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Preface

This book is one of the final products of very happy and close collaborations be-
tween us during the last 15 years.

A short message from Masahiko Utsuro:
In many previous textbooks, it has been written that the unique advantages of

the neutron as a scientific probe are its electrical neutrality, its magnetic moment,
and its mass, which is comparable to that of a hydrogen nucleus, and a further
advantage is an average lifetime in the free state sufficiently long for physical ex-
periments. However, I would like to mention accessibility to neutron studies. It is
not an easy task for one in a small laboratory to prepare neutrons for use in physics
experiments, in contrast to electrons and photons (X-rays and laser light). I think,
however, this is not an unfortunate situation, but rather a happy one, because to
start neutron studies we must go and work at some neutron laboratory, or must
approach one of the neutron-user facilities that nowadays exist worldwide. Such
efforts to gain access to neutrons lead us to join very nice neutron communities
around such facilities, and together we can enjoy the scientific history of neutron
research over about 50 years. Thus, my message to the readers:

Let’s speak of neutrons, then we will immediately become old
friends.

I hope this book helps the readers to enjoy such good collaborations in neutron
science.

I would like to express my deep gratitude to my research colleagues for their valu-
able collaborations with me, especially to Prof. Albert Steyerl for his kind collabo-
ration on my experiments with very cold neutrons at the Munich reactor 30 years
ago which formed the start of our fruitful communications thereafter, to Dr. Peter
Geltenbort for his always well arranged and very effective directions for my experi-
mental studies at the Grenoble reactor, to Dr. Vladimir Ignatovich, the coauthor of
this book, for his stimulating discussions during my few visits to Dubna, and fur-
ther to Dr. Mathias Hetzelt, who opened the door for me to the ultracold neutron
experiment 30 years ago at the Grenoble reactor.

I would also like to express my sincere gratitude to the late Prof. Kazuhiko Inoue,
my teacher at the start of my neutron studies at the Kyoto University Research
Reactor Institute. Even now I recall his words on his thoughts about science: True
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Copyright © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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scientists were the scientists before the eighteenth century, who need not do science for
the salary, nor for the professional position. He thereafter invented the excellent cold
neutron spectrometer LAM for pulsed neutron sources at KENS.

Finally, I would like to thank my family for their continuous support for me
during my scientific studies.

Now, I hand my pen to my coauthor, Vladimir Ignatovich

A message from Vladimir Ignatovich:
My chapters in this book summarize all my research in neutron optics. It is not

a compilation from other textbooks. Some time ago, when I was studying the inter-
action of ultracold neutrons with the walls of a storage vessel, I was lucky to find
an analytical method for the description of neutron scattering in layered media. I
was excited to find a simple Fresnel-like formula for reflection of neutrons (and
X-rays) from an arbitrary periodic potential. It seemed unbelievable, because peri-
odic media after more than 100 years of study were so well understood! I thought
that my approach would be accepted by the scientific community with enthusiasm.
However, after more than 30 years, it still remains unnoticed.

Two years ago I was invited by Prof. V.L. Aksenov to give lectures on neutron
optics to students of neutronography in the physics faculty of M.V. Lomonosov
Moscow State University. It was a pleasure for me, because I like to talk. To be
well prepared for every lecture, and to give the students an opportunity to read the
lectures afterwards or in advance, I started this book. So, on the one hand it is a
collection of lectures for students, and on the other hand it is a monograph, which,
I hope, will be useful for neutron, optics, and solid-state physicists.

The title of the book may give the impression that it is devoted to a very narrow
branch of neutron physics, but its scope is considerably broader. Here neutron op-
tics is a tool which helps us explore all of quantum mechanics. It helps to reveal the
beautiful features and weaknesses of quantum mechanics. It was a great pleasure
for me not only to give the lectures, but also to write this book. I felt free to express
my opinion and to justify it mathematically.

This book, to be brief, is about neutron reflection from and transmission through
multilayered mirrors, diffraction in one-dimensional and three-dimensional peri-
odic systems, elastic scattering in random media, interaction with stationary and
nonstationary magnetic fields, and at the end it shows the inconsistency of the
present-day standard scattering theory, which is the main mathematical tool used
in the whole book. For me, as a coauthor, it is not surprising that science develops
so fast, notwithstanding the weakness of some ideas; however, I believe that elu-
cidation of weak points is very important for further progress, because it liberates
our minds from dogmatic tenets of accepted ideology. After pointing out the con-
tradictions of the present-day theory, I show a way to resolve them, and say why
these contradictions do not cancel out the results presented earlier in the book.

I want to express my deep gratitude to V.L. Aksenov for his invitation, and to
many colleagues at the Neutron Physics Laboratory of the Joint Institute for Nu-
clear Research, Dubna, for fruitful collaboration over so many years, especially to
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A.V. Strelkov, Yu.N. Pokotilovskiy, and E.P. Shabalin. I would also like to mention
several people who played a very important role in my life. They are as follows: my
friend Mathias Hetzelt, the grandson of the famous Russian scientist S.P. Timo-
shenko; Igor Carron, who 20 years ago was a student at A&M Texas University and
arranged wonderful trips for me to many scientific centers in the United States; Al-
bert Steyerl, Steve Lamoreaux, Robert Golub, Peter Geltenbort, and Roland Gähler,
with whom I had pleasure to collaborate; Prof. M. Utsuro, who invited me to Japan
for a whole year (it was the greatest time of my life), and my colleagues and friends
there. I am also grateful to my wife, who during our life together has helped me so
much.

At the same time, I want to devote this book to the blessed memory of my father,
who was shot dead in the sheer hell of the Stalin era, when I was only half a year
old, and to my mother, who notwithstanding terrible difficulties, being branded a
wife of the people’s enemy, was able to raise me and give me an education. I also
want to devote this book (who knows whether I will be able to write another one) to
the dear memory of my teacher F.L. Shapiro. When he was alive, I felt like a court
theoretician.

My fruitful collaboration with Japanese neutron scientists started at my invited
stay for 1 year in the middle of the 1990s at the Kyoto University Research Reactor
Institute in Kumatori, Osaka. This book is one of the outcomes of this collaboration
on neutron optics. My coauthor (Masahiko Utsuro) prepared several chapters as
reviews of the most important experimental works in the field of neutron optics, so
my theoretical part is a good complement of use to experimenters. I hope that the
result of our collaboration will be helpful not only to active participants in research
in this field, but also to students who are choosing the direction of their scientific
activity. I am also very grateful to the Ministry of Sport, Science, and Culture for
giving me an opportunity to work for a whole year in the beautiful country of Japan.

Genuine is relativity theory,
Great is field theory and the physics of elementary particles,
Stars capture imagination,
But nothing in the world is as interesting as neutron optics.

Time changes everything, and the time given to me until the final submission
of my last manuscript was used to improve the book even more. Some material
which requires scrupulous calculations has been omitted. Some new material has
been added, and some derivations have been made clearer. The part devoted to the
fundamental questions of quantum mechanics has been enlarged.

In this edition, I would like to express my gratitude to George Soros, who helped
Russian scientists and me too in the poor times of perestroika. I am also grateful
to my son Filipp for his help in the preparation of this edition, and I would like to
express my special thanks to Edward Kapuscik and the editorial board of the jour-
nal Concepts of Physics. The Old and New for publication of my articles, including
discussions with referees. I think discussions with referees are an important part
of scientific work, and they are worthy of publication.

During my scientific life, I have participated in many conferences and collabo-
rated with scientists from many scientific centers and I am very grateful to them.
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We are grateful to Elsevier, APS, IOP and Springer for permission to reproduce
the figures from their journals.

As an additional remark for the reader, several fundamental textbooks on quan-
tum mechanics, neutron physics, and neutron optics that are referred to through-
out this book are listed at the front of the book.

November, 2009 Masahiko Utsuro (in Kumatori)
Vladimir Ignatovich (in Dubna)
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1
Wave–Particle Duality of the Neutron

1.1
Discovery of Matter Waves

The fundamental fact that every particle with mass is at the same time a wave was
discovered in 1925 by de Broglie [1]. He was honored with the award of the Nobel
Prize for Physics in 1929 for this discovery. We begin our study of neutron optics
with his proof of the matter wave following his Nobel lecture [2].

De Broglie was of the opinion that to solve the new serious question in physics
that arose around 1900, the unification of matter and radiation was necessary, and
more practically said that it should be possible to establish the equality of corpus-
cular motion and wave propagation. As the simplest case, he assumed a system
consisting of a corpuscle at rest and completely free from all outside influence, and
expressed the system as ıx0 y0z0. In the sense of Einstein’s relativity principle, we
can consider this system being the “intrinsic” system of the corpuscle. Since the
corpuscle is steady and at rest, the phase of the wave we are now considering must
be the same at every point; that is, it can be expressed in the form sin[2πν0(t0�τ0)],
where t0 is the intrinsic time for the corpuscle and τ0 is a constant.

As the next step, according to the principle of inertia, in every Galilean system we
can make the corpuscle have linear motion and constant velocity. Let us consider
such a Galilean system where the corpuscle has velocity v D �c. We will not lose
generality by taking the x-axis as the direction of motion. According to the Lorentz
transformation, the time t elapsing for the observer in this new system will be
related to the intrinsic time t0 defined above through the equation

t0 D
t � �x

cp
1 � �2

, (1.1)

and therefore the phase of the wave for the present observer will be given by

sin

"
2π

ν0p
1 � �2

�
t � �x

c
� τ0

�#
. (1.2)

Therefore, for the observer the wave will now have frequency

ν D ν0p
1 � �2

, (1.3)
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and will then propagate in the direction of the x-axis with phase velocity

V D c
�
D c2

v
. (1.4)

On the other hand, we can define the group velocity U for the wave as the velocity
corresponding to the resultant amplitude from a group with very similar frequen-
cies, and according to Rayleigh’s definition for this velocity, U D @ω/@k, where the
wave number k D 2πν/V , it satisfies the equation

1
U
D @

� ν
V

�
@ν

D 1
v

. (1.5)

In this way, we obtain the very important relation for the development of the
present theory that the group velocity for the waves in the system x y z t is equal to
the velocity of the corpuscle.

To achieve our purpose to establish the equality of the corpuscle and the wave,
we must combine the energy and the quantity of the motion. In the same way as
in the previous Galilean transformation,

Energy D h � frequency , or W D hν , (1.6)

where h is Planck’s constant. This relation reduces further according to the Einstein
relation to its internal energy m0c2 in the intrinsic system as

hν0 D m0c2 , (1.7)

where m0 is the rest mass. Since the quantity of movement, that is, the momen-
tum, p , has magnitude equal to m0v/

p
1� �2, then

p D jp j D m0vp
1� �2

D W v
c2 D

hν
V
D h

λ
, (1.8)

where the quantity λ is defined as the distance between two consecutive peaks of
the wave (which corresponds to the phase velocity divided by the frequency), that
is, the wavelength. In this way, we obtain the very important relation

λ D h
p

. (1.9)

This is de Broglie’s fundamental formula.
De Broglie’s matter wave was experimentally verified in the first place by Davis-

son and Thomson with the discovery of the diffraction of electrons [3, 4], and they
were also awarded the Nobel Prize for Physics, in 1937. A few months after their
experiment, Kikuchi reported the characteristic pattern of electron diffraction ow-
ing to the effects of thermal diffuse scattering from crystals (the so-called Kikuchi
pattern) [5], and made an important contribution to the establishment of quantum
mechanics developed by Heisenberg [6].
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Pauli’s textbook of quantum mechanics [A] starts with the following description:
The last decisive turning point of quantum theory came with de Broglie’s hypothesis of
matter waves, Heisenberg’s discovery of matrix mechanics, and Schrödinger’s wave equa-
tion, the last establishing the relationship between the first two sets of ideas.1)

1.2
Proof of the Wave Nature of the Neutron

1.2.1
Bragg Reflection

Chadwick’s discovery of the neutron in 1932 [7, 8] soon motivated the experimental
verification of its wave nature. The approach is the same as that for the first proof
on the matter wave of the electron, where Bragg scattering was observed [3, 4], but
for the neutron, with a much larger mass and essentially no electric charge, it has
significant advantages in view of the energy condition and of the electromagnetic
effects in crystals. Actually, the wavelength calculated with Eq. (1.9) for neutrons
with energy corresponding to room temperature (so-called thermal neutrons) is of
the same order as the lattice spacing in most simple crystals, about 0.2 nm (1 nm D
10�9 m D 10 Å), and those neutrons that easily penetrate inside a crystal can be
scattered directly by nuclei in the crystal, resulting in obvious Bragg reflections. As
an example of such experiments, Mitchell and Powers [9] irradiated a single crystal
of MgO with the neutron beam extracted from a paraffin moderator in which a
Rn–Be neutron source was embedded, and they considered the contribution to
the counting rate due to Bragg scattering as proof of the existence of a coherent
component in nuclear scattering by the crystal nuclei.

However, the epoch-making event to initiate drastic developments of various
kinds of neutron experiments was the realization of the first nuclear chain reaction
in the reactor CP-1 conducted by Fermi in 1942. Furthermore, the first heavy water
reactor, CP-3 in 1944, opened the door to precise neutron experiments by using a
high-intensity neutron beam. Zinn [10] used the experimental devise shown in Fig-
ure 1.1a and reported for the first time a very clear distribution of Bragg-scattered
neutrons, as shown in Figure 1.1b.

Thermal neutrons extracted from a reentrant hole in the graphite thermal col-
umn of the heavy water reactor are well collimated through an iron collimater in
the reactor shielding and a couple of thick cadmium slits outside the shielding, and
illuminate the single crystal on a rotating sample table. The neutrons scattered by
the sample are registered by the BF3 proportional counter at the end of the precise-
ly rotating arm of a large mechanical device. The sample table and the counter arm
are driven exactly with a 1 W 2 angular ratio. The results obtained on the sample of

1) Schrödinger followed de Broglie’s idea of
matter waves in setting up his equation. Later
he proved the equivalence of his approach
and that of Heisenberg.
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Figure 1.1 The first obvious measurement of Bragg-scattered
neutrons. (a) Experimental setup; (b) a typical rocking curve of
reflected neutrons measured on the (1,0,0) plane of a LiF crystal
(Zinn [10]).

a LiF single crystal are given in Figure 1.1b. The distribution indicated is shown
before the corrections for the detector efficiency and the energy resolution of the
setup, and therefore a slight asymmetry is noticed. The apparatus was also used for
measuring the energy distribution of incident thermal neutrons by replacing the
sample with a larger single crystal of calcite, as shown in Figure 1.1a.

Furthermore, the whole apparatus was moved to a beam hole inserted directly in
the reactor core, and was used for nuclear cross section measurements in a wider
energy range, including epithermal neutrons.2)

Such neutron experiments, a typical setup for which is shown in Figure 1.1,
proved that the diffraction experiment is possible using a device and setup quite
similar to those for X-rays. However, in contrast to X-rays scattered mainly by atom-
ic electrons, neutrons are mainly scattered or absorbed by the nucleus, and there-
fore quite different materials are utilized for radiation shielding for neutrons.

After these initial developments, neutron spectroscopy experiments made great
progress, and nowadays various kinds of neutron spectrometers are used in ex-
periments applied to a wide variety of samples, including crystalline solids, alloys,

2) Those neutrons with energy higher than the
room temperature Maxwellian distribution
but lower than the resonance region for
nuclear reactions; that is, the energy region
of about 0.1–1 eV.
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complicated compounds, polymers, and biological material. Typical cases of these
applications will be given in the last two chapters.

Among these spectroscopies, the method based on Bragg scattering with crystals
called crystal spectrometry is one of the most popular and important approaches.
The relation for the spectroscopic resolution can be derived from the well-known
Bragg law on the neutron wavelength λ of Bragg scattering for lattice spacing d and
neutron incident angle θ of the crystal:

nλ D 2d sin θ , or τ D 2k sin θ , (1.10)

where τ D 2πn/d, k D 2π/λ, and n is an integer. Differentiation of both sides of
the logarithm of Eq. (1.10) and the expression for the neutron energy E,

E D „
2

2m
k2 D „

2

2m

�
2π
λ

�2

, (1.11)

lead to

ΔE/E Š 2Δ k/ k Š 2[(Δτ/τ)hk l C cot θ Δθ ] , (1.12)

where τhk l is the magnitude of the reciprocal lattice vector with Miller indices hk l for
a three-dimensional crystal, and Δθ is the beam divergence.

This equation indicates that the highest energy resolution can be obtained by
employing a Bragg angle of θ D π/2. A novel technique based on the present
principle was developed as backscattering spectrometry [11] for neutron scattering
experiments with very fine energy resolution.

1.2.2
Refractive Index and Total Reflection

At the same time as these experimental developments, construction of an optical
theory for neutrons was also carried out by taking into account the nuclear scat-
tering, which has very different characteristics from scattering of X-rays. For the
analysis of neutron optics, we must first describe the matter waves with the wave-
length and the frequency given by de Broglie’s fundamental formula (Eq. (1.9)) as a
function of variables for practical situations. The wave function required to describe
the matter wave and the related general fundamental equation in wave mechanics
had already been by Schrödinger in 1926. Furthermore, in 1936 Fermi presented
the simplest and most effective expression for the nuclear scattering potential to
be inserted in the Schrödinger equation to obtain a solution [12, 13], the so-called
Fermi pseudopotential, written in the form

V(r) D 4π
X

j

b j δ(r � r j ) , (1.13)

where b j and r j denote the scattering amplitude3) and the position, respectively, of
the jth nucleus.

3) In many textbooks it is called the scattering
length, but here we denote it the scattering
amplitude.



6 1 Wave–Particle Duality of the Neutron

Starting from these fundamental arrangements, Foldy [14], Goldberger and
Seits [15], and Lax [16] analyzed the interference phenomenon for neutrons under
multiple scattering in media, then the preliminary theory of neutron optics was
established. The details of the theory will not be discussed here since many stan-
dard textbooks on neutron scattering (e.g., [D]–[E]) have already been published,
and here only one of the useful formulas will be given for the index of neutron
refraction n, and derived by Goldberger and Seits [15] in the case of sufficiently
weak absorption and without the effects of neutron spin:

1� n2 D ˙N(4πσ s)
1
2

k2
. (1.14)

In Eq. (1.14), N is the atomic density, σ s the coherent scattering cross section,
k the wave number of neutrons without the medium. To determine whether the
right side should be positive or negative, information about the scattering nucle-
us, that is, the definition of the sign of the coherent scattering amplitude (coherent
scattering length) becomes necessary. Foldy [14] carried out general analyses includ-
ing randomly distributed scatterers, and Lax [16] discussed the effects of incoherent
scattering and of possible anisotropy in the scattering amplitude.

According to Eq. (1.14), total reflection of neutrons will happen if we select the
grazing angle θ between the incident neutrons and the surface of the medium with
the positive sign on the right side such as to satisfy the condition

sin2 θ � sin2 θc D 1� n2 . (1.15)

In other words, whether total reflection from any material happens or does not
happen for incident neutrons in a vacuum (or in atmospheric air) and, further,
what the critical angle for total reflection θc is should give us information about the
sign to be selected and the magnitude of the scattering amplitude jbj D (σ s/4π)1/2

on the right side of Eq. (1.14) for the element in the material.
Fermi and Marshall [17] modified the experimental setup shown in Figure 1.1 to

the arrangement shown in Figure 1.2, where a monochromatic neutron beam with
a wavelength of 0.1873 nm Bragg-reflected by the first crystal was incident on the
front surface of a solid sample on the second turntable with a very small grazing
angle.

The second turntable was provided with a detector arm, and the detector count
rates were registered with precise alteration of the detector angle. Such a set of
measurements was repeated for fine stepwise increments of the incidence angle
to the sample, and clearly indicated the ending of total reflection with a sudden
decrease of the reflected intensity. Thus, they obtained the values of the critical
angle for total reflection on specimens of beryllium, graphite, iron, nickel, zinc,
and others in the angular range of 7–12 minutes with the accuracy of about a tenth
of a minute.

According to the present definition, the refractive index formula (1.14) and the
total reflection formula (1.15) are reduced, respectively, to

n2 D 1� N bcohλ2

π
(1.16)
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Figure 1.2 Arrangement of the total reflection experiment with a
monochromatic neutron beam (Fermi and Marshall [17]).

and

sin2 θ � sin2 θc D N bcohλ2

π
. (1.17)

Furthermore, the refractive index can be expressed in a more generalized form
as

n2 D 1 � U
E

, (1.18)

where U is the optical potential for the medium, given by

U D „
2

2m
4πN bcoh . (1.19)

Lax [16], who extended the approach of Foldy [14] to the case of an anisotropic
scattering amplitude, showed that the coherent scattering amplitude appearing in
the total reflection formula (1.17) corresponds to the amplitude for forward scatter-
ing, that is, bcoh(a  a). Since this is a recoilless process, the value of the ampli-
tude should not depend on the states of chemical binding. Nevertheless, it should
take the value for the bound atom scattering amplitude (scattering length), that is, the
magnitude bcoh D acoh(AC 1)/A, where the reduced mass factor (AC 1)/A is a mul-
tiplication factor for an atom with mass number A bound to an infinite mass and
acoh is the amplitude of an isolated free atom.

Hughes, Burgy, and Ringo [18] proved the applicability of the total reflection for-
mula (1.17) also for liquids; the details of their experiment are given in Section 2.1.

