transmission of the whole potential
Eq. (4.181). The formula is similar to that of the rectangular barrier:

. exp(2ikyb)7;
1

f —
t 1— 7175 exp(2ik)b)’

=r +

(4.211)

where reflection amplitude 7, is easily expressed via 71. To do that we point out
explicitly the dependence of ¥7 on all its parameters: 71 (k, k', k1, u). Then

72 = Ti(ks, k], ka, ug) (4.212)

where ks = hy/k2 — us, uy = h3[ug — us][l + exp(zz — 23)], 223 = %23/ ha, and
k! = /kZ—uy, ky = hyk{. Reflectivity |R;|* was used for fitting the experimental
data shown in Figure 4.32, which correspond to reflection from a Cu film on a float
glass substrate measured by time of flight at the IBR-2 reactor in Dubna [190].

4.7.2
Continuous-Fractions Method

Every smoot