Furthermore, McReynolds [19] examined experimentally the applicability of the
formula to samples in the gaseous state where atoms or molecules are distribute
far apart from each other and are independently in free motion. The experiments
were carried out at Oak Ridge and Brookhaven research reactors making use of the
setup shown in Figure 1.3a. The observed total reflection intensity from the gas–
liquid interface could be related to the criticality condition given by the difference
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Figure 1.3 Neutron total reflection from a high-pressure gas
and liquid interface: (a) experimental apparatus and (b) inten-
sity of the neutron beam reflected from a surface of ethylene
glycol at an angle of 3 minutes as a function of the surrounding
gas pressure (McReynolds [19]).

between the right sides of Eq. (1.17) for the gas and the liquid, respectively. In
the present experimental condition with the energy spectrum proportional to the
neutron energy E, the square root of the reflected intensity I is expected to show a
pressure dependence as

�
I
I0

� 1
2

D Ec12(P )
Ec1

D N1bcoh1 � N2bcoh2

N1bcoh1
D 1 � P

P0
, (1.20)

where the subscripts 1 and 2 denote liquid and gaseous samples, respectively. Fur-
ther, Ec12(P ) and Ec1 represent the neutron energies satisfying the critical condition
for the total reflection from the gas–liquid interface at sample pressures P and 0, re-
spectively, whereas at pressure P0 the refractive index for the gas becomes same as
that for the liquid, and then the reflected intensity disappears. The experimental
results shown in Figure 1.3b indicate the variation just as expected from Eq. (1.20).

1.2.3
Fraunhofer Diffraction

In addition to the diffraction experiments on crystal lattices and the total reflection
experiments mentioned above, typical verification of the wave nature of neutrons
is also possible with interference experiments using a Fresnel biprism or Young’s
double slit applied to neutrons. The former type of experiment was proposed and
performed by Maier-Leibnitz and Springer at the FRM reactor, Technical Univer-
sity of Munich [20]. Their experimental results indicated an obvious interference
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pattern, which corresponded as a whole with their theoretical curves, but there re-
mained locally some delicate disagreements which could be considered to indicate
the difficulty of using a biprism interferometer for neutrons [21, 22].

The first trial of the slit interference experiments was carried out by Shull as a
single-slit interference experiment [23]. In such a single-slit interference experiment,
if the slit width is much smaller than the distance L between the beam source and
the slit, and the distance L0 between the slit and the observation point (i.e., the con-
dition a/2L C a/2L0 � λ/a is satisfied for the neutron wavelength λ used in the
experiment), then the interference pattern will reduce to the so-called Fraunhofer
diffraction in which the curvature of the wave front can be neglected, and the in-
tensity distribution I(θ ) at the diffraction angle θ should be given by the equation
I(θ ) D I0(sin �/�)2, where � D (πa/λ) sin θ . Shull employed a neutron wave-
length of 0.443 nm and a slit width of about 4–21 μm, and observed the apparent
broadening of the diffraction peak, in good agreement with the calculated result of
the Fraunhofer diffraction width. His result indicated that the wave front of neu-
trons entering the slit has coherency over a width of at least 20 μm in the direction
transverse to the propagation direction of the neutron waves.

A more distinct slit interference for neutrons could be verified in the double-
slit interference experiment corresponding to Young’s optical experiment (1801).
Zeilinger et al. [24] performed a precise double-slit interference experiment by
making use of a beam of very cold neutrons extracted from the high-flux research
reactor at the Institut Laue–Langevin, Grenoble, and with them being monochro-
matized to a wavelength of about 2 nm through a prism. The experimental result
was compared with the numerical calculation simulating exactly the experimental
procedure according to elementary wave mechanics. The width of slit S1 in Fig-
ure 1.4a used in the experiment was carefully adjusted according to the neutron
wavelength in the experiment, whereas the width of slit S2 and that of the incident
slit S3 and the scanning slit S4 were fixed at 100 and 20 μm, respectively. The object
slit S5 is a double slit consisting of two open channels with a width of about 22 μm
each separated by a shielded part of boron wire with a width of about 104 μm as
a neutron absorber, so that neutrons transmitted through slit S5 are spatially split
into two optical paths. Neutrons with a wavelength 1.845˙ 0.142 nm were used in
the experiment.

It will be instructive for understanding the neutron optics in the present exper-
iment to explain some details of their simulated calculation to obtain the double-
slit interference. It starts from the Huygens principle (1690). Considering the ver-
tical symmetry of the arrangement shown in Figure 1.4a, we can employ a two-
dimensional structure in which the wave distribution at an arbitrary point in the
object slit S5 will be constructed by the interference with the phase distribution due
to the products of the wave number and the optical path length for every point in
the incident slit. On the other hand, the possible difference in the attenuation effect
due to the optical path length difference can be neglected when considering the sta-
tistical accuracy of the experimental result because of the much smaller value for
the slit width to the path length ratio. The wave propagation from the object slit
to the detector slit can also be considered in a similar way. Therefore, the intensity
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Figure 1.4 Double-slit neutron interference experiment. (a)
Experimental arrangement (not to scale) and (b) experimental
result compared with the theoretical calculation of the double-
slit interference pattern (Zeilinger et al. [24]).

distribution I at an observation point P in the detector can be expressed by

I /
•
jU(P )j2w (λ)w (δ#)dλd(δ#)dS4 , (1.21)

where the amplitude U(P ) at point P is given by

U(P ) /
“

f (δ#)e i k(rCs)dS3dS5 , (1.22)

k is the neutron wave number, r and s are the optical path lengths in the diffraction
plane from the incident point to a point in the object slit and from there to the
detection point, respectively, and w (λ), w (δθ ), and f (δ#) are the wavelength and
angular distributions of incident neutrons, and the factor to take into consideration
the relative phase at an incident point induced by the incident wave in the angle δ# ,
respectively.

Equation (1.22) giving the amplitude U(P ) produced at point P by an incident
plane wave is the integration as a coherent superposition, whereas Eq. (1.21), in-
tegrating over the incident wavelength and angular distributions, is simply the in-
tensity integral as an incoherent superposition. The result of the present numerical
calculation considering the slight asymmetry in two slit widths based on the actu-
ally observed result from optical microscopy shows very good agreement with the
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Figure 1.5 Split-lens interferometer configuration for neutrons:
(a) principle of an overlapping split-zone plate working as a
lens giving a constant fringe spacing; (b) split-lens geometrical
pattern as a cylindrical zone plate preferable to a pinhole source
for photomicrolithography; and (c) experimental interference
pattern for a Cu zone plate fitted to the theoretical pattern for a
zone thickness of 1.3 μm (Klein et al. [25]).

experimental result in Figure 1.4b, and the slit widths derived from the calculation
gave values near those of the microscopy results. However, from the single-slit ex-
periment carried out in a similar way with a slit width of about 95 μm, the slit width
that gave the best fit was about 5% larger in comparison with the the microscopy
result and the mechanical measurement with spacers, and this disagreement could
not be explained well [24].

1.2.4
Fresnel Diffraction

All the slit interferences mentioned above are phenomena belonging the Fraun-
hofer diffraction; therefore, at the end of this section a few examples will be given
for Fresnel diffraction, where the curvature of the wave front plays an important role
in the interference. For the diffracting elements in such an experiment, a crystal
restricts the neutron wavelength to below the Bragg cutoff, and a prism is also not
preferable to focus on a short distance in the case of neutrons with a refractive in-
dex n very near unity (jn � 1j � 10�4 for a wavelength of 2 nm). Therefore, Klein
et al. [25] employed a Fresnel zone plate and verified its applicability as an approach
for the Fresnel diffraction of cold neutrons with a wavelength of 0.5–2 nm and very
cold neutrons with a wavelength of about 2–30 nm.

In the split-lens interferometer configuration shown in Figure 1.5a, two kinds of
zone plates, the central parts of where are overlapping, diffract the waves from the
primary source S inward, and as the result is a fringe with a constant spacing in
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the region where the wave fronts overlap. They employed refractive zone plates to
produce fringes with a phase shift due to the refractive index according to Eqs. (1.14)–
(1.17), instead of ordinary absorption zone plates, for higher luminosity and appli-
cability for neutrons with a refractive index very near unity. Further, they used the
cylindrical zone plates illustrated in Figure 1.5b, which are preferable to a pinhole
primary source as in the case of a narrow slit to be arranged in a neutron facility.
They prepared such zone plates by means of photomicrolithographic techniques
with UV light photography from the geometric patterns illustrated in Figure 1.5b,
and then photoresists masked the electrolytic deposition. The required thickness
D(λ/2) for the wavelength λ to give a phase shift of 180ı , that is, λ/2, can be esti-
mated as

D
�

λ
2

�
D λ

2(1� n)
Š π

N bcohλ
, (1.23)

from which they used D(λ/2) D 2.4 μm for copper at a wavelength of 2 nm. One of
the experimental results of the interference experiments with such split-zone plates of
electrodeposited copper carried out at the Grenoble high-flux reactor is shown in
Figure 1.5c. The experimental fringe spacing δ agreed well with the theoretically
estimated value of 51.8 μm from the equation

δ D λ[ f� � r(� � f )]
�d

, (1.24)

where the experimental wavelength λ D 1.93 ˙ 0.05 nm, and f, �, and r are the
focal length, the distances from the lens to the source, and the distance to the
plane of detection, respectively, all being 5 m. Further detailed theoretical calcula-
tions indicated that the interference pattern corresponded to a copper thickness of
1.3 μm in the zone plates. This experiment verified the technical advantages of the
interference experiments with split-zone plates, whereas the close spacing of the
interfering beams would restrict the application of the method.

On the other hand, Steyerl et al. analyzed three-dimensional focusing with con-
structive interference of long-wavelength neutrons and designed an achromatic
concave Fresnel zone mirror for ultracold neutrons [26]. The image formation exper-
iment was carried out on such a circular zone ring mirror electrodeposited on an
aspherical concave substrate with 60–80 nm ultracold neutrons at the inclined and
highly curved guide facility PN5 of the Grenoble reactor. The experimental result
agreed with the theoretical expectation at a magnification of 5 within the statistical
error [27].

As mentioned above, the phenomenon of de Broglie matter waves of neutrons
without consideration of the spin is considered to be precisely described by the
law of scalar optics, where the amplitude and the phase of waves are exactly and
uniquely decided by the position and the time.

However, a further advanced question that will arise quite naturally is if once
split waves as considered in this section are superposed again at some position,
how great a shift in the space or in the time is allowed to maintain the coherence
of the waves. Such kinds of studies on the coherence of waves will be presented in
the next section and in later chapters.
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In addition to Bragg scattering and slit interferences or zone mirrors used in the
historical experiments which verified the wave nature of neutrons, various types
of neutron interferometers, such as Mach–Zehnder, Fabry–Pérot, and Jamin types,
were also developed. These studies will also be introduced and discussed in Chap-
ter 9. In Chapters 2 and 6, neutron optical experiments in various structures and
systems will be described. As the neutron has spin, in some kinds of experiments
the spin must be taken into consideration as a new variable, and such experiments
relating to the neutron spin will be mainly discussed in Chapter 3 after a short
preliminary study in the last section of this chapter.

1.3
Coherence of Waves

1.3.1
Coherence Lengths

In the theoretical calculation (Figure 1.4b) of Zeilinger et al. described in the pre-
vious section with the exact wave mechanical simulation of the double-slit interfer-
ence [24], the integrals (1.21) and (1.22) were classified as the coherent superposition,
Eq. (1.22), and the incoherent intensity integral, Eq. (1.21), over the wave components
propagating downstream from each incident point. This classification was decided
on depending on whether a certain correlation exists or does not exist between the
phases of different partial waves, as the former belongs to the case without any ac-
companying random phase shift, whereas the latter belongs to the case with some
accompanying random phase shifts. Since there is currently no coherent primary
source for neutrons realized as there is laser light sources, superposition of waves
for a couple of free neutrons should also belong to the latter case.

Since the monochromatization of incident neutrons in the experiment of
Zeilinger et al. was performed with the combination of fine slits and a prism
at a position sufficiently far from the primary source as shown in Figure 1.4a,
the coherent superposition could be well approximated by the optical path inte-
gral, Eq. (1.22), of monochromatic plane partial waves owing to the prism having
a different refraction angle for different wavelengths. In contrast, in the case of
monochromatization with Bragg scattering, the correct relation between the wave
components with different wavelengths and their coherence could not be repre-
sented so simply, but both of the quality of the monochromator crystal and the
experimental setup must be taken into consideration.

For example, in the monochromatization setup for neutron scattering, a mosaic
crystal which consists of a number of microcrystals with slightly different orienta-
tions is often used to obtain the optimum beam intensity by reflecting a rather
wide wavelength range and over wide angular regions. Pyrolytic graphite is one
such imperfect crystal that is nearly ideal for broad-angle monochromatization [28].
A recent study on pyrolytic graphite reported, in addition to such mosaicity, a
distribution width in the lattice spacing, which induces additional broadening in
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the Bragg-scattered wavelength width [29]. When such a component is used in
a neutron optics experiment such as interferometry, the wave phenomena can-
not simply be represented by Eqs. (1.21) and (1.22) as the coherent superposi-
tion of monochromatic plane waves and the intensity integral over the wavelength
and angular distributions, but the coherent superposition of partial waves over
the reflected wavelength width, characteristic of the mosaic crystal, must be per-
formed [30]. Further, the two Gaussian distributions of the incident neutrons ob-
served in the interferometry experiment could be reduced to being caused by the
two Gaussian distributions in the lattice spacing recently clarified for pyrolytic
graphite [31].

As explained in the previous section on the double-slit experiment of Zeilinger
et al. [24], the wave distributions were formed by the interference of partial waves
with the phase difference due to the products of the wave number and optical path
lengths from every incident point in the entrance slit. Then, it would be an interest-
ing question to ask whether the coherence of waves holds or does not hold between
the optical path lengths with a much larger difference, or in other words to ask how
big is the path length difference or the time difference when the coherence finally
disappears. Such a physical quantity expressing the maintenance of coherence in
terms of spatial length is called the coherence length.

When we consider any experimental scheme to investigate the coherence length
of a neutron, we must the first decide on whether on the incident neutrons for
our device are sufficiently well approximated by monochromatic plane waves or
whether they are have a wavelength distribution with a finite width. According to
the principle of the Fourier integral, coherent superposition of plane waves over a
finite wavelength width gives the resultant waves with a finite spatial broadening.
A quite similar relation will also hold in time. Such waves localized in space or in
time are called a wave packet. Therefore, the problem of how great is the coherence
length is considered to be tightly related to the situation of how sharply the wave-
length distribution is concentrated around the central value, or in other words how
widely the wave packet is distributed in space and time.

However, a classical problem will arise that the propagation of waves composed
of such a wavelength distribution, that is, the velocity distribution, with a finite
width should be accompanied by an obvious dispersion of waves propagating to
distant places. To get rid of such a dispersion, other concepts are possible in wave
mechanics. One of the possible starting points is the thought that the wavelength
distribution of a wave packet is the probabilistic concept of a neutron being sus-
tained during propagation in space and time, and we observe the result of such
probabilistic distributions. Experimental studies on such kinds of probabilistic con-
cepts will be reported in the first section in Chapter 9. Another possible concept is a
kind of singular wave packet inherently involving some physical structure persist-
ing against the dispersion with the wavelength distribution. Such a singular wave
packet will be studied in the last section in Chapter 9.

Therefore, here we do not go into detail on the problem of coherence and the
concepts on the wave packet for a neutron, and we will study them in detail in
Chapter 9.
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1.3.2
Pendellösung Interference

Now, we introduce one of the early experiments estimating the coherence length of
neutrons. Shull [32] carried out a very high precision experiment at Brookhaven
National Laboratory with a neutron wavelength width of 0.0072 Å as shown in Fig-
ure 1.6a. This consisted of a thin silicon single crystal cut perpendicularly to the
(111) reflection planes and fine entrance and exit slits with a width of 0.13 mm on
each side of the crystal. The entrance side was illuminated with neutrons at inci-
dent angle θ very near the Bragg angle θB . This is the well-known setup of X-rays
referred to as the Pendellösung interference experiment.

In this kind of symmetry Laue diffraction (refer to Section 6.1), the momentum
component parallel to the reflecting lattice planes of incident neutrons is conserved
during the propagation, whereas the perpendicular component experiences a num-
ber of Bragg reflections. As a result of the regular lattice effect and the potential
effect of the crystal as a whole, with the refractive index given by Eqs. (1.14)–(1.17),
and in the case of the incident angle θ with a very slight deviation from the Bragg
angle θB , that is, at a very small deviation δθ D θ � θB , the waves in the crys-
tal become two split components with slightly different propagating velocities and
are transported in two symmetrical directions with a small angle ˙� to the Bragg
angle. The transportation angle � and the intensity I can be described by the equa-
tions ([32]; textbook [D] p. 431; textbook [I] Chapter 6, Section 6.3; [33] Chapter 6,
Section 6.3; [34] pp. 201–202)

γ D tan �

tan θB
D Δδθ /2dp

1C (Δδθ /2d)2
, (1.25)

I(γ ) Š (1� γ 2)�1/2 sin2
�

π
4
C π t

Δ
(1� γ 2)1/2

�
, (1.26)

where d is the lattice spacing in the crystal, t is the crystal thickness, Δ D
π cos θ /N bFhk lλ, N is the number of unit cells per unit volume, b is the scat-
tering amplitude of the nucleus, and Fhk l is the crystal structure factor per unit cell
contributing the reflection with the Miller indices hk l .

In Eq. (1.25), we can see that at the exact Bragg incident angle, becoming˙� D 0,
the perpendicular components constitute standing waves, and therefore the waves
are transported in parallel to the Bragg reflection planes. However, in all cases two
split waves after being propagated through the crystal with slightly different veloc-
ities emerge from the exit surface of the crystal, thus a certain phase difference in
proportion to the crystal thickness results between these two components. For a
sufficiently narrow entrance slit, waves after the entrance slit extend over a wide
angle, then the phenomena mentioned above spread widely inside the crystal and
thus the Pendellösung interference due to the split-wave interference is observed.
Figure 1.6b indicates such results of the Pendellösung interference for three differ-
ent values of crystal thickness observed at the center of the exit surface of the crystal
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Figure 1.6 Pendellösung interference for neutrons. (a) The
experimental setup; (b) fringe development at the center of
the Bragg reflection as the wavelength increase for the crystal
with the thickness; (i) 1.0000 cm,(ii) 0.5939 cm, (iii) 0.3315 cm
(Shull [32]).

on minutely varying the incident neutron wavelength. From the order number of
the interference fringes shown in Figure 1.6b, sufficiently high contrast is observed
beyond 55th order. After the correction of the finite experimental resolution, the
loss of contrast becomes of the order of 2% or even less, and thus the coherence
length of neutrons in the present experiment was estimated to be larger than 2750λ,
or 0.3 μm.

Further, interference variations induced by more effective and different kinds
of phase shifts are observed for neutron waves by making use of various kinds of
neutron interferometers, and the results will be described in Chapter 9.

1.4
Corpuscular Properties of the Neutron

1.4.1
Time-of-Flight Analysis

As early as a few years after the discovery of the neutron by Chadwick in 1932,
it was experimentally assured that this neutral particle with mass much greater
than that of the electron could be slowed down to the room temperature energy
region by scattering by nuclei. For example, Dunning et al. [35] measured the
time of flight of the neutrons emerging from the surface of a cylindrical paraf-
fin block 16 cm in diameter and 22 cm long, in the center of which a 600 mCi
Rn–Be neutron source was embedded. For the measurement they used the trans-
mission through a couple of rotating absorber discs with slits. The two discs,
each having a slit with an opening angle of 3.7ı and provided with a similar
fixed disc, were 54 cm apart and connected to each other with a lag angle of 3.5ı.
The device thus works as a mechanical velocity selector for neutrons in which neu-
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trons with a velocity corresponding to the rotation speed are able to pass through
the device. The count rates plotted against rotation speed agreed well with the
Maxwellian distribution, having the maximum intensity at a neutron speed of
about 2300 m/s.

The flight velocity of neutrons thus measured represents the particle motion of
the neutrons, and at the same time it corresponds to the group velocity in the
wave mechanics as mentioned in Section 1.1. The wavelength given by Eq. (1.9) for
neutrons with energy corresponding to room temperature is on the order of inter-
atomic distances, indicating possible applicability of these neutrons to spectroscopy
experiments for material physics, but the neutron intensity as well as the energy
resolution of the experimental arrangement of Dunning et al. were not sufficiently
high for such applications. The precise time-of-flight spectroscopy for neutrons was
carried out first by Alvarez, as shown in Figure 1.7a, by making use of a cyclotron
to accelerate deuterons to be injected into a beryllium target and the neutrons pro-

Figure 1.7 Time-of-flight spectroscopy experiment with time-
modulated operation of a cyclotron; (a) Plan of cyclotron room;
(b) Boron absorption variation with timing scheme, abscissa;
absorver thickness, ordinate; transmitted neutron intensity
(normalized), i: continuous measurement, ii–vi: delay time
increased by about 1/240 s per step. (Alvarez [36]).
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duced were moderated in a paraffin block. For the velocity analysis of moderated
neutrons, he used the electrical velocity selection method with time-modulated opera-
tion for deuteron acceleration and synchronized control of the neutron measuring
system [36].

There were several severe tasks and difficulties in the controlled operation of
the cyclotron beyond 100 Hz to achieve thermal neutron spectroscopy, but final-
ly the energy selection of neutrons around 300–10 K could be well achieved with
the modulated operation at 120 Hz. From the measurements of the transmission
ratio of such velocity-selected neutrons, the 1/v law, v being the neutron veloc-
ity, on the absorption cross section of boron was confirmed, as shown in Fig-
ure 1.7b.

The performance of the 1.5 m cyclotron used in the neutron experiment at Berke-
ley, the University of California, gave a deuteron energy of 8 MeV, a deuteron cur-
rent of 50–60 μA in the steady-state operation, and 5–10 μA in the modulated oper-
ation at 60 Hz.

Later, in 1940, Baker and Bacher reported a time-of-flight experiment similar to
the Alvarez one but with a much higher repetition frequency, that is, a period of
2500 μs, a neutron burst width of 50–100 μs, and a modulation time accuracy of
5 μs [37]. In the same year, Alvarez et al. carried out a magnetic resonance ex-
periment for neutrons with the steady-state operation of the cyclotron; this will be
described in the next section.

I would like to insert a short description of the activities in Japan during similar
periods. Kikuchi et al. constructed a cyclotron with an accelerated deuteron ener-
gy of 4.2 MeV in the central Osaka campus opened in 1932, of Osaka University,
and started nuclear physics studies with it. However, the outbreak of the Second
World War unfortunately disturbed and finally interrupted the continuation of the
research in the 1940s. Independently, at the Science and Chemistry Institute in
eastern Japan, Nishina constructed a 1.5 m cyclotron in 1943 for nuclear physics
studies. At Kyoto University, the construction of a cyclotron was started. All these
experimental activities in nuclear and neutron physics in Japan were stopped at
the end of the Second World War owing to the destructions of the facilities by the
occupation forces. Thereafter, experimental neutron research in Japan recovered,
accompanied by the development of research reactors and high-intensity accelera-
tors after the 1960s.

Experimental research on neutrons after the 1950s progressed remarkably by
making use of research reactors developed in the United States and in Europe. Fur-
ther, after the 1970s, with the construction of high-flux reactors, various kinds of
advanced neutron spectroscopies were proposed and practically applied to neutron
optics and condensed matter studies. Furthermore, the successful developments
of high-intensity accelerator sources in Europe and the United States promoted
pulsed neutron experiments as a competitive approach to continuous beam experi-
ments. Nowadays, the most intense pulsed neutron sources are constructed in the
United States and in Japan and are starting their operations. Some of the wide va-
riety of neutron optics and spectroscopy developments as well as their applications
will be introduced in the following parts of this book.
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1.4.2
From a Particle to a Wave

One of the very interesting investigations in Munich relating to the particle motion
of neutrons reflected by a mirror will be described here. If the reader has some
difficulty in understanding well the explanations, the information given in the next
chapter will help gain a better understanding.

To understand deeply the wave–particle duality in the phenomenon of neutron
reflection on a mirror, Felber et al. undertook a comparison between the results of
the classical mechanical analysis on the reflection of a particle beam and of the quantum
mechanical analysis on the reflection of matter waves, and studied the possible transi-
tion from the former to the latter under the developments of temporal and energy
conditions in the reflection [38]. Practically, they considered the reflection of very
cold neutrons with a wavelength of 2.4 nm on a surface vibrating at high frequency,
and compared the theoretical analyses with the experimental results carried out at
the Munich and at the Geesthacht research reactors. They succeeded in indicat-
ing the transition of the time-dependent reflection phenomenon from classical to
quantum mechanical according to the developments of frequency and amplitude
parameters with the surface vibration.

The vibrating mirror surface is represented by a step potential with height Vp

under one-dimensional motion with amplitude a p and angular velocity ω p . The
collimated neutrons with energy E0 (the wave number k0, velocity v0) experiencing
such a potential can be classified according to the values for three parameters α D
2k0a p , � D Vp /E0, and γ D a p ω p /v0.

In the framework of the classical description, the neutron trajectory should be
calculated iteratively by solving the equation of motion successively after every col-
lision, but the neutron velocity change due to the collision necessary to obtain the
neutron flux is given in an implicit form; therefore, the solution can only be found
numerically.

In the framework of the quantum description, on the other hand, it is enough to
introduce the step potential in the time-dependent Schrödinger equation, but our
case is essentially different from the usual cases given in many textbooks, since
our potential is time-dependent. Felber et al. therefore started with the expansion of
the wave function into the partial waves with the number of transferred phonons
n, and then investigated the behavior of the analytical solutions for the particle
waves in the extreme cases for the parameters (small amplitude; α � 1, or quasi-
stationary; γ � 1) and further were able to calculate the approximate solutions for
other general cases up to the order of the expansion jnmaxj D N Š 2α to satisfy
the required accuracy.

The results of these calculations are shown in Figures 1.8 and 1.9. From Fig-
ure 1.8a and b, we understand the quantum effects become significant for α < 10,
whereas for α � 10 the results approach those of classical mechanics. Further,
in Figure 1.8c, we recognize many black bars for the quantum reflections in the
region where no reflections are expected in classical mechanics, that is, no black
continuous spectrum is shown. Therefore, all of these reflections in E 0 < 0.5 in
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Figure 1.8 Comparison between the calculat-
ed results on a particle beam and on matter
waves: (a) and (b) the case of the parameter
value for � D 10, and the value for α var-
ied (classical; gray patterns, quantum; black
bars); (c) reflected and transmitted distribu-

tions for α D 15.0, � D 0.5, γ D 0.1875
(classical; black pattern, actually no results
for this parameter value, quantum; black bars,
the gray region indicates the potential height)
(Felber et al. [38]).

Figure 1.8c indicate quantum particle reflections. The comparison with their exper-
iments are shown in Figure 1.9, where Figure 1.9a shows the experimental setup
of the reflection experiment with the vibrating mirror.

Since the neutron velocity component parallel to the mirror surface v0k is con-
served, the situation can be reduced to a one-dimensional problem in which the
previous parameter values are replaced by the corresponding relations for the per-
pendicular component vr?. Thus, the energy and the velocity changes of neutrons
reflected by the vibrating mirror described in Figure 1.8 are equal to the changes of
the perpendicular components Er? and vr?, respectively, and the resulting change
of the reflection angle θr will be observed according to the relation

tan θr D vr?
v0k
D tan θ0

s
1C ΔE?

E0?
, (1.27)

where E0? D E0 sin2 θ0 and ΔE? D Er? � E0?. Figure 1.9b shows the experi-
mental results for various values of the parameter α and compared with those of
the matter wave calculations, where 1 neV D 10�9 eV. We can conclude that both
results agree well by considering the effects of the finite resolution included in the
experimental results
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Figure 1.9 (a) Arrangement (incident
wavelength λ D 2.4 nm, incident angle
θ0 D 2.00ı); (b) experimental results com-
pared with calculations, Experimental re-
sults: Abscissa, energy transfer estimated
from the change of reflection angle; Ordi-
nate, reflected neutron counts; From M1 to

M5, modulation index α increases, that is,
M1–M3; α D 0.95, 1.45, 1.98 (frequency
f D 2.2206 MHz); M4, M5; α D 4.21,

5.82 (frequency f D 0.69295 MHz), (Felber
et al. [38]). (b) Reflection experiment of very
cold neutrons on a vibrating mirror.

From the transition shown in Figure 1.8 from a few discrete spectra to the con-
tinuous spectrum for increasing the value for α, that is, in the transition from
quantum mechanics to classical mechanics as shown in Figure 1.8, the analyti-
cal method appropriate for a given condition can be decided from the parameter
values.
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1.5
Magnetic Moment of the Neutron

The neutron has spin 1/2 and the magnetic dipole moment μn D �1.91μNB, where
μNB is the nuclear magneton e„/2M c, defined for the proton mass M. The half-
integer neutron spin was predicted from the structure of a deuteron on the discov-
ery of the neutron by Chadwick. Soon after, in 1937, it was confirmed, together with
the spin dependence of the neutron–proton internucleon interaction, by the mea-
surement and the analysis on the diffusion characteristics of thermal neutrons in
liquid hydrogen samples with different ratios of two kinds of hydrogen molecules,
orthohydrogen and parahydrogen [39, 40]. On the other hand, the magnitude of
the neutron magnetic moment was determined from the measurement of neutron
spin behavior in a magnetic field, which will be described next.

1.5.1
Spin Flip in Magnetic Resonance

A spin with magnetic moment μ precesses in a magnetic field with the Larmor
precession frequency νL D 2μH/ h around the direction of the magnetic field, the
motion being called the Larmor precession. For a particle with a half-integer spin in
a magnetic field, the theoretical formula for the spin reversal probability at time t
in the situation of nonadiabatic spin flip was derived by Güttinger [41], who solved
the Schrödinger equation for a spin-1/2 particle in a magnetic field rotating with
frequency ν. His formula is given for the case where the rotational axis of the mag-
netic field makes an angle # D π/2 with the direction of the field. A more gener-
al formula was given by Rabi [42] for an extended condition of the total magnetic
field H, to be decomposed into a static magnetic field H0 and a rotating magnetic field
with magnitude H1 perpendicular to the direction of H0. His formula, Eq. (1.28),
applicable to an arbitrary value for the polar angle # between the directions of H
and H0, is written as

P( 1
2 ,� 1

2 ) D
sin2 #

1C q2 � 2q cos #
sin2

�
πν t

q
1C q2 � 2q cos #

�
, (1.28)

where P( 1
2 ,� 1

2 ) denotes the probability that the spin state initially at C1/2, that is,
polarized in the direction of the total field at time t D 0, becomes the �1/2 state at
time t, and q D νL/ν. Putting # D π/2 in Eq. (1.28) gives the same result as with
Güttinger’s formula.

Since the terms as a function of q on the right side of Eq. (1.28) can be rewritten
as 1C q2 � 2q cos # D (q � cos #)2 C sin2 # , the resonance condition for spin flip in
which P( 1

2 ,� 1
2 ) takes the maximum value is given by qres D cos # . Then, the spin

flipping probability at that condition follows the time dependence

P( 1
2 ,� 1

2 )res D sin2(πν t sin #) I (1.29)

therefore, the probability will approach unity if we optimize the residence time of
the particles inside the magnetic field. Furthermore, there being two kinds of rota-
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Figure 1.10 Magnetic resonance experiment for the neutron:
(a) experimental apparatus; (b) count rate decrease observed
at the resonance. The abscissa represents the magnetic field
current in arbitrary units (Alvarez and Bloch [43]).

tion direction, that is, clockwise and counterclockwise, with the same magnitudes
of frequencies νL and ν, the resonance condition in Eq. (1.28) requires not only the
magnitude but also the sign of ν to match those of νL.

In other words, we can determine whether the magnetic dipole moment of the
particle is positive or negative from the magnetic resonance experiment by making
use of a rotating magnetic field, but this is not possible if we use the reciprocating
magnetic field, which is the superposition of clockwise and counterclockwise rotat-
ing fields.

An experiment using this nuclear magnetic resonance method applied to neutrons
was carried out by Alvarez and Bloch with the insertion of the resonance apparatus
shown in Figure 1.10a in the cyclotron described earlier, and the magnetic dipole
moment of the neutron was derived from their experiment [43]. In their experiment,
the cyclotron was operated in a steady-state mode, which was advantageous from
the viewpoint of the background effects in comparison with those in the modulated
operation mode.

For the polarization of the incident neutrons and also for the polarization analysis
of neutrons transmitted through the resonance apparatus, the transmission method
with magnetic scattering through several centimeter thick iron plates magnetized
by wires carrying electric currents was used. Further, they employed the method
to find the resonance condition from the maximum of P( 1

2 ,� 1
2 ) by varying the

static magnetic field H0 under a constant frequency νn D ωn/2π of the oscil-
lating magnetic field, assuming that the second term on the right side of Eq. (1.28)
should be averaged over owing to the broad distribution of the residence time in
the magnetic field of neutrons with various velocities. Furthermore, they used the
resonance spin flip formula for the initial condition polarized in the direction of
the static field, based on the small H1/H0 ratio, actually smaller than 2% for a
static magnetic field H0 of 600 G and an oscillating field strength H1 of about
10 G.
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The homogeneity of the magnetic field H0 in the experiment of Alvarez and
Bloch was 600 ˙ 1 G over the whole of the resonance region, and the voltage fluc-
tuations of the magnet power supply were maintained below 0.1% by the control
system compensating the effect due to the coil temperature variation. To determine
precisely the number Nμn which corresponds to the neutron magnetic moment μn

expressed in the unit of nuclear magneton, e„/2M c (M is the proton mass), they
employed the method to compare the resonance angular frequency ωn for the neu-
tron in a magnetic field of strength Hn with the resonance angular frequency for the
proton ω p accelerated by the cyclotron, according to the equations

ωn D 2Hn μn/„ D (2Hn Nμn/„)(e„/2M c) D (eHn/M c) Nμn , (1.30)

ω p D eHp /M c , (1.31)

Nμn D (ωn/ω p )(Hp /Hn ) . (1.32)

One of their experimental results for the resonance curve is shown in Fig-
ure 1.10b for the magnetic field frequency νn D 1.843 MHz.

As the final result of these measurements repeated many times, the neutron mag-
netic dipole moment in the unit of nuclear magneton was determined as

Nμn D �1.935 ˙ 0.02 . (1.33)

Although the sign of the magnetic moment for the neutron could not be deter-
mined in the experiment, where a reciprocating field was used, it had already been
deduced to be negative from the Stern–Gerlach magnetic deflection experiment for
protons and deuterons by Stern et al. [44, 45].

The main experimental efforts to determine precisely such a physical constant
in these early neutron experiments by making use of accelerators were devoted to
the stability and reproducibility of the measurements, especially with Alvarez et
al. having had difficulty to achieve the required stable operation of the cyclotron (a
fluctuation of the magnet source voltage below 0.1%). By the way, the experiment to
determine directly the sign of the neutron magnetic moment by making use of two
mutually orthogonal magnetic fields was later carried out by Rogers and Staub [46].

The phase difference between the incident and the exit neutron spins during the
resonance will be accumulated over the period of Larmor precession and thus the
accuracy of the phase determination will be improved in proportion to the num-
ber of precessions. Ramsey’s separated oscillating magnetic field method [47] in which
the oscillating field is split into two widely separated locations along the neutron
flight path and a constant precession field is provided in the flight path between
the separated fields for the continuation of the Larmor precession gave an epoch-
making improvement in such resonance experiments for particles as mentioned
above. Corngold et al. performed the first resonance experiment with this method
applied to the neutron in the graphite reactor at Brookhaven National Laborato-
ry [48, 49]. The results of this experiment are shown in Figure 1.11, and combined
with the result of a similar measurement on a proton sample (H2O) with the same
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Figure 1.11 Neutron magnetic resonance experiment with
separated oscillation fields method carried out by Corngold et
al.: the upper two plots are the count rates as a function of the
frequency (the resonance frequency being about 24.727 MHz)
for the conditions in phase and 180ı out of phase, respectively,
and the lower one shows their difference (Corngold et al. [49]).

apparatus; this gave a much improved accuracy for the neutron magnetic moment as

Nμn D �1.913148 ˙ 0.000066 . (1.34)

We add here one of the later results with further improved accuracy [50] also
carried out with the separated field method:

Nμn D �1.91304308 ˙ 0.00000058 . (1.35)

1.5.2
Adiabatic Spin Reversal in a Magnetic Gradient

The resonance phenomenon described above by making use of uniform fields has
a very sharp resonance frequency, being very advantageous for precise measure-
ments of a physical quantity of a particle. Therefore, besides the determination of
magnetic moments, it is also applied to search for the electric dipole moment of the
neutron as the most sensitive experimental method at present for verifying the pos-
sibility of the neutron having a finite electric dipole moment. However, from the
viewpoint of efficient reversal of spins, Eq. (1.29) indicates the difficulty of attaining
the resonance condition for neutrons with widely distributed velocities, spending
different residence times in the precession field.
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Another approach for spin reversal, named adiabatic spin flip method with magnet-
ic gradient, is used for such cases to attain efficient performance for a wide velocity
spectrum. This method of adiabatic spin reversal in a magnetic gradient consists
of a static magnetic field with a gradient and an oscillating magnetic field in the
middle of the static field, the working principle of which can be understood in the
rotating frame.

Before considering the magnetic gradient method, it will be instructive to de-
scribe the experiment of Alvarez et al. in the rotating frame with the same frequency
νn as the oscillating field around the axis in the direction of the static field. At the
resonance condition where the frame rotation frequency is exactly the same as the
Larmor precession frequency, the phenomenon of spin precession will disappear,
that is, the effect of the static field Hn is canceled. On the other hand, the oscillating
field seems to be at rest with a field strength of H1. As a result of these transforma-
tions, the neutron spin will precess very slowly at the Larmor frequency in the field
H1 around the direction of the field H1 now at rest in this rotating frame. The spin
flipping time, defined as the time required for the complete spin reversal, that is, π
spin turns, is just half of the Larmor precession period in this situation.

Now, we consider the magnetic field with a gradient as shown in Figure 1.12a,
where the static field strength H0 varies along the oscillating field region (x D
x0 � x1) on the x-axis in the direction of the neutron flight. The equality H0(x ) D
Hn required in the previous case is satisfied only midway, x D xc , in the path, and
upstream the static field strength H0(x ) becomes gradually larger than Hn , that is,
x0 � x < xc ; ΔH(x ) D H0(x ) � Hn � 0, where ΔH(x0) � H1. Downstream,
however, H0 gradually becomes smaller than Hn , that is, xc < x � x1; ΔH(x ) � 0,
where jΔH(x1)j � H1. At the entrance (x D xp ) and the exit (x D xa ) positions
of the device, there is a neutron polarizer and a polarization analyzer.

With a similar transformation to the rotating frame as previously considered,
during the passage in the upstream region starting from the entrance to the mid-
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Figure 1.12 Description of the adiabatic spin flip method with
a magnetic gradient: (a) setup and field distribution; (b) move-
ment of the field direction followed by a spin vector adiabatically
in a rotating frame synchronous with an oscillating magnetic
field.
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way position, where ΔH(x ) > 0, the neutron spin follows the motion of the mag-
netic field described as Heff(x , t) D ΔH(x )ez C H1ex 0 , where ex 0 denotes the
direction of H1 at time t; thus, as shown in Figure 1.12b it results that the spin
parallel (or the spin antiparallel) to H0 at the entrance moves to the direction par-
allel (or antiparallel) to H1 at the midway position, and further in the downstream
region continues to move to antiparallel (or parallel) to H0 as the sign of ΔH(x )
reverses. In this way, regardless of the initial spin direction, the spin reversal is at-
tained quite smoothly for a wide range of the neutron velocity. This is the principle
of adiabatic spin flip with a magnetic gradient.

The velocity region of the neutrons for which the spin flipping mechanism men-
tioned above works well will be defined as follows.

First, the adiabatic spin flip condition requires the adiabatic following after the mag-
netic field, that is, the direction of the magnetic field in the device (now we consider
it in the rotating frame), moves sufficiently slowly compared with the angular veloc-
ity of the Larmor precession in the magnetic field H1. This can can be expressed as

vn max

H1

ˇ̌̌
ˇ dH(x )

dx

ˇ̌̌
ˇ� 2jμnjH1

„ ,

or vn max

ˇ̌̌
ˇ dH(x )

dx

ˇ̌̌
ˇ� 2jμnjH2

1

„ , x0 � x � x1 , (1.36)

where μn is the magnetic dipole moment of a neutron, and vn max denotes the
maximum velocity for the neutrons performing the adiabatic spin flip.

Next, in addition to the midway position, there is another point, either at the
entrance or at the exit (in the case in Figure 1.12a it is the entrance side), where
the equality H0(x ) D Hn holds at the position x D xb . For successful working
of the spin flip mechanism for the neutrons transmitted through the device, any
additional spin reversal should not occur at this point of x D xb , otherwise the spin
would return back to the initial state. Since the oscillating field produced by the coil
extending over the region x D x0 � x1 in the device should leak out somewhat
to the point xb , we have to make the field gradient around x Š xb so steep that
the turning speed of the local field direction becomes much faster than the Larmor
precession of the spin at that location. This additional condition is written as

vn min

H1

ˇ̌̌
ˇ dH(x )

dx

ˇ̌̌
ˇ

xDxb

� 2jμnjH1

„ ,

or vn min

ˇ̌̌
ˇ dH(x )

dx

ˇ̌̌
ˇ

xDxb

� 2jμnjH2
1

„ , x Š xb , (1.37)

where vn min denotes the minimum velocity for the neutron getting rid of such an
additional spin reversal.

As a result of these requirements, the adiabatic spin flip will be attained suc-
cessfully for neutrons in the rather wide velocity region defined by Eqs. (1.36) and
(1.37).

The experimental study on the spin flipping characteristics with the gradient
field adiabatic method was carried out by Egorov et al. [51], who measured the
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transmitted intensity and its static field dependence of very slow neutrons (ultra-
cold neutrons) with a velocity below about 20 m/s through the spin flip device with
a configuration similar to that shown schematically in Figure 1.12a. The ultracold
neutrons were extracted from the curved guide tube at the VVR-M reactor of the
St. Petersburg Nuclear Physics Institute. For the polarization and the polarization
analysis, the transmission method of magnetized materials was employed (the set-
up was similar to that shown in Figure 1.10a), but in the present case for ultracold
neutrons they used the polarizer and analyzer with a magnetic reflection method on a
thin film, that is, a 1 μm thick evaporated iron layer, instead of the magnetic scat-
tering method for thermal neutrons used by Alvarez. An oscillating field with a
frequency 200 kHz, and a resonance field current of about 510 mA gave the reso-
nant decrease of the neutron count rate down to about half with a resonance half
width of about 3 mA [51].

Further, Ezhov et al. performed a comparison of the gradient field adiabatic
method and Ramsey’s resonance method in the case of bottled ultracold neutrons
(refer to Section 2.2.2) experiencing Larmor precession in the bottle over a period
of about 4.6 s on average. As mentioned already, the latter method is often used for
the precise measurement of the resonance condition, such as for studying the ex-
istence of the electric dipole moment of the neutron. They carried out Monte Carlo
calculations on the spin flipping performances in both methods mentioned above.
The spin flip spectrometer had two separated oscillating fields at the entrance and
the exit sides of the precession space in a homogeneous static field. Their com-
parisons of the calculated results for both methods are shown in Figure 1.13a, in
which an about 1.8 times higher polarization ratio for the gradient field adiabatic

Figure 1.13 Comparison between the spin
flipping characteristics for ultracold neutrons
with the gradient field method and with Ram-
sey’s resonance method. (a) Results of nu-
merical calculations; the solid curves repre-
sent the gradient field method, whereas the

broken curves represent Ramsey’s method.
Curves 1 and 2 are for phase differences of
0ı and 180ı and curves 3 and 4 are those
for phase differences of 90ı and 270ı. (b)
Comparison with experimental results for the
gradient field method (Ezhov et al. [52]).
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method is indicated in comparison with Ramsey’s resonance method. The feasibil-
ity of the correctness of the calculated values for the gradient field adiabatic method
is also illustrated in Figure 1.13b as a comparison with the measured values, which
show satisfactory agreement with the calculated values.

Herdin et al. also carried out the polarization experiment with the adiabatic
spin flip method for ultracold neutrons with a velocity below about 8 m/s passing
through a guide tube, in which a high spin-flipping efficiency of about 100% with
a statistical error of 2% and a polarization efficiency of 95–98% for the neutron
velocity region of 4.15–8.2 m/s were achieved [53].

The neutron spin precession in a magnetic field studied as described above can
be applied for the development of neutron spectroscopies, and various kinds of
high-resolution neutron spectrometers have been developed by utilizing these char-
acteristics of Larmor precession. The first idea in this direction was suggested and
developed by Mezei in 1972 [55], this new principle being named neutron spin echo
spectrometry (see the schematic arrangement shown in Figure 1.14). It opened the
door to the wide field of neutron spin spectroscopy. Generally speaking, neutron
spectroscopy experiments are carried out to study the energy structures and their
characteristics in a sample from the experimental results for the transferred energy
as the difference between the incident and scattered neutron energies. Thus, for
high-resolution investigations on the energy structures, similarly high-resolution
analyses of the transferred energy are required.

The conventional spectroscopy method is based on wavelength or velocity spec-
trometry; time-of-flight spectrometry suffers from the serious intensity loss accom-
panying the severe selection of the incident neutrons needed to satisfy the require-
ment of such a high-energy resolution. In contrast, in the new principle of neutron
spin echo spectroscopy, the information on the neutron energy does not require

Figure 1.14 Schematic layout of neutron spin echo spectro-
meter. Typical lengths of the precession field regions are 2–4 m
(Mezei [54]).
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wavelength or velocity spectrometry, but is labeled on the neutrons as the number
of Larmor precessions. A practical and basic configuration of the neutron spin echo
spectrometer is shown in Figure 1.14. During their flights through the incident and
scattered flight paths with, respectively, well-defined path lengths and well-defined
magnetic field strengths, neutrons experience Larmor precessions; thus, after the
flights the number of precessions is labeled on individual neutrons. It is quite pos-
sible to reverse the sign of the precession number, that is, label a negative number
for the precession after the scattering by a sample, by reversing the direction of the
magnetic field or by reversing the neutron spin. Then the resultant number of pre-
cessions observed at the end of the flight will be given by the difference between
those of the incident and the scattered paths, ΔN Š N δv/v , where δv D v 0 � v
denotes the difference between the incident and the scattered neutron velocities.
In this way, we need not select the incident neutron velocity within a very narrow
width in proportion to the very high resolution of the velocity change δv , but we
can obtain as high a velocity resolution δv as we wish by increasing the number
of precessions N to satisfy the present relation under a given resolution ΔN in
the experimental device. The present principle of echo spectrometry and the uti-
lization of a much wider energy width than in conventional spectrometries are the
important advantages of high-resolution spectroscopy with the neutron spin echo
method.

We would like to add here a little advanced detail on another important charac-
teristic of the neutron spin echo method. In conventional spectroscopy, the scat-
tered intensity distribution I(Q, �) is usually obtained for the transferred energy �

in inelastic and quasi-elastic neutron scattering experiments, whereas in the spin
echo method the measured neutron intensity is given by the scattering function
S(Q, �) integrated over � with the weight of the polarization analysis component
Px D cos(2πN δv/v ) on the energy transfer structure in the sample. As supposed
from the principle of the Fourier integral, the latter means that we can directly ob-
tain data concerning the time-correlation function on the dynamical structure in
the sample. Further details on the developments of spin echo spectrometers will
be given in Chapter 3.
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2
Reflection, Refraction, and Transmission
of Unpolarized Neutrons

2.1
Reflection and Transmission of Neutrons by a Single-Layer Mirror

2.1.1
Measurement of Coherent Scattering Amplitude

The fundamental formulas for reflection, refraction, and transmission of neutrons
are given by Eqs. (1.14)–(1.17) in Chapter 1, where a neutron beam with an angle in-
cident to the surface of an infinite mirror with uniform thickness of homogeneous
material was considered. It was also pointed out in Section 1.2 that these theoretical
relations hold regardless of the physical states of the layer material, that is, even for
liquid and gaseous states. Furthermore, the total reflection critical angle formula,
Eq. (1.17), is a very simple expression as the product of the squared wavelength of
neutrons, atomic density, and the coherent scattering amplitude. Since the present
phenomenon of total reflection is recoilless forward scattering, essentially inde-
pendent of the material temperature and the chemical bindings, it becomes one
of the important methods to measure precisely the scattering amplitude of various
materials for neutrons.

As one of the earliest experiments of total reflection for neutrons, Hughes, Bur-
gy, and Ringo [18] carried out precise measurements under critical conditions for
liquid-hydrocarbon mirrors at Argonne National Laboratory, and applied Eq. (1.17)
to obtain the values for the amplitude of coherent scattering of neutrons by a pro-
ton, that is, a hydrogen nucleus, bcoh,H, because the precise measurement of the
amplitude of coherent scattering of slow neutrons by a proton was an important
task at that time from the viewpoint of nuclear force theory. Other experimental
approaches, such as neutron scattering on liquid hydrogen or hydrogen-containing
crystals, were also performed, but their experimental error was greater than about
3% because of the statistical errors due to orthohydrogen in the sample in the
former approach, or the correction errors for the diffuse scattering from ther-
mal motions of atoms in the crystal. The present method of total reflection does
not have these theoretical inaccuracies. Thus, Hughes et al. could obtain an ac-
curate value for the coherent scattering amplitude for a proton with an error of
less than 1%, from the total reflection experiment on trimethylbenzene, a liquid
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Figure 2.1 Experimental arrangement for neutron total reflec-
tion consisting of a liquid-sample mirror and a beryllium mirror
for critical wavelength analysis (top) and the variation of the
beam intensity with counter positions (bottom) (Hughes, Bur-
gy, and Ringo [18]).

with a hydrogen to carbon ratio of 1.5 (C12H18), after subtracting the contribu-
tion from the carbon scattering amplitude bcoh,C, which was known at that time
with a precision of 0.5%. Their experimental accuracy for the proton scattering
amplitude was effectively improved with the selection of the sample compound
and they obtained a very small critical angle for total reflection as a result of
balancing the positive scattering amplitude of carbon and the negative one of
hydrogen.

A further consideration they employed to precisely measure the critical condi-
tion, Eq. (1.17), under the experimental situation of incident neutrons with a wave-
length distribution is shown in the experimental arrangement in Figure 2.1. The
angle of incidence with the liquid sample was held constant at 5.3 minutes, where-
as the critical wavelength for total reflection was analyzed exactly by observing the
critical angle for total reflection from a beryllium mirror after reflection by the sam-
ple by changing the detector position. The critical angle for total reflection of the
beryllium mirror was determined in advance as a function of the wavelength with
monochromatic neutrons. In this way, the precise value for the coherent scattering
amplitude for a proton was derived as

bcoh,H D �(3.75˙ 0.03) � 10�13 cm , (2.1)

where the error of about 0.9% mostly consists of statistical error.
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2.1.2
Neutron Guide Tube

Applying the total reflection formula, Eq. (1.17), we can transport a neutron beam
through a neutron guide tube, the inner wall of which is made of a material with a
positive coherent scattering amplitude bcoh, and then the beam propagates through
the inside hollow channel and experiences multiple total reflections. The princi-
ple and the design formula were proposed by Maier-Leibnitz [56, 57], and were
further developed for practical uses. At present, various kinds of neutron guide
tubes are installed in most neutron experiment facilities as indispensable devices
for efficient and high-performance utilization of neutron beams. The main advan-
tage of using a neutron guide tube is its capability to transport a neutron beam
easily without significant intensity loss, that is, conserving, in principle, the phase
space density of neutrons, to a place far distant from the neutron source where a
wider area with lower background can be prepared for beam utilization. Further-
more, a bent guide tube instead of a straight guide tube transmits preferentially those
neutrons with a wavelength longer than the characteristic wavelength given by the
geometrical configuration of the guide tube, which reduces the components of
shorter-wavelength neutrons and γ -rays unnecessary for neutron optics and slow
neutron scattering experiments.

The characteristic wavelength λ� for a bent guide tube satisfies, as shown in
Figure 2.2a, the critical condition for the total reflection, Eq. (1.17), for the charac-
teristic incident angle θ�c on the outer wall given by the characteristic flight path
PQ tangent on the inner wall, as expressed by

λ� D sin θ�c

r
π

N bcoh
. (2.2)

For a circularly bent guide tube, as indicated in Figure 2.2a, the characteristic angle
θ�c reduces to

sin θ�c D
s

(�C d)2 � �2

�C d
Š
s

2d
�

, (�� d) , (2.3)

where � and d are the radius of curvature and the channel width of the guide tube,
respectively. After similar analyses on the critical conditions for all kinds of paths
in the channel, the position-dependent transmission probability of the channel can
be derived for every wavelength.

Since this optical performance of a neutron guide tube should become remark-
able for neutrons with lower energy, or longer wavelength, the analytical results
for a bent guide tube and the corresponding experimental results are compared in
Figure 2.2b for very cold neutrons with long wavelength. The configuration of the
guide tube used in the experiment is as follows: total length 1.8 m, channel width
4 cm channel height 5 cm, reflecting surface inside the guide tube of 3000-Å-thick
nickel with limiting velocity for total reflection (refer to the next section) vl D 6.7 m/s,
evaporated on float glass substrates, radius of curvature of the guide tube of 9 m in
a polygonal arrangement.
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Figure 2.2 Characteristics of a bent guide tube: (a) geometri-
cal analysis on the neutron flight paths and (b) experimental
results obtained with the time-of-flight method for the position-
dependent transmission characteristics in the cross section of
a bent guide tube for pulsed very cold neutrons, compared with
the numerical calculations (Utsuro et al. [58]).

The experimental results obtained with the time-of-flight method of pulsed very
cold neutrons from a solid mesithylene cold source [58] at the linac facility at the Ky-
oto University Research Reactor Institute are consistent, as shown in Figure 2.2b,
with the theoretical values from Eqs. (2.2) and (2.3) for a characteristic wavelength
of about 56 Å, a characteristic velocity of about 71 m/s, and a characteristic energy of
about 26 μeV for the guide tube configuration. This indicates that these character-
istic parameters represent well the average and the central path performances of
the neutron guide tube.

For the position dependence of the transmission probability, the following ten-
dency can be pointed out. The inner portion among the various flight paths in-
cludes mainly the zigzag component, which experiences reflections off the inner
and the outer walls alternatively. Thus, the incident angle on the outer walls be-
comes larger than the characteristic angle θ�c , and as a result becomes superior
in the lower-energy component. In contrast, the outer portion includes mainly the
garland component successively reflected only off the outer walls; thus, the inci-
dent angle is smaller than θ�c , and then significantly includes the component with
energy higher than the characteristic energy of the guide tube.

Further applications of such a wavelength-selection performance and the beam-
bending capability with the bent guide tube have been developed for novel devices
such as a neutron bender [59, 60] and a neutron fiber or a neutron-focusing fiber
consisting of a number of microguides [61, 62].

2.1.3
Total Reflection Potential and Surface Impurities

Now, we would like to go into some detail on the properties of the optical potential
in the reflection of neutrons. In the fundamental analysis of neutron reflection, a
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single-layer mirror is most simply expressed by a single stepwise potential. Such a
theoretical description of the optical potential is further extended to employ a more
sophisticated form for the analyses of reflection and transmission in complicated
situations we experience in practice.

One of the examples studied experimentally on such a sophisticated potential
deformed from simple rectangular was reported by Schheckenhofer and Steyerl,
who carried out reflection experiments of ultracold neutrons by making use of a
very high resolution gravity diffractometer [63]. Ultracold neutrons were defined in
Sections 1.2 and 1.5 as those with a velocity below the limiting velocity for total reflec-
tion vl at the normal incidence to the mirror surface. In other words, their energy
is less than the optical potential for total reflection off the mirror surface.

Schheckenhofer and Steyerl produced such low-energy ultracold neutrons at the
Munich research reactor (FRM-I) with a special rotating device called a “neutron
turbine” [64] to decelerate very cold neutrons with a velocity of about 50 m/s to ultra-
cold neutrons with a velocity below about 10 m/s. Their neutron turbine consisted
of a number of semicylindrical copper mirror blades rotating with a blade velocity
of about 25 m/s, that is, about half the neutron velocity. During the passage through
the blade with multiple reflections on the concave side, neutrons reverse their di-
rection of relative motion and then the exit neutrons from the blade edge lose most
of their momentum in the laboratory frame. Further details on the turbine struc-
ture and the operation characteristics will be given in Section 2.4. The ultracold
neutrons produced in the turbine are guided to the gravity diffractometer shown in
Figure 2.3a. After being collimated by the entrance slit, the neutrons experience
gravitational fall and further those neutrons with a defined energy are selected by
the reflection off a vertical nickel mirror. Then, they are reflected by a horizontal
sample mirror and the reflected neutrons are counted after another vertical mirror
and the exit slit.

The gravity potential for the neutron being about 10�7 eV/m induces a typical
parabolic curve for the ultracold neutrons with a velocity of about 3 m/s, that is,
with an energy of about 0.05 μeV, employed in the experiment. However, those
neutrons with a velocity below about 3 m/s cannot pass through the aluminum
wall (limiting velocity 3.2 m/s) of the neutron counter, and therefore they arrive at
the counter after gravitational acceleration in the vertical fall. The measured count
rates of the neutrons reflected from the sample shown in Figure 2.3b are plotted
for the gravity fall height before the sample reflection, which selects the vertical
component of the neutron velocity at the incidence at the sample.

The results indicate a typical reflectivity edge at a fall height of hcr D 93.6 cm as
expected for the low-alumina boron-free float glass, but the measured dependence
of the count rate decease on the fall height h > hcr is obviously steeper than the
theoretical curve of the reflectivity R for the step potential given by the equation4)

R D
ˇ̌̌
ˇ k � k0

k C k0

ˇ̌̌
ˇ
2

, (2.4)

4) Refer to, e. g., textbook [B]; Chapter III,
problem 1.
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Figure 2.3 Mirror reflection experiment on ultracold neutrons:
(a) arrangement of the gravity diffractometer and (b) measured
distribution of the reflected intensity from a glass mirror (cir-
cles) compared with two kinds of theoretical curves, that is,
(i) for the case of a step potential and (ii) for the case of a soft
potential. UCN ultracold neutron. (Scheckenhofer and Stey-
erl [63]).

where k and k0 are the wave vector components normal to the mirror surface of the
neutrons in a vacuum and deep inside the mirror, respectively.

As a more sophisticated potential for the mirror surface, if we employ a soft po-
tential with a smoothed step described by the equation

u(z) D u0

1C exp(z/d)
, (2.5)

where z denotes the coordinate normal to the mirror surface and d is a param-
eter representing the thickness of the transient region in the potential, then the
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reflectivity R for a real value of u0 reduces to

R D
ˇ̌̌
ˇ sinh[πd(k � k0)]
sinh[πd(k C k0)]

ˇ̌̌
ˇ
2

. (2.6)

The calculated values for the present soft potential with a value of d D 7.3˙0.3 nm
plotted in Figure 2.3b agree well with the experimental values.

The existence of such a transient region in the reflection potential is considered
to be explained by possible hydrogenous impurity on the mirror surface. Actually, the
existence of a significant concentration of hydrogenous impurity on clean mirror
surfaces was directly and commonly observed with two kinds of different experi-
mental methods for precise element analyses as explained below [65, 66].

The first study was that by Lanford and Golub for the measurement of the sur-
face hydrogen concentration with resonant nuclear reaction [65], the result of which
is shown in Figure 2.4. The experiment was carried out by injecting a 15N beam
onto the surface of a sample mirror, and the γ -rays produced by the reaction
15NCH! 12CC 4HeC4.43 MeV γ -ray were counted. Changing the energy of the
incident beam enables one to determine the depth where the reacted hydrogen is
located according to the relation for the thickness of the mirror necessary to mod-
erate the incident beam down to just the resonance energy for the reaction. The

Figure 2.4 Distributions of surface hydrogen concentration
measured on several mirror samples (mechanically polished
copper (a), pyrolytic graphite baked at 400 ıC and then ex-
posed to air (b), and glass etched in HF (c)) (Lanford and Gol-
ub [65]).
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thickness resolution in the present method varied with the mirror material within
a range of about 3–7 nm (30–70 Å).

Among the materials studied as shown in Figure 2.4, the measurement on glass,
an excellent insulator, was very difficult owing to the accumulation of electrical
charge on the sample, thus inducing a change in the energy of the incident particle
as it approached the surface. They tried to improve their experiment by lowering
the beam intensity and repeating the measurements. The curve in Figure 2.4 for
glass represents the minimum hydrogen content consistent with the data.

Anyway, all the results in Figure 2.4 obviously indicate a rather common peak
concentration of about (2�10) � 1022 H/cm3 with a depth width of about 5–10 nm,
which means a significant amount of surface hydrogen; this needs to be considered
when estimating the form of the neutron reflection potential.

Another measurement is that of the depth distribution profiles of the surface and
interface hydrogen concentrations performed by Kawabata et al. with the method
of elastic recoil detection analysis on neutron mirrors evaporated on substrates [66].
The experiments were carried out in a vacuum chamber by injecting an 40Ar beam
with an energy of 50 MeV onto the front surface of a sample mirror at an angle
of 30ı. The atoms that recoiled from the mirror with Rutherford forward scattering
were registered with solid-state detectors.

The detectors were placed at angles of 37 ı and 47 ı to the incident direction,
the former of which with a better depth resolution was used for the concentration
profiling, whereas the latter was the monitor for the normalization. For the purpose
of the present analysis for light-element profiles, an aluminum foil filter with a
thickness of 10 μm was inserted in front of the detector.

An example of the measured energy spectrum of the recoiled atoms is shown in
Figure 2.5a, and from the energy corresponding to the abscissa we can determine
the energy loss for the transmission from the recoil position inside the mirror up
to the mirror surface. The horizontal coordinates in the figure for each recoiled
elements indicate the depth (Å) from the mirror surface reduced in such a way.
The count rate shown on the ordinate can be converted for each element to the
concentration using the formula for the Rutherford scattering cross section.

As clearly indicated in Figure 2.5a, a significant concentration of hydrogen is
accumulated on the surface of the evaporated nickel and also in the Ni–Al interface
in the nickel mirror processed in a high vacuum on an aluminum substrate with
the surface polished by diamond machining. The sample was thermally insulated
during the measurements, and the thermocouple on the backside surface indicated
a temperature of about 100 ıC. Thus, the sample could be considered to be rather
under a vacuum baking state at a higher temperature.

Similar kinds of measurements were applied for various mirror samples as well
as those after various trials to reduce the hydrogen concentration so as to expose
the sample to a high vacuum or a deuterium gas atmosphere. The results are com-
pared in Figure 2.5b, which reveals the existence of hydrogen in a concentration of
(2 � 5) � 1015 H/cm2 on the surface and in the interface, regardless of the various
mirror materials and the surface processings. If we consider the results mentioned
above to be the summation over the hydrogen depth width of 5–10 nm as shown
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Figure 2.5 Hydrogen and deuterium concentration profiles: (a)
spectrum measured by a solid-state detector with an aluminum
filter of the recoiled atoms from 150-nm-thick nickel evaporat-
ed on an aluminum substrate and (b) comparison between the
measured hydrogen/deuterium concentrations in various sam-
ples (Kawabata et al. [66]).

in Figure 2.4, then we can estimate the volume concentration of hydrogen to be
higher than 5 � 1021 H/cm3, which is sufficient to deform the optical potential for
total reflection.

Thus, the two different experiments described above commonly reported a sig-
nificant amount of hydrogen included in the important regions as a neutron mir-
ror, and the coherent scattering amplitude of hydrogen being negative, the soft
potential as a deformed step as shown in Figure 2.3b is considered to be a realistic
description on the reflection potential for most kinds of neutron mirrors.

2.1.4
Neutron Reflectometry

As described in the present section, spectroscopy with neutron reflection is one of
the most precise experimental methods; it is very sensitive and effective for ana-
lyzing the atomic and isotopic concentrations in the surface and interface regions.
One of the advantages of the present approach compared with experiments with
neutron inelastic scattering and small-angle scattering is the smaller angular dis-
persion factor, and it is thus suitable for discussing detailed structures based on
experimental data with a higher statistical accuracy.

Furthermore, from the viewpoint of the theoretical analysis involving calculation
of the neutron wave functions as the solution of the wave equation, the generally



40 2 Reflection, Refraction, and Transmission of Unpolarized Neutrons

accepted assumption on the conservation of the wave vector component parallel to
the interface allows one to employ the elementary solution in quantum mechanics
for a one-dimensional potential (e. g., refer to textbook [B] Chapter III, problem 2,
or textbook [C] Chapter 5, Section 17).

Practically, the reflection coefficient r and the transmission coefficient t for a single
stepwise potential with thickness d are given by the next equations for a monochro-
matic incident wave with a unit amplitude:

r D (k2 � k02)(1� e2 i k 0d )
(k C k0)2 � (k � k0)2e2 i k 0d ,

t D 4k k0e i(k 0�k )d

(k C k0)2 � (k � k0)2e2 i k 0d , (2.7)

where k and k0 denote the wave vector components normal to the interface for
neutrons in a vacuum and in the potential, respectively.

Alternatively, Eq. (2.7) can be written as

r D �i(k2 � k02) sin(k0d)
2k k0 cos(k0d) � i(k2 C k02) sin(k0d)

,

t D 2k k0e�i k d

2k k0 cos(k0d) � i(k2 C k02) sin(k0d)
. (2.8)

The reflectivity for the layer thickness d !1 in Eq. (2.7), that is, the reflectivity
R D jrj2 by putting the contribution from the backside surface, e2 i k 0d being zero,
reduces to the previous Eq. (2.4). Further, this approach can easily be extended to
the case of multilayers of the step potential as described in Section 2.3 Eq. (2.7). Ow-
ing to these advantages, neutron reflectometry has recently become widely applied to
the study of various kinds of materials.

Surface and interface investigations with neutron specular reflection are now
being extended to include various research fields, such as the working mecha-
nism of surfactants at the air–solution interface, the structures of polymers and
microphase-separated layers at the air–liquid interface, the surface chemistry on
adsorption of a detergent layer at air–liquid and air–solid interfaces, and also
studies on Langmuir–Blodgett films, solid films such as hard carbon and semicon-
ductors, magnetic multilayers, ferromagnetic films, and so on [67].

The experimental accuracy at the present day of these specular reflectometries
makes it quite standard to obtain the reflectivity plot over about 5 orders below the
total reflection. The experimental procedures and their application guides are given
in instructions (e. g., [69]) and reviews (e. g., [67]).

The example shown in Figure 2.6 is a comparison between two different mea-
surements on the same sample [68], one of the measurements being carried out
with a horizontal type of reflectometer, NG-7 (with a neutron wavelength of about 0.4
nm), at the National Institute of Standards and Technology (NIST) reactor, Unit-
ed States, and the other with a vertical type of reflectometer, C3-1-2 (with a neutron
wavelength of 1.26 nm), at the JRR-3 reactor, Japan. The sample studied was a block
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Figure 2.6 Measured cold neutron reflectivities compared from
two different devices used for studying a thin film of triblock
copolymer DSP (Ebisawa et al. [68]).

copolymer with a total thickness of about 250 nm, spin-cast from solution on a pol-
ished silicon substrate. The abscissa in the figure represents the vertical compo-
nent q of the neutron wave vector5), and both results in Figure 2.6 agree well over
the whole reflectivity region shown covering 5 orders of magnitude.

The analysis of these results from neutron reflectometry measurement gives the
profile of the scattering density distribution in the sample. The reflectivity distri-
butions in Figure 2.6 are different from the theoretical curve and the measured
pattern for a single layer, and include many irregular structures. The data analy-
sis of the reflectivity measurement for these kinds of multilayer samples will be
discussed in Section 2.3.

Above we mainly discussed specular reflection, which is the reflection from a flat
surface without any structures along the surface. In contrast, if the surface includes
roughness and waviness, or very regular gratings or striped patterns, such a re-
flection component toward a shifted reflection angle from the specular angle or
small-angle diffractions might be induced, and these components are denoted as
off-specular reflection.

In specular reflections, the incident and the reflected angles are the same; there-
fore, the wave vector transfer occurs only for the normal component, and thus the
description and the analyses of the phenomenon can be simplified. On the other
hand, in the case of off-specular reflections, the description of the phenomenon
requires at least two-dimensional variables to include also the event for the parallel
component.

5) In specular reflection for neutron
wavelength λ, wave number k D 2π/λ, and
angle θ between the incident neutron and
the mirror surface, the wave vector transfer is

denoted as Q D 2q D 4π sin θ/λ. However,
this notation of Q and q might be a little
different in other references.
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Figure 2.7 Time-of-flight data showing reflection, refraction,
and off-specular diffraction from a nickel grating on a glass
substrate (Cubitt [69]).

As an example of such cases, illustrated in Figure 2.7 are the results of neu-
tron reflection and transmission for a nickel grating with several thousand lines
with a spacing of 10 μm with a thickness of 90 nm and a width of 5 μm on a glass
substrate, obtained from measurements [69] with the chopper and time-of-flight re-
flectometer D17 at the high-flux reactor at the Institut Laue-Langevin, Grenoble.

The abscissa in the reflection and transmission patterns corresponds to the pix-
els of the counter arranged normal to the sample surface, whereas the ordinate is
the time of flight, that is, proportional to the neutron wavelength. The original pic-
ture shows the neutron intensity also with the color tones, which were, however,
converted to a simpler colorless pattern for the present figure.

The figure indicates clearly, in addition to the specular components, with the
straight vertical lines meaning the reflection angle is constant and the same as
the incident angle independent of the neutron wavelength, several additional lines
with the reflection angle dependent on the wavelength as the typical character of
diffracted reflections, as well as similar additional lines with wavelength-dependent
and wavelength-independent angles for refracted-transmission and diffracted-
transmission components, respectively. In this way, the off-specular reflection and
transmission method is expected to provide an abundance of information about
the surface and interface of samples with complicated structures.
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2.2
Properties of Ultracold Neutrons

2.2.1
Reflection Loss Probability

In Figures 2.3b and 2.6, the measured reflectivity in the total reflection region is
usually considered to be 100%; however, in strict terms it is not exactly 100%, but
is a little smaller than 100%. The expected magnitude of this reduction from 100%,
that is, the theoretical value for the reflection loss probability, is given by the next
equation for a step potential (refer to textbook [F], Section 5.1, or textbook [G], Ap-
pendix 1.1):

μ D 1 � j�!r0 j2 D 2
u000
u00

kp
u00 � k2

. (2.9)

Since the above equation represents a one-dimensional system, the theoretical
formula for a three-dimensional geometry applicable to usual ultracold neutron
storage experiments with a neutron bottle should be written as

μ D 2
u000
u00

k?q
u00 � k2

?
. (2.10)

In Eqs. (2.9) and (2.10), k and k? denote the neutron wave number and its com-
ponent normal to the mirror surface, respectively, and u00 is the real part of the
mirror step potential given by u00 D 4πN0b0, whereas u000 is the imaginary part of
the potential derived from the imaginary part b00 of the complex scattering amplitude
b D b0 � i b00.

Theoretical connections of b00 and u000 to the physical parameters of the mirror
material are derived in Chapter 6 in textbook [G] and can be written as

b00 D k[σ c(k)C σ i e(k)]
4π

, (2.11)

η D u000
u00
D b00

b0
, (2.12)

where η is the reflection loss coefficient and σ c(k) and σ i e(k) are the absorption and
the inelastic scattering cross sections, respectively, of the mirror material for neu-
trons with wave number k.

For the incident angle θ of neutrons with the mirror surface normal, we can
write k? D k cos θ , and the angular average of Eq. (2.10) for an isotropic flux as as-
sumed for neutrons in the storage experiments (neutron storage experiments will
be described in the next subsection) reduces to (refer to textbook [G], Appendix 6.1,
or [70])

Nμ D 2η
y 2

�
arcsin y � y

q
1 � y 2

�
, y D v0/vl , (2.13)
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where v0 is the neutron velocity and vl the limiting velocity for total reflection of the
mirror consisting the inside surface of the bottle.

Now, we can estimate the magnitude of the reflection loss probability for prac-
tical neutron mirrors according to Eq. (2.13). The reflection loss coefficient η can be
rewritten as

η D b00

b0
D k[σ c(k)C σ i e(k)]

4πbcoh
D σ c(k)C σ i e(k)

2λ(k)bcoh
D σ c0 C σ i e0

2λ0bcoh
, (2.14)

where bcoh is constant, and further the usual relations of the 1/v law for the ab-
sorption and the inelastic scattering cross sections of low-energy neutrons allow us
to put (σ c0C σ i e0)/λ0 as a constant.

As an example of most idealized mirror conditions, we assume a beryllium mir-
ror with a perfectly clean and flat surface, cooled down to a sufficiently low tem-
perature, which leads to the theoretical values of σ c0 C σ i e0 Š σ c0 Š 10 mb for
neutrons with wavelength λ0 D 0.18 nm, and further bcoh Š 7.8 fm.6) Then, we
obtain the expected value of η Š 7 � 10�7. Similar theoretical estimations from
Eq. (2.14) for other kinds of neutron mirrors also assumed with perfectly clean sur-
face are η � 10�4 for copper, nickel, and iron, and η � 10�5 for boron-free glass,
quartz glass, silicon, and aluminum, at room temperature.

On the other hand, we found in the previous section that the reflection potential
for most neutron mirrors should be considered significantly deformed from the
simple form of a step function, to a soft potential somewhat rounded in the region
of the mirror surface and interfaces as shown in Figure 2.3b, because of the very
common phenomenon of the adsorption and accumulation of impurity hydrogens
on the surface and the interfaces.

The hydrogen concentration in this surface region, as indicated in Figures 2.4
and 2.5b, was about 5 � 1021 H/cm3 with a depth width of about 5–10 nm, almost
regardless of the materials and the surface treatments.

The penetration depth of the neutron wave function into the stepwise reflection
potential under total reflection is theoretically estimated to be about 10 nm accord-
ing to the solution of the Schrödinger equation. Experimental studies were also
reported by Novopoltsev et al. [71] on the penetration depth of ultracold neutrons
incident on a copper mirror with various thicknesses evaporated on a polished glass
substrate. They measured the induced radioactivity of the copper layer by remov-
ing it from the substrate after irradiation with the ultracold neutron flux, and de-
rived the dependence of the ultracold neutron absorption coefficient on the copper
thickness, the result of which indicated the ultracold neutron penetration depth
was consistent with the theoretical estimation, about 10 nm, as mentioned above.

On the basis of this information, here we want to try to calculate the expected
reflection loss coefficient for a mirror surface which is assumed to include a hy-
drogen impurity with an atomic concentration of about 10% of the base material
of the mirror. Since the physical and chemical forms of such an impurity are not

6) 1 fm (fermi) D 1 femtometer D 10�15 m
D 10�13 cm.
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known well, we also assume its state is rather near that of ordinary water. Then a
very rough estimation for the constant magnitude (σ c0 C σ i e0)/λ0 in the 1/v re-
gion leads to the increment of ηsurfH in the reflection loss coefficient owing to the
hydrogen impurity in the surface region: ηsurfH � 10�4. The other part except η
on the right side of Eq. (2.13) increases monotonously on varying y from 0 to 1 as
2(arcsin y � y

p
1 � y 2)/y 2 D 0 � π.

The experimental approach for the observation of the reflection loss coefficient
and the practical results are described in the next subsection.

2.2.2
Neutron Storage Bottle and Anomalous Loss Coefficient

Because of very small magnitude expected for the reflection loss probability com-
pared with unity, it is difficult to measure the magnitude in single reflection exper-
iments such as those depicted Figures 2.3b and 2.6. The observation will become
possible by precisely registering the decrease in the neutron number after thou-
sands or tens of thousands of reflections have been experienced. Ultracold neutron
bottle experiments make this possible.

In 1959, Zel’dovich proposed an idea to store for a long time such neutrons with
very low energy to be totally reflected many times off the wall inside a vacuum ves-
sel [72]. About 10 years after his proposal, Shapiro’s group for the first time practi-
cally carried out the neutron storage experiment [73]. Since then, this new method
for the ultracold neutron storage experiment has been applied for various kinds
of physical experiments as a unique approach to hold neutrons in high-precision
observations for a long period.

In such ultracold neutron bottle experiments, usually the temporal variation of the
number of neutrons stored in the vacuum vessel experiencing total reflections is
registered. As mentioned for Figure 2.3, ultracold neutrons are totally reflected even
at normal incidence to the neutron mirror surface off the inside wall of the bottle,
and then repeat free flights and total reflections until they are lost by any of the
following causes: reflection loss, � decay to an electron, a proton, and an antineu-
trino, leakage from the vessel through an existing hole or gap, or any other possible
loss mechanisms in the vacuum vessel.

As an example of the earliest neutron bottle experiments carried out at the Joint
Institute for Nuclear Research, Dubna, and Kurchatov’s Institute of Atomic Ener-
gy, the experimental results of Groshev et al. are shown in Figure 2.8 [74]. In Fig-
ure 2.8a, 1 and 2 indicate the entrance and exit shutters, respectively, for ultracold
neutrons (the space between these two shutters thus works as the storage bottle)
and 3 is the ultracold neutron detector. First, the entrance shutter is opened with
the exit shutter closed. Then, the ultracold neutrons coming through an S-shaped
guide tube installed in the research reactor fill the bottle. When the saturation den-
sity of neutrons is attained, the entrance shutter 1 is closed. After storage time t,
the exit shutter is opened, and then the number of neutrons that flow out are reg-
istered. The results are plotted in Figure 2.8b, where experiment 1 was performed
on a chemically polished copper bottle, giving the average lifetime T of the stored
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Figure 2.8 Measurement of ultracold neutron storage lifetime:
(a) storage bottle with an inner diameter of 14 cm and a length
of 174 cm; (b) experimental results for the neutron number
N(t) after storage time t in various kinds of bottles; the ordi-
nate shows the logarithm of N(t) (Groshev et al. [74]).

neutrons of 33 s, and experiments 2 and 3 were for a copper foil bottle and a py-
rographite bottle, both with unpolished surfaces, resulting in T D 14 s and 11 s,
respectively.

Applying the storage lifetime formula for T,

1
T
D v
Nμd
C 1

τn
, (2.15)

to these experimental results, where v is the neutron velocity, d the bottle diam-
eter, and τn the neutron decay lifetime, we can deduce the value for the average
reflection loss probability per wall collision, Nμ, as (0.7�2) � 10�3. The present
experimental values for Nμ are 20–30 times larger than the theoretically expected
values for these wall materials, and these experimental results are considered to
indicate the existence of some unknown causes for ultracold neutron loss from the
storage vessel.

As possible loss causes which are not considered in the above analysis, we can
suppose reflection loss due to some defects on the inner surface and neutron leak-
age through some gaps in the shutter mechanism. Therefore, an experiment to di-
minish the possible effects of these loss causes was undertaken by Utsuro et al. [75]
by preparing a larger-volume storage bottle of about 120 l which was equipped with
tight contact type entrance and exit shutters with spring-pressing and the inner sur-
face of the bottle was made of SUS-304 stainless steel treated with an ultrafine elec-
trochemical composite buffing polish process [76].7) Ultracold neutrons for the storage
lifetime experiments were fed to the bottle after gravitational deceleration through

7) The polished surface quality was an average
roughness of about 50 Å and the peak-to-peak
value about of 500 Å.
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Figure 2.9 Ultracold neutron storage experiment with a large-
volume ultrafine polished stainless steel bottle: (a) structure
of the bottle; (b) experimental result for the storage lifetime
(Utsuro and Okumura [75]).

a 1-m-rise guide tube connected to the exit port of the supermirror turbine [77] at the
Kyoto University reactor described in Section 2.4.1. The experimental results are
shown in Figure 2.9.

From the analysis of the measured storage lifetime of 180 s, that is, after sub-
tracting the effect of the neutron decay according to Eq. (2.15), and by making use
of the neutron mean free path Nl D 4V/S Š 35 cm, which replaces d in Eq. (2.15),
(where V and S denote the storage volume and the inner surface area of the bottle,
respectively), and the average velocity of the stored neutrons Nv D 5 m/s estimated
from the limiting velocity of total reflection vl D 5.4 m/s for the present polished
SUS-304 neutron mirror, the average reflection loss probability was obtained as
Nμ Š 3.0 � 10�4. The present value is near the expected value of 2 � 10�4 for the
room temperature SUS bottle including the possible contribution of the surface
hydrogen impurities.
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Figure 2.10 Neutron loss cross sections of
beryllium after various purification treatments
and at various temperatures, derived from
an ultracold neutron storage experiment and
from a very cold neutron transmission ex-
periment, compared with the theoretical loss
cross section (σa C σin) curve calculated in
the Debye model. Transmission experiments:

1a, fused Be; 2a, quasi-single-crystal Be; 3a,
pressed sintered Be. Storage experiments: 1c,
deposited spherical trap, not degassed; 2c,
deposited cylindrical trap, degassed at 250 ıC;
3c, all-Be trap, degassed at 300 ıC; 4c, de-
posited spherical trap, degassed at 350 ıC and
purification with He and D2 gas. Theory: 1b.
(Alfimenkov et al. [78]).

However, on the level of further lowered loss probability in bottled neutron ex-
periments, significant disagreements have been reported between the experimen-
tal results and the theoretical expectation. As a typical example, the findings of
the experimental study on the beryllium bottle by Alfimenkov et al. are shown in
Figure 2.10 [78]. To elucidate the possible lower limit of reflection loss probability,
they performed ultracold neutron storage and very cold neutron transmission exper-
iments covering the wide temperature region from about 600 K down to 10 K on
beryllium bottles and transmission samples after various purification treatments.

The value for the loss cross section extrapolated to absolute zero temperature
from the results of the bottle experiment, that is, σ i e(k)! 0 in Eq. (2.12), is about
0.9 b larger than the results from the transmission experiment and the theoretical
value based on the absorption cross section of beryllium; there are obvious dis-
agreements. The reason for the present disagreements has not been sufficiently
well clarified [79].

2.2.3
Limiting Velocity for Total Reflection and Neutron Absorption

Another disagreement between experimental results and theoretical expectation
was observed by Kitagaki et al. [80, 81] in the development of a new kind of solid-state
ultracold neutron detector at the Kyoto University Research Reactor Institute. Fig-
ure 2.11 shows the neutron velocity dependences of the count rate measured with
the ultracold neutron beam at the high-flux reactor, Grenoble, on the 6Li solid-state
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Figure 2.11 Velocity dependences of various kinds of ultracold
neutron detectors: (a) 6Li solid-state detectors with different
limiting velocity for total reflection vl and (b) a typical velocity
dependence compared with that obtained with an aluminum
window helium gas detector (Kitagaki et al. [81]).

detector [81] especially developed by Kitagaki with different values of the limiting
velocity for total reflection, vl . They compared the results with the similarly obtained
results for a conventional aluminum window helium gas detector. The abscissa
corresponds to the neutron flight velocity component perpendicular to the sensi-
tive surface of the detectors, that is, v?, which was derived from the flight time of
the incident neutrons, and the ordinate is the registered count rate.

Since the isotope 6Li has a large absorption cross section for neutrons (σa Š
945 b at v D 2,200 m/s), the contribution of the absorption to the limiting velocity
is taken into consideration according to the theory of Goldberger and Seits given
in Chapter 1. According to their theory, the refraction phenomena are described
by the complex potential related to the complex scattering amplitude for the isotope
constituting the reflecting surface. As a result, bcoh on the right side of Eq. (1.16)
should be replaced by the complex scattering amplitude b as

bcoh ! b D b0 � i b00 , (2.16)

b0 D bcoh �
� σa

2λ

	2
, (2.17)

b00 D σa

2λ
, (2.18)

where the approximation σ c Š σa (σa is the absorption cross section) was em-
ployed. Thus, we arrive at the formula for the reflection loss coefficient η, as previ-
ously described by Eq. (2.12).

The reliability of the present formula considering the absorption of neutrons was
already assured by the consistency in cold neutron optical experiments on solid
multilayers. An example is given in Section 9.6.4 for the reflection and transmis-
sion probabilities in experiments [445] with magnetic multilayer resonators includ-
ing evaporated Gd with a giant absorption cross section.



50 2 Reflection, Refraction, and Transmission of Unpolarized Neutrons

We can estimate the contribution of the absorption cross section of ultracold
neutrons σa(v � 1 m/s) Š 2 � 106 b for 6Li in the Li-type solid-state detector ac-
cording to Eqs. (2.16) and (2.17). The estimated contribution of the second term on
the right side of Eq. (2.17) to the refractive index is smaller than 1%. Thus, the lim-
iting velocity for total reflection of the solid-state detector is practically determined
by the first term on the right side of Eq. (2.17), the derived values being shown by
the vertical dotted lines in Figure 2.11a. In contrast to these apparently different
values for the limiting velocity, the measured velocity dependences in Figure 2.11a
indicate nearly the same and noticeably sensitive responses to ultracold neutrons
even below the limiting velocity for total reflection.

Now, it is important for understanding these observations to point out the fact
that the optical microscope inspection of the surface of the present solid-state detec-
tors revealed very irregular surface structures with many cracks and waviness [80],
that is, a not so simple flat surface as assumed in the theoretical formula given
above. These irregularities should have significant effects on the velocity depen-
dences reported in Figure 2.11a. For example, for a structure with size larger than
the neutron wavelength, the perpendicular component v? of the incident neutron
velocity varies locally from the supposed macroscopic value, whereas for the struc-
ture with the same size as the neutron wavelength, refractive and diffractive trans-
missions will be induced as already mentioned for Figure 2.7. These investigations
and considerations will be important for clarifying various anomalous phenomena
in ultracold neutron experiments, as mentioned in the previous section and in the
last part of the present section.

Ultracold neutron optics in the case of a much larger absorption cross section
will be more interesting. For the isotope with the largest absorption cross section,
157Gd, the value of σa is about 250 times that of 6Li, and for the complex scatter-
ing amplitude for such a nucleus in Eq. (2.16)–(2.18), it is actually possible that
the imaginary component becomes dominant. There is a prediction [82] that the
absorption cross section will saturate in such an extreme condition. Furthermore,
concerning the neutron transmission ratio for a dilute solution of such an isotope,
an additional term must be added to the usual formula for the transmission ratio
represented by the average concentration, owing to the density fluctuations of the
isotope with a giant absorption cross section. Actually, in the experimental result for
the ultracold neutron transmission ratio for the dilute solution of 157Gd and natural
Gd, a deviation from the usual simple relation was observed in the velocity region
below about 4 m/s [83].

By the way, we mentioned the reliability of Eqs. (2.16)–(2.18) for the reflection
and transmission probabilities of the multilayer containing Gd, but we also notice a
deviation from the simple theoretical curve at low grazing angles for the measured
Larmor precession of the neutron spin. (This will be shown in Figure 9.27b.)

On the other hand, other kinds of various anomalous phenomena have also
been reported in ultracold neutron experiments, such as abnormal transmission
through thin films [84], minute energy changes of stored neutrons [85–87], and
late neutrons emerging out of the bottle after a long discharge of about 100 s of
stored neutrons on opening the exit shutter [88], in which the possibility of tem-



2.3 Reflection and Transmission of Neutrons by Multilayer Mirrors 51

poral adsorption of neutrons to the inner wall has been pointed out. A number of
these singular phenomena introduced in this section are called ultracold neutron
anomalies, and they can be considered to indicate that there are many unknown
things in the interaction phenomena of ultracold neutrons on the surface of and
the inside materials because of the extremely long wavelength, low velocity, and
low energy of ultracold neutrons.

2.3
Reflection and Transmission of Neutrons by Multilayer Mirrors

2.3.1
Developments of Multilayer Mirrors and Reflectivity Analyses

When Schoenborn and his collaborators in the Biology Department and the Depart-
ment of Applied Sciences at Brookhaven National Laboratory studied sciatic nerve
fibers in D2O, they noticed that a few repeats of relatively thick layers with alter-
native positive and negative scattering density should produce efficient monochro-
mators, and suggested a new type of novel neutron monochromator [89]. Neutron
scattering from such multilayers is not the same as simple Bragg scattering, but is
given by a scattering factor proportional to the difference in the unit-volume scat-
tering amplitudes of the two materials used. Therefore, in the case of bilayers with
equal layer thickness, the even-order reflections will be absent, and if a sinusoidal-
ly varying scattering amplitude profile can be produced, higher odd orders will be
absent.

To verify the applicability of the present method to produce monochromatic
neutrons with multilayers, they prepared and tested Mn–Ge multilayer mirror
monochromators deposited on glass substrates with a vacuum evaporation method.
The scattering amplitudes of Mn and Ge are �3.6 and 8.2 fm, respectively, and
the present combination is advantageous for producing a multilayer because of
the low mutual diffusion coefficient. Ten Mn–Ge bilayers samples with a size of
1 cm�4 cm were prepared and mounted at the position of the multilayer shown in
Figure 2.12a in the neutron beam of the high flux beam reactor in their laboratory.
The measured angular distributions of the reflected intensity are plotted in Fig-
ure 2.12b for fixed-wavelength monochromatic neutrons. For an angular region θ
smaller than the critical angle for total reflection θc, the reflection should be total
reflection, but actually the reflected intensity decreases for lower angles because
the finite size of the sample could not cover the spreading beam. The letter M in
the figure indicates the intensity level of the total reflection. In the angular region
θ > θc in Figure 2.12b, the reflection peaks corresponding to the multilayer period
are clearly observed.

For the theoretical analysis of wave mechanics in these multilayers, the method
of the one-dimensional potential approach described in Section 2.1 can be applied
in principle by extending it to the increased number of the amplitude coefficients
according to the increasing of the layer number.
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Figure 2.12 Neutron reflection with multilayers experiment at
the high flux beam reactor: (a) experimental arrangement; (b)
experimental results of the angular distribution of the reflect-
ed intensity for 4.2-Å fixed-wavelength neutrons (Schoenborn
et al. [89]).

Practically, since Eq. (2.7) was obtained by solving the continuity conditions of
the wave function and its derivative concerning the formula for the wave function
Φ (x , z) D exp(i kx x )φ(z) with the reflection coefficient r and the transmission coeffi-
cient t expressed as

φ(z) D e i k z C r e�i k z , z � 0 ,

D aei k 0z C be�i k 0z , 0 � z � d ,

D t e i k z , d � z , (2.19)



2.3 Reflection and Transmission of Neutrons by Multilayer Mirrors 53

for multilayers the corresponding relation inside one of the layers can be written
as

φ(z) D an ei kn z C bn e�i kn z , zn�1 � z � zn , (2.20)

where n D 1 � N, z0 D 0, zN D d, and kn denotes the component of the wave
number vector perpendicular to the interface for the neutrons inside the region n,
and so it is enough to solve these simultaneous equations of the layer number N.

After the initial study on the neutron multilayer mentioned above, a new field of
the neutron multilayers, that is, artificially prepared material with periodic struc-
tures, has been developed, such as multilayer applications as various neutron op-
tical devices and also neutron optics studies on various phenomena realized with
multilayers. One of the greatest advantages of multilayers is the superior flexibility
that allows us to design and control the separation of the layers according to our
needs.

As a typical example to utilize this advantage, Mezei proposed a really new neu-
tron optical element named a neutron supermirror, to be prepared by successively
varying the separation of the layer according to the order of the layers; such a su-
permirror should provide a much wider wavelength region with a high neutron
reflectivity compared with the usual crystalline devices and conventional simple
multilayers. Further, applying the spin dependence of the neutron scattering am-
plitude for most isotopes, he proposed a multilayer polarizer mirror and a supermir-
ror polarizer, and carried out numerical studies on their performance by extending
diffraction theory [90, 91].

On the other hand, for theoretical studies on multilayer optics, Croce and Par-
do developed the two lines to two arrays matrix method as a formalism to solve
the wave functions in multilayers with the optical method [92]. According to their
formalism, Eq. (2.20) can be expressed in the following matrix form after putting
A n D an ei kn z and Bn D bn e�i kn z , where the phase factors e˙i kn zn at each inter-
face z D zn , n D 1, 2, . . . , N , are contained in the respective coefficients:

�
A n

Bn

�
D 1

2

0
@
h
1C knC1

kn

i
e�i'nC1

h
1 � knC1

kn

i
e i'nC1h

1� knC1
kn

i
e�i'nC1

h
1C knC1

kn

i
e i'nC1

1
A 	 �A nC1

BnC1

�
, (2.21)

where 'nC1 D knC1dnC1. They also showed some calculated results of reflectivity
for the multilayer example in which the absorption can be neglected.

Further, Yamada et al. [93] gave the formula for the j-layer derived from the two
lines to two arrays matrix representation of Croce and Pardo’s optical method, by
eliminating the coefficients an and bn in Eq. (2.20) and their derivatives at the
interfaces, as follows: 

φ jC1(0)
φ0jC1(0)

!
D
 

φ j (' j )
φ0j ('n)

!
D M j

 
φ j (0)
φ0j (0)

!
, (2.22)

where the matrix M j in the case that the absorption can be neglected, that is, as
mentioned in the previous section, the scattering amplitudes are real, is given by
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the equation

M j D
 

cos n j ' j n�1
j sin n j ' j

�n j sin n j ' j cos n j ' j

!
, 4πN b j coh/ k2 � 1 (2.23)

D
 

cosh n0j ' j n0�1
j sinh n0j ' j

n0j sinh n0j ' j cosh n0j ' j

!
, 4πN b j coh/ k2 > 1 , (2.24)

where n j D
p

1� 4πN b j coh/ k2, n0j D i n j D
p

4πN b j coh/ k2 � 1, and ' j D
kd j .

In this way, in the case where the absorption is neglected, the solution for
Eqs. (2.19) and (2.20) can be expressed as�

t
i ng t

�
D M T

�
1C r

i n0(1� r)

�
, (2.25)

where M T D M N . . . M2M1, and n0 and ng are the refractive indices for the media
before and after the multilayer, respectively. The formalism of Eqs. (2.22)–(2.25) is
called the transfer matrix method, and the matrix M is the transfer matrix.

Putting M T D
�

A B
C D

�
, we can solve Eq. (2.25) for r and t:

r D (n0ng B C C )C i(�ng AC n0D)
(n0ng B � C )C i(ng AC n0D)

, (2.26)

t D 2n0

(n0ng B � C )C i(ng AC n0D)
. (2.27)

By making use of the present matrix formalism, Yamada et al. further carried
out analyses and calculations on the reflectivity for various kinds of multilayers
to be used for neutron monochromator mirrors, polarizer mirrors, and supermir-
rors [93]. The present transfer matrix method is a quite powerful approach to ex-
press and analyze very simply the reflection and transmission for very complicated
optical systems consisting of a number of layers.

As the next step in multilayer developments, Ebisawa et al. prepared various Ni–
Mn and Ni–Ti multilayers for monochromator mirrors and supermirrors with the
vacuum evaporation method, and also measured the reflectivity at the Kyoto Uni-
versity reactor [94]. From the comparison of their results, they deduced the design
formula and the optimum values for the parameters to obtain high reflectivity over
a wide wavelength region of neutrons [93]. One of the experimental results for the
reflectivity on the Ni–Ti supermirrors developed by them is shown in Figure 2.13.
This example indicates an about 2.5 times wider region than for a nickel mirror in
the wave vector transfer8) for neutron reflection (refer also to Figure 2.15a).

8) For neutrons with wavelength λ, wave
number k D 2π/λ, and reflected with
angle θ between the mirror surface and
the direction of reflection, the wave vector
transfer is given by Q D 4π sin θ/λ.
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Figure 2.13 Typical example of the measured reflectivity of the
supermirror (Ni 85 layers, Ti 84 layers) at the preliminary stage
of the development at the Kyoto University reactor (Ebisawa
et al. [94]).

On the basis of these theoretical analyses and practical developments of multi-
layers, the utilization of supermirrors for neutron guide tubes and other neutron
optical devices was significantly promoted thereafter.

2.3.2
High-Performance Supermirrors

Active developments of high-performance multilayer neutron mirrors and super-
mirrors and also their applications are continuously promoted to this day. The
method for preparing multilayers has been extended, in addition to vacuum evapo-
ration, also to the sputter method, which is more appropriate than vacuum evapora-
tion for preparing thin layers and controlling precisely the layer thickness. Saxena
applied a high-frequency sputter method to realize thinner layers required for re-
flectivity improvement by eliminating the cause inducing layer imperfections and
also for extension of the reflection region [95].

Recently, a very effective approach and practical success has been achieved by
Soyama et al. [96, 97] and Hino et al. [98, 99] for reflectivity improvement and of the
reflection region of multilayers (these developments are called high-Q multilayer
developments).

With the increase of the layer number, and also the decrease of the minimum
layer thickness required for the the reflection region, the effects of the interface
roughness become fatal, and therefore an effective step to decrease the roughness
is a crucial requirement. Soyama et al. employed an ion-polishing process during the
sputtering process to improve the interface roughness, which inevitably increas-
es in accordance with the progress of the ion-beam sputtering of Ni–Ti multilay-
ers, and as a result they succeeded in drastically decreasing the resultant interface
roughness in the completed multilayer.
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Figure 2.14 Improvements of multilayer interface roughness
with the ion-polishing method: (a) the ion-beam sputtering
apparatus ; (b) variation of interface roughness on Ni layers
or Ti layers depending on ion-polishing time durations (ion
energy 100 V, ion-injection angle 10ı). IBP ion-beam polishing.
(Soyama et al. [96]).

As shown in Figure 2.14a, the apparatus they used has two ArC ion sources,
one for the layer preparation and one for the ion-polishing. They looked for
the optimum ion energy and polishing time duration which is most appropri-
ate for obtaining the minimum interface roughness. Figure 2.14b indicates their
solutions showing the resultant interface roughness for various polishing dura-
tions. The minimum interface roughness below 4 Å was obtained for an optimum
polishing duration of about 69 s for Ni layers, whereas the interface roughness
of about 4.5 Å for a duration longer than about 100 s was obtained for Ti lay-
ers. Both of these results are significantly improved with the application of ion-
polishing.

The actual performance of neutron reflectivity was measured on the ion-polished
multilayer by making use of a reflectometer with a wavelength of 4 Å and a reso-
lution of about 5% at the JRR-3M reactor, Japan Atomic Energy Agency, and the
result is shown in Figure 2.15 [97]. Figure 2.15a indicates an improved reflectivi-
ty of about 90% in the wave vector transfer of 0.03–0.06 Å�1 for the ion-polished
supermirror with a total layer number of 407, compared with about 80% [94] for
the conventional supermirror without the ion-polishing. Further, Figure 2.15b il-
lustrates the experimental result for an ion-polished monochromator mirror with
an average layer spacing of 85 Å and a layer number of 130 [100], which can be well
explained by the calculation for an interface roughness of 5.5 Å. We can see that
the present reflectivity peak of monochromatization is much improved compared
with the result shown in Figure 2.12b.

Further, very active development of high-performance supermirrors and various
kinds of multilayer elements for neutron optical applications have been continued
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Figure 2.15 Neutron reflectivity performances
of multilayers prepared with the ion-polishing
method: (a) comparison between reflectivi-
ties of a Ni mirror and an ion-polished Ni–Ti
supermirror with a 3 times wider reflection

region (Soyama et al. [97]); (b) comparison
between the measured reflectivity (ı mark) of
an ion-polished Ni-Ti multilayer monochroma-
tor mirror and the calculated reflectivity (solid
line) (Maruyama et al. [100]).

by Hino et al., in which supermirrors with 5 times and 6 times wider extended
reflection regions compared with a nickel mirror have been prepared [98, 99].

2.4
Reflection off and Transmission through Moving Matter

2.4.1
Neutron Turbine

As mentioned at the end of Section 1.4, in the case of the steady-state motion of
an optical element, the reflection, diffraction, and transmission of neutrons can
be analyzed classically. Suppose there is an optical element in translational motion
with velocity vT as shown in the lower part of Figure 2.16a, where, as illustrated in
the upper part of Figure 2.16a, neutrons with velocity v1 are incident with angle α
to the direction of vT . Then, the phenomena of neutron reflection and transmission
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Figure 2.16 Neutron turbine: (a) working principle and (b) ve-
locity spectrum of ultracold neutrons produced with Steyerl’s
turbine developed at the Technical University of Munich (Stey-
erl [64]).

can be analyzed in the translational frame of reference where neutrons with relative
velocity vr enter the element at rest with angle �. Further, the results of reflections
in the optical element shown in the lower part Figure 2.16a can again be returned
to the original laboratory frame as illustrated in the middle part Figure 2.16a. Our
task in this subsection is to analyze the possible approach to arrive at the result we
desire for a neutron beam or a group of neutrons by making use of the principle of
the moving optical elements mentioned above.

However, it must be remarked that there exists an important fundamental law
restricting the possible performance of such an optical element. The fundamental
law is Liouville’s theorem, which states that the phase space density of mutually
noninteracting particles does not vary with the execution of any collective external
forces. The phase space density �ps is defined here as the differential number of
particles per unit volume in the momentum space k per unit volume in the real
space r, that is, it is denoted as �ps D d6N/„3 d3r d3k.

A further restrictive fact in practice is that the statement “does not vary” in the
theorem applies to an ideal situation without any losses and imperfections in the
execution of the collective external forces, and in the real conditions accompanying
finite losses or imperfections it should be mentioned that one cannot reach the
original density. Then, what is the meaning of executing such a collective external
force as to convert the particle velocity illustrated above? The answer is that there
exists really such a case where we can recover the lost density in the phase space by
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the conversion of the particle velocity from a high-density region to a region where
the density is significantly low if we do not use the present principle.

As one of the actual cases, as mentioned in Section 2.2, ultracold neutrons have
the attractive property of being reflected by neutron mirrors in a wide range of in-
cident angles, but on the other hand their loss probability due to the absorption
and inelastic scattering is very large compared with that of neutrons with higher
energy. As the result, a significant density loss is accompanied in the course of the
direct extraction of ultracold neutrons from a neutron source to an experimental
apparatus. Therefore, it will be advantageous to transport cold or very cold neu-
trons to the neighborhood of the experimental apparatus and convert them there
to ultracold neutrons by making use of a specially prepared device working on the
principle shown in Figure 2.16a. The primary neutrons supplied to such a device
will include high-density cold or very cold neutrons since they are much more eas-
ily extracted and transported, but the density of ultracold neutrons will be signifi-
cantly diminished; thus, the recovery of the lost ultracold neutron density becomes
an important task.

The optical element shown in the lower part of Figure 2.16a consists of a num-
ber of semicircular reflecting mirrors and rotates with a constant velocity in which
the incident neutrons reverse the direction of the relative motion and experience
multiple total reflections, as described in Figure 2.16a. The exiting neutrons are
then decelerated in the laboratory frame to a velocity of about 1/10 of that of the in-
cident very cold neutrons. Such a device with a special structure and performance
as described above is called a neutron turbine. The neutron turbine designed and
developed by Steyerl at the Technical University of Munich (called Steyerl’s turbine)
has nearly 700 semicircular blades of copper mirrors over the whole circumference
of a big wheel, and rotates with a blade velocity of about 25 m/s. It then converts in-
cident very cold neutrons with a velocity of about 50 m/s to ultracold neutrons with
a velocity below about 10 m/s [64]. In Figure 2.16b the velocity spectrum measured
with a time-of-flight method (circles) is compared with the expected spectrum (solid
line) for the incident neutron intensity and an estimated turbine efficiency of 45%;
the difference is attributed to the counting efficiency of the measuring system used
for the ultracold neutrons.

To produce ultracold neutrons with such an axial flow turbine as described in
Figure 2.16a, the turbine blades are rotated with a blade velocity of about half the
incident neutron velocity. The velocity of the incident neutrons in Steyerl’s turbine
was designed to be about 50 m/s from the limiting velocity for total reflection of
the copper mirror, vl D 5.6 m/s, the practical number of reflections in the blade
(about 10), and the practical conditions for the construction (the width and num-
ber of the blades). In other words, if we can employ a turbine blade with a larger
limiting velocity for total reflection, it is possible to decrease the required number
of reflections in blades and also the number of blades under the same condition
for the incident neutron velocity. Such an improvement will make the construction
of the turbine easier.

A supermirror neutron turbine was developed by Utsuro et al. [77, 101, 102] at the
Kyoto University reactor by making use of polygonal blades of Ni–Ti flat super-
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Figure 2.17 (a) Working principles of three kinds of neutron
velocity conversion devices and (b) measured spectra of ultra-
cold neutrons produced by the supermirror turbine at the Kyoto
University reactor (comparison between the results from the
three-mirror type and the five-mirror type of supermirror blades)
(Utsuro et al. [77, 102]).

mirrors with a limiting velocity for the reflection of vl D 14.7 m/s, with the blade
shape shown in Figure 2.17a, configuration ii. The measured velocity spectra for
the ultracold neutrons flowing out from the turbines with two different designs of
baldes are given in Figure 2.17b, where the common decrease of the count rates be-
low about 4 m/s is due to the drastic decrease of the counting efficiency of the 3He
counter used (as shown in Figure 2.11b) owing to the aluminum window reflec-
tion. The comparison of the two spectra in Figure 2.17b indicates that the turbine
with the optimum design, that is, 96 blades of five flat supermirrors, gives about
3 times higher output intensity of ultracold neurtons compared with the turbine
with 32 blades of three flat supermirrors. The structures of the spectra apparent
in Figure 2.17b are caused by the reflected neutrons during passage through the
polygonal blades.

The schematic arrangements of ultracold neutron facilities with these two kinds
of turbines are illustrated in Figure 2.18a and b, respectively. The former facili-
ty [103] of Steyerl’s turbine with nickel blades is installed on the top floor in the
reactor room, and the incident very cold neutrons are supplied by a vertical-type
nickel guide tube. It has five horizontal exit ports, four are for utilization of ultra-
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Figure 2.18 Two kinds of arrangements for the turbine type
of ultracold neutron facilities: (a) facility at the Institut Laue-
Langevin (Steyerl et al. [103]) and (b) facility at the Kyoto Uni-
versity Research Reactor Institute. VCN very cold neutrons (Ut-
suro et al. [77, 102]).

cold neutrons and one is for ultracold neutron test. The latter facility [77, 102] is
installed on the experimental floor in the reactor room, and has a horizontal very
cold neutron guide followed by an upward bender of nickel mirrors, and it has
three horizontal exit ports for ultracold neutrons. Since the ultracold neutrons at
the blade exit flow out with a wide divergent solid angle near 2π, the separation be-
tween the rotating blade edge and the fixed inlet port of the ultracold neutron guide
must be minimized; in the above-mentioned facilities it is minimized to about 5
mm. Further, in the case of the facility shown in Figure 2.18b, there is a vertical rise
guide for the gravitational deceleration of the output component with the maximum
intensity in Figure 2.17b, that is, the velocity region of about 5.5–7 m/s, down to a
velocity below about 5 m/s for ultracold neutron storage experiments, and a vertical
fall guide from the experimental device to the detector, for gravitational acceleration
up to a velocity beyond 3.2 m/s, the limiting velocity for total reflection of the alu-
minum detector window.

Both of these facilities utilize very cold neutrons from steady-state reactors; how-
ever, in recent years intense pulsed neutron sources have been constructed and
utilized for various kinds of neutron experiments. To employ such a pulsed neu-
tron beam for ultracold neutron production, the principle of multiple reflections
for the velocity conversion as shown in Figure 2.17a, configurations i) and ii) is dis-
advantageous because of the dispersion of phase space density during the multiple
reflections, and a different principle, a Doppler shifter as shown in Figure 2.17a,
configuration iii), attaining the required velocity conversion by a single Bragg scat-
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tering, will become more appropriate. Dombech [104] and Brun et al. [105] devel-
oped and tested such a Doppler shifter with blades of synthetic mica (Thermica) by
installing it at the pulsed source IPNS, at Argonne National Laboratory. Recently, a
rather sophisticated concept of a velocity-focusing type of supermirror Doppler shifter
was presented by Utsuro [106] in which the multilayer structure and the instanta-
neous velocity of the supermirror reflecting blade are controlled to synchronize the
reflection condition with half the velocity of the incident neutrons depending on
the arrival time from the pulsed source. A prototype machine constructed with a
special mechanism for the blade motion was tested by Utsuro and Shima et al. [107]
at the pulsed source KENS, the High Energy Physics Research Institute, Tsuku-
ba.

2.4.2
Fizeau Experiment

In the previous subsection, we studied neutron optical elements in steady transla-
tional motion with a constant velocity or well approximated by such a motion. A
typical contrary case of high-frequency reciprocal motion was also studied in Sec-
tion 1.4. Therefore, in the present subsection, an another interesting case will be
presented where the motion of an optical element induces different optical effects
for different optical paths within the element. The Fizeau experiment in light op-
tics is known as one of such experiments, and thus we consider the matter wave
analogy to the Fizeau experiment in light optics.

As indicated by the formula for the refractive index, Eq. (1.16) given in Sec-
tion 1.2,

n2 D 1� N bcohλ2

π
,

and the definition of the refractive index, n D k0/ k, where k and k0 denote the
neutron wave numbers in a vacuum and in a medium, respectively, the wave num-
ber in the medium differs from that in a vacuum owing to the effect of the optical
potential of the medium.

Therefore, if we insert a neutron transmission rod between the object slit and the
scanning slit in the double-slit experiment setup shown in Figure 1.4a, the phase
of the transmitted neutrons changes by an amount proportional to the thickness.
When the rod is stopped, the phase changes for the two optical paths for the double
slit shown in Figure 2.19b are same and then the interference pattern will not
change, whereas for the transmission through the rod in rotational motion, the
interference pattern will change from that without the rod. A similar effect has
already been shown in the Fizeau experiment in light optics. Klein et al. performed
an analogous experiment by making use of the cold neutron beam at the high-flux
reactor, Grenoble [108].

According to the theoretical analysis with the local wave number of neutrons in
the transmission path through the moving element [108], the phase change through
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Figure 2.19 Fizeau experiment for a matter wave: (a) overall ex-
perimental layout (not drawn to scale); (b) a quartz rod rotating
with angular velocity Ω and a double slit; (c) double-slit inter-
ference pattern, solid line Ω D 0 Hz, dotted line Ω D 100 Hz
(Klein et al. [108]).

the path in the rotating rod for thermal and cold neutrons is given by

Δ' D �kD
U
2E

v
vn

, (2.28)

in which the inequality U/E � 1 holds for the neutron energy E, k and vn are
the wave number and the velocity of neutrons in a vacuum, respectively, and v is
the local velocity of the rod material at a radius y from the rotation center, that is,
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v D y Ω . The result plotted on the shift of the interference pattern as a function of
the rotation speed agreed well with the theoretical straight line of Eq. (2.28).

As another example of related experiments, Hamilton et al. carried out a cold
neutron diffraction experiment studying the effects of acoustic waves on a sol-
id surface, and pointed out the possible difference from the description of light
diffraction in a similar situation [109].

2.5
Neutron Resonator and Quasi-Bound Neutrons

2.5.1
Neutron Reflection and Transmission Experiments with Macroscopic Resonators

As described in the previous section, matter works as an optical potential for long-
wavelength neutrons; therefore, as pointed out first by Kagan [110], it is possible to
confine a neutron within a space between such kinds of positive potentials as given
in textbooks on the state of a particle in a potential well.

The quantum states in such a potential well can be analyzed by solving the one-
dimensional Schrödinger equation taking only the component kz of the neutron
wave number vector perpendicular to the potential into consideration. The solution
for the quantum states is given, in the semiclassical Wentzel–Kramers–Brillouin
approximation, by

kz n Š π
d

�
n C 1

2

�
, (2.29)

where d is the potential width between the two potential hills and kz n D [2m(Ez n�
U)]1/2/„ by making use of the neutron energy Ez n corresponding to the per-
pendicular component (i. e., z-component) of the neutron velocity, where U D
2π„N bcoh/m is the optical potential of the material at the bottom of the well and
N and bcoh are the atomic density and the coherent scattering amplitude of the
material, respectively.

Steinhauser et al. carried out an experiment to demonstrate the existence of such
kinds of quasi-bound states of neutrons [111] by utilizing the capability to vary the
magnitude of kz of neutrons incident on a sample with a potential well by changing
the height of a sample put in place of the horizontal mirror in the central part of
the gravity diffractometer shown in Figure 2.3a.

First, the reflected neutron intensity was measured on a sample put in place of
the horizontal mirror in the diffractometer, the result of which is shown in Fig-
ure 2.20a. Next, the transmitted intensity was also measured in a slightly modi-
fied geometry by inserting the sample in the falling path between the horizontal
mirror and the former vertical mirror, the result obtained also being shown in Fig-
ure 2.20b. The abscissa in this figure, that is, the fall height from the entrance slit



2.5 Neutron Resonator and Quasi-Bound Neutrons 65

Figure 2.20 Experiments and analyses on the quasi-bound
states of neutrons in a double-hump potential barrier studied
with a gravity diffractometer: (a) reflected neutron intensity
as a function of the the gravity fall height and (b) transmitted
neutron intensity on a similar sample, where the solid curves
correspond to the exact theoretical solutions (Steinhauser et
al. [111]).

in Figure 2.3a, is related to the vertical wave number kz in a vacuum as

kz D m
„ (2gz)1/2 , (2.30)

and the fall height resolution mainly defined by the slit widths was 3 cm (1 cm Š
1 neV).

The potential structures of these samples are of double-hump type as shown in
the inserts, and the solid curves in the figure are the theoretical intensity distri-
butions calculated from the exact solution for the Schrödinger equation applied to
the potential and the experimental resolution. However, slight adjustments were
necessary to match the intensity minimum of the calculated results with the exper-
imental ones in Figure 2.20a, that is, the width of the potential well was adjusted to
881˙2 Å, and at the same time the width of the hill was adjusted to 225˙5 Å. Fur-
ther, in the transmission experiments in Figure 2.20b where the sample was put at
a position 16 cm higher than that of the horizontal mirror in Figure 2.3a, the calcu-
lation with the widths of the well and the hill, 1663˙ 3 and 190˙ 5 Å, respectively,
agreed well with the experimental results. These typical widths of the resonance
peaks are related to the lifetime of the quasi-bound states of neutrons in the well,
which was derived as „/Γ D 2 � 10�7 s from Figure 2.20a. The theoretical value
for the resonance width in the exact solution, 2Γ D 5.1 neV, is in reasonable agree-
ment with the experimental result. However, in both cases, the measured heights
of the resonance peaks are somewhat lower than the corresponding heights of the
theoretical curves. Several reasons can be considered as the cause of these differ-
ences but none have yet been proven.

These macroscopic resonators for neutrons with double-hump or triple-hump
potential structures are Fabry–Pérot resonators for neutrons. As pointed out in
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Eq. (2.29), since only the perpendicular component kz of the neutron wave num-
ber vector is effective in the experiments, it will be possible to use thermal or cold
neutrons for similar experiments by arranging the grazing angle to be at a very
small angle to the potential surface. Steyerl et al. [112] carried out such kinds of
experiments at the cold neutron guide of the Kyoyo University reactor with the
arrangement shown in Figure 2.21a, and compared the measured cold neutron
reflectivities of double-hump and triple-hump resonators with the exact solutions
for the one-dimensional Schrödinger equation.

The incident neutrons were collimated to a very small divergent angle of
0.2 mrad, the incident grazing angle was defined to be about 0.01 rad to the sample
surface, and the incident neutrons were pulsed by a chopper with a wavelength res-
olution of Δλ Š 0.07 Å in the wavelength region of λ D 4–8 Å. The time-of-flight
measurements were performed on double-hump and triple-hump resonators, the
results of which are given in Figure 2.21b in comparison with the theoretical cal-
culations for the layer structures with an Al layer of 745 Å and a Cu layer of 181 Å

Figure 2.21 Cold neutron reflection experi-
ments on macroscopic coupled resonators:
(a) experimental arrangement of the time-of-
flight reflectometry with the collimated and
chopper-pulsed cold neutron beam at the
Kyoto University research reactor and (b) neu-

tron reflectivities of a) the double-hump and
b) the triple-hump resonators with the po-
tential structures shown as inserts, where the
solid curves correspond to the exact theoreti-
cal solutions. (Steyerl et al. [112]).
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(Figure 2.21b, plot i) and an Al layer of 609 Å and a central Cu layer of 257 Å with
Cu layers on both sides of 144 Å (Figure 2.21b, plot ii).

Although the energy resolution of these measurements may be slightly worse
(ΔE Š 4 neV) than that of the gravity diffractometer previously described, the
energy region to be covered is several times wider than that with the gravity diffrac-
tometer. As a result of the present advantage, it became possible to compare ex-
periment with theory up to the excited quasi-bound state and for the continuous
energy states in Ez > UCu, as illustrated in Figure 2.21b. The comparison between
plots i) and ii) in Figure 2.21b indicates that the resonance state (the valley in the
reflectivity) in the latter coupled twin wells is split into two levels, in contrast to
the single level in the former single well. The energy splitting of the quasi-bound
state for the n D 1 resonance was derived as Δ Š 13 neV. In this way, these artifi-
cial macroscopic resonators for neutrons are used and applied for neutron optical
studies for the observations of various quantum mechanical phenomena such as
the quasi-bound states and the energy splitting.

2.5.2
Nuclear Reaction Experiments of Neutrons

As another approach for studying the neutron states in these resonators, it is also
worth introducing such works observing the phenomena directly related to the
spatial distribution of the wave functions of neutrons in the resonant state. Two
kinds of measurements in such a category with the observation of the products
from the neutron reactions in a resonator will be described below.

First, the experimental results obtained by Zhang et al. [113] are shown in Fig-
ure 2.22a,b, in which a thin layer of material inducing (n, γ ) reaction was embedded
in the gap layer of a resonator and the reaction γ -rays were measured. They also
carried out theoretical calculations to compare the reaction rates and the reflectivi-
ties in the case with neutron absorption with the formalism of the complex potential
explained in Section 2.2.

Practically, as explained concerning Eq. (2.16), making use of Eqs. (2.16)–(2.18)
in place of bcoh in Eq. (1.19) gives us U D URe � iUIm, where UIm D 2πμa/λ,
and μa is the linear absorption coefficient. Applying to the wave equation with the
complex potential our knowledge that the wave function in a multilayer can be
expressed in the form of Eqs. (2.19) and (2.20), we arrive at the relation

d[Φ�(dΦ /dx ) � Φ (dΦ�/dx )]/dx D �2 iUI mjΦ j2 . (2.31)

Spatial integration leads to the formula which combines the neutron reflectivity
and the neutron reaction rate as

1 � jrj2 D 1
kx

X
i

Z
Xai

jΦ j2U i
Im dx D

X
i

τ i , (2.32)

where Xai denotes the absorption region and τ i is the absorption reaction rate of
neutron-absorbent isotope i.
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Figure 2.22 Experimental results compared
with the theoretical calculations on the neu-
tron reflections and reactions in multilayer
resonators; the arrows indicate the positions
of the resonance with the labeled modes:
(a) neutron reflectivity and (b) (n, γ) reac-
tion rate, where the insert shows the res-

onator structure and the solid curves are the-
oretical calculations (d-PS is predeuterated
polystyrene, PVCH is polyvinylcyclohexane)
(Zhang et al. [113]); (c) neutron reflectivity
(the solid curve is the theoretical calcula-
tion) and (d) (n, α) reaction rate (Aksenov
et al. [114]).

The resonator used is illustrated in the insert in Figure 2.22b. It was prepared by
evaporating first about 0.6 μm thick nickel on a 5.1-cm-diameter polished silicon
substrate, then spin-coating about 720 Å thick polyvinylcyclohexane, and next 50-
Å-thick gadolinium was evaporated, and finally it was covered by an about 720 Å
thick polyvinylcyclohexane film floating on water. Further, after it had been dried,
it was covered by a predeuterated polystyrene film. The experiment was carried out
at the NG7 reflectometer in the NIST reactor, and a 64-mm-diameter high-purity
germanium crystal detector was used for the γ -ray measurements at a distance of
10 cm. The detection efficiency was known to be about 10% from the calibration.

The results of the theoretical calculations shown in Figure 2.22a,b were obtained
by making use of the neutron wave function in the matrix formalism and the relat-
ed equations given above. They agree well with the experimental results, and in the
course of these calculations, consideration of the interface roughness was neces-
sary. How the probability density of neutrons is amplified in the resonator in such
resonance conditions is an important factor, and therefore the calculated results
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Figure 2.23 The calculated distributions of the real part of the
one-dimensional complex potential U(x) (thick solid curve) and
the probability density of neutrons jΦ (x)j2 (thin solid curve).
The dotted line is jΦ (x)j2 for the case where the imaginary part
neglected. (a) The incident wave number corresponding to the
n D 4 mode and (b) that corresponding to the n D 5 mode
(Zhang et al. [113]).

are shown in Figure 2.23, which indicates the distribution of standing waves in a
resonance condition compared with the real part of the potential URe(�10�5 Å�2).
The remarkable amplification is recognized in the resonant state in mode n D 4
in Figure 2.23a, in contrast to the notable suppression owing to the effect of the
absorption layer in the case in Figure 2.23b for mode n D 5.

Another kind of the neutron reaction experiment was performed by Aksenov
et al. on (n, α) reaction, where the multilayer resonator used has the layer structure
6LiF(200 Å)/Ti(2000 Å)/Cu(100 Å)/glass substrate. First copper and titanium layers
were prepared by vacuum sputtering on a substrate, then 6LiF was spray-coated.
The experiment was carried out at the polarized neutron spectrometer in the IBR-
2 pulsed reactor, Joint Institute for Nuclear Research, Dubna. The α-particles and
tritons from the reactions were detected by an ionization chamber containing the
resonator in the ionizing gas with the copper layer as the cathode electrode [114].
The measured neutron reflectivity and α-ray intensity are shown in Figure 2.22c,d.
The neutron reflectivity calculated with the matrix formalism is also shown in Fig-
ure 2.22c, where the effect of the possible interface roughness was taken into con-
sideration to smooth the potential. In the present calculation, the amplification
factor for the probability density for neutrons was about 35 for mode n D 2.

These two kinds of experiments and the corresponding calculations are consis-
tently explained by the amplification of the resident density and the formation of
standing waves of neutrons in the multilayer resonators.

At the end of this section, a very novel experiment will be briefly described. Sup-
pose a one-dimensional potential well is arranged in the vertical direction, that is,
instead of two flat reflecting mirrors consisting of a resonator, the upper one is
replaced by the earth’s gravity, as illustrated in Figure 2.24, which will also work
as a macroscopic resonator for such incident neutrons as the vertical component
of the energy Evert is comparable to the energy difference of the gravity potential
in the resonator. Therefore, quasi-bound neutrons, that is, quantum states in the
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Figure 2.24 Quantum states of neutrons
trapped between the potential of a horizontal
flat reflecting mirror and that of the earth’s
gravity; in the ordinate, the z-axis is taken in
the vertical direction, and the abscissa is the
vertical component of the neutron energy,
Evert, that is, the energy corresponding to the
vertical component of the neutron velocity.

Then the gravity potential for the neutron is
expressed with a straight line Evert D mgz as
shown. In the energy region Evert of picoelec-
tronvolts (1 peV D 10�15 eV), the solution
Φ (z) for the one-dimensional Schrödinger
equation is quantized as indicated for the
states with quantum numbers n D 1 � 4
(Nesvizhevsky et al. [115]).

vertical component of the gravitational field, will be produced during the passage
of neutrons through the resonator. Nesvizhevsky et al. carried out an ultracold neu-
tron experiment to observe the characteristic feature of such quantum states in a
gravitational field [115].

In their experiment performed at the high-flux reactor, Grenoble, incident neu-
trons with a velocity of about 5 m/s were supplied to the experimental apparatus
consisting of a flat mirror with length of about 10 cm, and the intensity distribution
of the transmitted neutrons was observed.

Although the experiment is very interesting in the sense of combining gravity
and quantum mechanics, and also from the viewpoint of the extreme limit of the
high-precision neutron experiment, we have no more space here to describe the de-
tails of the experiment as well as the result. Fortunately, some details were already
reported in recent articles [116, 117], and so will not be described here.
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3
Reflection, Refraction, and Larmor Precession
of Polarized Neutrons

We already mentioned in Section 1.5 that a neutron has spin 1/2 and the magni-
tude of the magnetic dipole moment is also known precisely from neutron magnet-
ic resonance experiments. Further, we also introduced the neutron spin precession
in a magnetic field and the magnetic potential effects on neutron motion. In this
chapter, we will study further the detailed behavior of neutrons as spin-1/2 parti-
cles, various types of optical experiments, and reflection, refraction, as well Larmor
precession as phenomena which greatly concern neutron spin.

3.1
Reflection from Magnetic Mirrors

3.1.1
Magnetic Reflection and Neutron Polarization

In 1936, Bloch supposed that a neutron has a magnetic dipole moment with magni-
tude comparable to that of a proton but with the direction of the moment opposite
to that of the angular momentum of the neutron. He formulated an expression for
the magnetic scattering of neutrons as the dipole–dipole interaction and proposed
an experiment to measure the polarization of neutrons scattered from or transmit-
ted through a sample such as magnetized iron to directly determine the magnetic
dipole moment of the neutron [118].

In the next year, Schwinger formulated another model on the magnetic inter-
action of neutrons as induced by the current density with the magnitude of the
correct Dirac value to give the neutron magnetic dipole moment, and analyzed the
magnetic scattering and polarization of neutrons [119].

In this situation, Halpern [120] pointed out that the experimental effect of the
magnetic interaction should become maximum in an experimental arrangement
where the magnetization of an iron plate sample is parallel to the projected direc-
tion of the neutron beam onto the sample surface. In addition he proposed that
the total reflection experiment would be advantageous for elucidating the magnet-
ic dipole moment of the neutron, because two critical angles would be observed
for the reflection from the magnetized iron corresponding to two spin states of the
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Figure 3.1 Intensity of cold neutrons reflected from a ferromag-
netic mirror (Hughes and Burgy [121]).

neutron, above and below that of the unmagnetized one. Accordingly, Hughes and
Burgy immediately carried out a magnetic reflection experiment of neutrons and
obtained the result shown in Figure 3.1 [121].

Their experiment using a magnetized iron mirror was performed at the heavy
water reactor, Brookhaven National Laboratory, with a cold neutron beam of wave-
length longer than 4.4 Å extracted from the heavy water thermal column and trans-
mitted through a beryllium oxide filter.

As mentioned in Chapter 1, the general expression for the refractive index of
neutrons is given by

n2 D 1� U
E

, (3.1)

where U is the optical potential and E the neutron energy. Consideration of the
magnetic interaction for neutrons leads to the relation U D Unuc C Umag, where
Unuc is given by Eq. (1.19).

Now, in the Bloch’s dipole model, Umag for neutrons with a magnetic dipole
moment μ becomes Umag D �μH , while Schwinger’s current model leads to
Umag D �μB D �μ(H C 4πM ), where M is the magnetic dipole density of the
medium.

The magnetic field H in the experimental arrangement proposed by Halpern
varies continuously across the iron mirror surface, where the total reflection of neu-
trons occurs, and the magnetic interaction in the dipole model does not contribute
significantly to the magnitude of the critical angle for total reflection. As a result,
the dipole model should give a single value for the critical angle (θc D 23.8 minutes
for an iron mirror).

In contrast the magnetic induction B shows a discontinuous change with a sig-
nificant magnitude across the mirror surface. Furthermore, its contribution dif-
fers in sign for parallel-spin and antiparallel-spin neutrons. As a result, in the
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current model there will be two significantly different values for the critical angle
(θc D 14.2 and 30.7 minutes for an iron mirror).

In this way, two kinds of the expected curve are drawn for the reflected intensity
in Figure 3.1. It is obvious that the current model gives the correct prediction.
In their experiment, by making use of a second iron mirror, they also ensured
that the neutrons reflected from the first mirror were polarized. Thereafter, various
applications of neutron magnetic reflection to studies on magnetic materials began
as did theoretical developments of polarized neutron optics.

For polarized neutron experiments, firstly it is necessary to prepare a highly
polarized neutron beam and an efficient and accurate polarization analyzer. In the
magnetic resonance experiment of ultracold neutrons of Egorov et al. described
in Section 1.5, the incident neutrons were polarized by transmission through a
magnetized film as shown schematically in Figure 1.12, that is, in an arrange-
ment similar to that shown in Figure 1.10a. After the resonance device, the po-
larization of exiting neutrons was analyzed again by transmission through the
second magnetized film. The polarization efficiency of the total reflection method
with a magnetized iron thin film for ultracold neutron beam was measured as
78˙ 5%.

The polarizer was prepared by the evaporation of iron material with composition
20% 56Fe, 80% 54Fe, to a thickness of 1 μm on a copper substrate. Thereafter the
substrate copper was removed by etching.

The polarization efficiency of the magnetic scattering method with an iron block
employed by Alvarez et al. for thermal neutrons as shown in Figure 1.10a was far
lower than the value mentioned above.

Concerning the polarization efficiency of the total reflection method being a lit-
tle below 100%, Ignatovich [122] analyzed theoretically the reflection and refraction
of neutrons in the situation where the magnetic inductions of two adjacent layers
such as the polarizer film and its environment layer are not in the same direction.
He explained the experimental results for the polarization efficiency and the polar-
ization flipping rate of neutrons in such multilayers by the nonparallelism of the
magnetic induction.

In the high-polarization experiment of Herdin et al. [53] briefly mentioned in
Section 1.5, a single crystal of α-Fe with thickness 1500–3000 Å was employed. It
was carefully grown epitaxially on a rock-salt substrate to improve the polarization
efficiency by decreasing the magnetic inhomogeneity, thus preventing depolariza-
tion due to magnetic fluctuations, compared with the magnetized polycrystalline
film used in the experiment of Egorov et al. They obtained a high polarization effi-
ciency of 95–98% for neutrons in the velocity region of 4.15 < v < 8.2 m/s, which
corresponds to the region between the limiting velocities for total reflection v�l
and vCl of two spin states of neutrons. Such a polarizing film used in the ultra-
cold neutron experiment can also be applied as a polarizer and analyzer for higher-
velocity neutrons by locating the perpendicular component in the present velocity
region.
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3.1.2
Polarized Neutron Reflectometry

By making use of polarized neutrons prepared in this way it is possible to deter-
mine the depth profile of the magnetic property on a magnetic sample, similar to
the case of unpolarized neutron reflectometry on nonmagnetic samples we studied
in the previous chapter, from experiments measuring the polarized neutron reflec-
tivity profiles. One of the simple examples of polarized neutron reflectometry applied
to a magnetic single crystal by Felcher et al. [123] will be introduced in Figures 3.2
and 3.3.

The component of the magnetic induction perpendicular to the sample surface
B z continuously varies across the surface, and therefore we consider the magnetic
interaction Umag D �μB in the situation of the reflectometry experiment shown
in Figure 3.2a, in which the neutron polarization and the magnetic induction B
both lie parallel to the sample surface. The component Bk of the magnetic induc-
tion parallel to the neutron spin, to be determined by the direction of the external
filed H , induces the magnetic potential Umag D �μ(Bk � H), whereas the perpen-
dicular component B?, if it exists, will contribute to possible local depolarization
of the neutrons.

Figure 3.2 Experimental configuration for polarized neutron
reflectometry. (a) Reflection situation of a polarized neutron
beam; the incident neutrons are polarized in the direction of
the external field H, where R is the reflected beam (Felcher et
al. [124]). (b) Experimental arrangement for polarized neutron
reflectometry (Felcher et al. [123]).
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Figure 3.3 Neutron wavelength depen-
dences of polarized neutron reflectivity: (a)
measured reflectivity of silica glass with
a high-quality polished surface compared
with the theoretical curve for grazing angle
θi D 0.435ı ˙ 0.015ı ; (b) measured spin-

dependent reflectivities for a nickel single
crystal with the (110) face exposed at grazing
angle θi � 0.7ı, and with a magnetic field of
20 Oe applied in the (1N11) direction (Felcher et
al. [123]).

The Hamiltonian H including the magnetic interaction for neutrons is expressed
as H D �„2/(2m)Δ C U(r , t) � μB(r, t), and then the magnetic potential for neu-
trons is given by the term �μB(r , t) in the Schrödinger equation:

i
m
„

@

@t
jΦ (r, t)i D

�
�Δ

2
C m
„2 U(r, t) � m

„2 μB(r, t)
�
jΦ (r, t)i . (3.2)

In relation to the magnetic interaction operator �μB D jμnjσB , the direction
of the neutron magnetic moment can be written as μ D 2μn s D �2jμnjs, where,
defining the coordinate system x 0, y 0, z0 with z0 in the direction of the quantization
axis in H (i.e. x 0 D x , y 0 D �z, z0 D y ), s D (sx 0 , s y 0 , sz 0 ) is the spin vector given
by the expectation values for the respective spin components, s j D hφ(t)j OS j jφ(t)i,
( j D x 0, y 0, z0), and σ D (σx 0 , σ y 0 , σz 0) is the Pauli matrix defined by

σx 0 D
�

0 1
1 0

�
, σ y 0 D

�
0 �i
i 0

�
, σz 0 D

�
1 0
0 �1

�
. (3.3)

Furthermore, U(r, t) is the external potential and B(r, t) is the magnetic induction,
both being generally dependent on space and time.

Applying the property of the Pauli matrix to Eq. (3.2) leads to a couple of equa-
tions for two spinor components, φC(z), φ�(z), at depth z in a sample in a steady-
state condition:

φ00C C


k2

z � 4π(N bcoh C cBk)
�

φC � 4πcB?φ� D 0 ,

φ00� C


k2

z � 4π(N bcoh � cBk)
�

φ� � 4πcB?φC D 0 , (3.4)
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where kz D 2π sin θi/λ is the wave number vector component perpendicular to
the sample surface, θi is the incident angle, and c D 2πmμ/ h2.

From the solutions of Eq. (3.4), the perpendicular wave number components k˙
in the medium where N bcoh and B are constant become

k˙ D
q

k2
z � 4π(N bcoh ˙ cBT ) , (3.5)

where BT D
q

B2
k C B2

?. This situation corresponds to the refractive indices for

the medium given by the relation

n2
˙ D 1� λ2

π
(N bcoh ˙ cBT ) . (3.6)

It must be remarked that, strictly speaking, if we consider a possible change of
the magnetic potential on the sample surface in reflection and refraction, the term
BT in Eq. (3.6) should be replaced by BT � H . However, in the ferromagnetic ma-
terials usually employed as a sample for magnetic reflection and refraction, the
condition BT � H is well satisfied and then the correction mentioned above can
be neglected. In contrast, in the case of superconductors with the property of per-
fect diamagnetism, the exact formula for the magnetic potential must be used as
Eq. (11.1).

For the simplified case of B? D 0 in Eq. (3.4), the coupling in the equation
being resolved, the reflectivity RCC from the incident neutron spin state C to the
reflected neutron spin state C, and that R�� from the incident neutron spin state
� to the reflected neutron spin state �, reduce to the same form as the standard
formula, Eq. (2.4), as

R˙˙ D

ˇ̌̌
ˇ̌̌
ˇ

sin θi �
q

sin2 θi � (λ2/π)(N bcoh ˙ cBk)

sin θi C
q

sin2 θi � (λ2/π)(N bcoh ˙ cBk)

ˇ̌̌
ˇ̌̌
ˇ
2

. (3.7)

Both reflectivities take the same value by scaling the wavelength with the relation

λC
q

N bcoh C cBk D λ�
q

N bcoh � cBk . (3.8)

The polarized neutron reflectometry experiment was undertaken on the basis of
such an expectation.

The experiment was carried out with the cold neutron beam from the solid
methane moderator at the pulsed neutron source IPNS, Argonne National Labora-
tory. In the horizontal arrangement shown in Figure 3.2b, a guide field was applied
over the whole neutron flight path after the polarizer to maintain the polarization.

The fundamental optical performance can be assured in Figure 3.3a, where the
measured reflectivity of nonmagnetic silica glass with a high-quality polished sur-
face is compared with the calculated curve of the standard formula, Eq. (2.4). Both
results agree well, and the depth resolution Δz D 1/2Δ kz in the present experi-
mental condition was estimated to be about 40 Å. In the case of a sample with a
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lead layer of thickness 2 μm evaporated as usual on a silicon crystal, instead of the
sample with a high-quality polished surface, the reflectivity decreased compared
with the calculation using Eq. (2.4) owing to the effect of the surface roughness.
The present result is consistent with the indication observed in Figure 2.3b.

Use of a nickel single crystal gave the experimental results for the polarized neu-
tron reflectivities shown in Figure 3.3b. The sample magnetization was saturated in
the (1N11) easy direction. During the measurements, the condition that magnetiza-
tion direction is parallel to the neutron quantization axis, which is the premise for
applying Eq. (3.7), otherwise the reflected beam would be depolarized, was routine-
ly checked by the insertion of a polarization analysis leg. It can be easily checked
that two reflectivity plots in Figure 3.3b for the spin states C and � satisfy well
the relation for the wavelength scaling, Eq. (3.8). In this way, the present results
from preliminary measurements of polarized neutron reflectometry on a sample
of relatively weak magnetic material such as nickel gave an obvious difference be-
tween the reflectivities for the different neutron spin states, and indicated well the
applicability of polarized neutron reflectometry.

As these experimental examples show, polarized neutron reflectometry was first
applied to obtain magnetic depth profiling of magnetic materials and was then fur-
ther developed for other fields in the middle of the 1980s. These developments of
various applications in the early stage over about 10 years were reviewed by Felch-
er [125]. Not only was specular reflection with reflection angle θr D θi applied to
analyze the magnetic profiling in the direction of depth, but also experiments to
measure and analyze nonspecular reflection with reflection angle θr ¤ θi were
started to obtain possible information on the structure parallel to the surface. The
application of specular reflectometry was also extended, in addition to single-layer
samples, to sandwiched structures and multilayers. The fundamental principle of
magnetic multilayer reflectometry will be described in the next section, and some
examples of nonspecular reflectometry on a single-layer sample will be given in
Chapter 11.

3.1.3
Magnetic Storage of Neutrons

As mentioned in Section 1.5, neutrons with spin parallel to the magnetic field are
repelled by the field in a vacuum. Therefore, it is possible to use magnetic guides
and magnetic storage bottles for polarized neutrons in a strong magnetic field. The
idea of neutron magnetic storage was proposed by Vladimirskii in 1961 [126], and
the first experimental realization of magnetic storage of ultracold neutrons was
performed in late 1970 [127, 128].

As for the experimental principles for magnetic storage, two approaches are pos-
sible, that is, the electromagnetic method and the permanent magnet method. In the
early experiments on magnetic storage, the former method was employed. In the
electromagnetic apparatus, it is possible to attain a strong field over than 10 T by
making use of a superconducting magnet, but it requires a relatively large scale ex-
perimental arrangement. In contrast, with permanent magnets, an apparatus with



78 3 Reflection, Refraction, and Larmor Precession of Polarized Neutrons

Figure 3.4 Magnetic reflection potential for ultracold neutrons
produced by an array of rectangular rods of permanent mag-
net elements: (a) cross section of the magnetic element ar-
rangement; (b) magnetic potential distribution for neutrons
(1 neV D 10�9 eV) (Inoue et al. [129]).

a maximum magnetic field of about 1 T will become a practical concept by mak-
ing use of recently developed high-performance magnetic materials. The magnetic
design with an array of alternatively arranged poles in a fine pitch as shown in
Figure 3.4a provides the large gradient of the magnetic field in the storage device
which is an important requirement for the magnetic reflections of neutrons to be
stored. In accordance with such a concept, a preliminary experiment on the mag-
netic storage of ultracold neutrons was carried out by Inoue et al.

As proposed by Vladimirskii, it is necessary for magnetic storage that the perma-
nent magnet elements be arranged so as to realize a field distribution with strength
increasing very steeply near the surface of the elements, whereas there should be
almost no field away from the array of the elements. To meet this requirement,
Inoue et al. arranged a number of fine elements of a Nd–Fe–B permanent magnet
with dimensions of 15 mm � 20 mm, and 400 mm long, and with a surface field
strength of about 0.4 T (Figure 3.4a), and thus realized a storage device for ultra-
cold neutrons. The calculated magnetic field distribution in the device is shown in
Figure 3.4b for the magnetic potential for neutrons [129].

As the preliminary experimental approach, the U-shaped magnetic chamber with
the magnetic elements arranged as shown in Figure 3.4 was prepared and the ex-
periments were performed with the ultracold neutrons from the supermirror tur-
bine shown in Figure 2.17. The experimental results for the magnetic reflections
of ultracold neutrons in the present device are plotted in Figure 3.5 [130]. Half of
the unpolarized neutrons incident on the device guided by the turbine will be po-
larized with parallel spins and then repelled by the field, whereas the remaining
half will be attracted by the magnetic field and absorbed by the structure materials
such as the magnet elements and shielding materials. The chamber has a critical
velocity of reflection for neutrons of about 2 m/s, and therefore it was positioned
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Figure 3.5 Ultracold neutron reflection experiment with a
magnetic chamber consisting of permanent magnets: (a) ex-
perimental arrangement; (b) transmitted neutron count rates
through the U-shaped magnetic chamber dependent on the
gravity rise height. UCN ultracold neutrons; circles, experimen-
tal results; curve, calculated result (Inoue et al. [130]).

at a gravity rise height higher than the turbine exit port. This port provides the ul-
tracold neutron spectrum shown in Figure 2.17b. The effect of the gravity rise was
studied for three kinds of height, that is, 1.3, 2.0, and 2.7 m, in the present exper-
iments. The count rates for the exiting neutrons were measured after the gravity
fall from the chamber exit port as plotted in Figure 3.5b and were compared with
the theoretical curve for the dependence on the gravity rise height calculated from
the turbine spectrum shown in Figure 2.17b. The comparison indicates reasonable
agreement in the rise height dependence of the neutron intensity, thus, this ultra-
cold neutron storage chamber with a permanent magnet array has the magnetic
reflection performance expected from the design.

Recently another development of the permanent magnet storage experiments
was carried out by Ezhov et al., in which the permanent magnet elements with a
maximum field of 1 T are arranged in an array to form a vertical cylinder for the
long-time storage of ultracold neutrons [131]. For the long-time storage, it is impor-
tant to maintain the neutron spin parallel to the magnetic field during the period
of a number of reflections in the storage device. As pointed out in Section 1.5, pos-
sible fluctuations such as a sudden change in the magnetic field direction faster
than the Larmor precession frequency of neutrons induce depolarization of the
neutrons and cause neutron leakage out of the storage space. The preliminary re-
sult of their experiments on ultracold neutron storage carried out at the high-flux
reactor, Grenoble, is shown in Figure 3.6b, from which the storage lifetime for neu-
trons of 874.6˙1.6 s was deduced. This result indicates a small loss coefficient and
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Figure 3.6 Ultracold neutron storage experiment with a storage
chamber consisting of permanent magnets: (a) experimental
arrangement (storage volume, inner diameter about 20 cm,
height 50 cm) and the magnetic element configuration; (b)
experimental dependence of exiting ultracold neutron counts on
the storage time (Ezhov et al. [132]).

therefore their continued measurements will lead to valuable progress of neutron
magnetic storage studies.

On the other hand, in the electromagnetic storage of neutrons, an experimental
accuracy of about 10 s for the storage lifetime was reported [133, 134].
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3.2
Reflection and Transmission of Neutrons by Magnetic Multilayers

3.2.1
Reflectivity Analyses with the Transfer Matrix Method

In Section 2.3 we studied the reflection and transmission of neutrons by nonmag-
netic multilayers, and further various methods were introduced to derive the scat-
tering amplitude density profile from experimental results of reflection and trans-
mission by multilayer samples, in which it was predicted that polarized neutron
reflectometry will become an effective approach for that purpose. In this section,
such polarized neutron analyses on magnetic samples will be described.

As mentioned in Section 2.3, the extension of the analytical solution for reflec-
tion and transmission of unpolarized neutrons by a nonmagnetic single layer to
nonmagnetic multilayers was the problem to solve simultaneous equations includ-
ing an increasing number of amplitude coefficients according to the increase of the
layer number, and it was rather a simple task to apply the analytical solution. How-
ever, in the case of polarized neutron analyses, the situation is completely differ-
ent because of the property of the Pauli matrices included in the description of the
magnetic potential, and this character appeared in Eq. (3.4). Practically, with regard
to the two spinor components ψC and ψ�, the component of the magnetic induc-
tion Bk parallel to the neutron spin induces the applied magnetic potentialsCUmag

and �Umag, respectively, with opposite signs. Further, if the component perpendic-
ular to the neutron spin, B? exists, the transition between the spin components,
that is, partial depolarization of neutrons, might be induced. For the analyses of
such complicated situations in polarized neutron experiments, Blundell and Bland
employed a transfer matrix method to obtain possible information on the magnet-
ic profile on multilayers [135]. As mentioned in Section 2.3, the transfer matrix
method was originally introduced by Croce and Pardo in the analyses of reflection
and transmission of neutrons by multilayers [92].

In this matrix formalism, the wave functions in each region, that is, Eq. (2.20),
are rewritten as follows by taking the y-axis as the direction of the layer thickness,
in order to reserve the z-axis for the direction of magnetic induction lying on the
layer surface,

φn(y ) D A n ei kn(y�yn ) C Bn e�i kn(y�yn) , yn�1 � y � yn , (3.9)

and then φn(y ) at the interface y D yn is expressed by a vector
�

A n

Bn

�
.

Defining φnC1(y ), yn � y � ynC1 in a similar way, we can write the continuity
conditions for these functions and their derivatives at y D yn as a whole as

�
1 1
kn �kn

��
A n

Bn

�
D
�

e�i knC1dnC1 e i knC1dnC1

knC1e�i knC1dnC1 �knC1e i knC1dnC1

��
A nC1

BnC1

�
,

(3.10)
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or

D(kn)
�

A n

Bn

�
D D(knC1)P(knC1, dnC1)

�
A nC1

BnC1

�
, (3.11)

where the transmission matrix D(kn) and the propagation matrix P(kn , dn) are de-
noted as

D(kn) D
�

1 1
kn �kn

�
, (3.12)

P(kn , dn) D
�

e�i kn dn 0
0 e i kn dn

�
, (3.13)

respectively.
As a result, the solutions of Eqs. (2.19) and (2.20) for the multilayer potential can

be expressed with the transfer matrix M as follows:

�
1
r

�
D
�

M11 M12

M21 M22

��
t
0

�
, (3.14)

where r and t are the reflection coefficient and the transmission coefficient, respectively,
and the transfer matrix M is given by

M D D�1(k)

"
N�1Y
nD1

[D(kn)P (kn , dn)D�1(kn)]

#
D(kN ) . (3.15)

For the simplest case of a sufficiently thick substrate only, it becomes N D 1 and
M D D�1(k)D(k1). Then the relation obtained, r D M21/M11 D (k � k1)/(k C k1),
agrees with Eq. (2.4) as R D jrj2. Further, the equation t D 1/M11 D 2k/(k C k1)
agrees with the continuity condition a D 1 C r for Eq. (2.19) by putting d ! 1,
that is, putting b D 0.

Next, we extend the matrix formalism to the case including a magnetic potential,
that is, apply the magnetic potential in Eq. (3.2) to multilayers. For simplicity, we
suppose the magnetic induction vector for each layer lies on the interface, that is,
on the surface (x , z), and denote the vector for the (n C 1)th layer as rotated by an
angle θn,nC1 around y-axis relative to that for the nth layer. In this case, the rotation
rule for a spin-1/2 system shown in Section 3.4, Eq. (3.48), and the formula for the
Pauli matrices lead to the continuity condition, Eq. (3.11), being replaced by

D
�

k"n , k#n
	�φ"n

φ#n

�
D R(θn,nC1)D

�
k"nC1, k#nC1

	
P
�

k"nC1, k#nC1, dnC1

	

�
 

φ"nC1

φ#nC1

!
,

(3.16)
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where φ s
n D

�
As

n
B s

n

�
is the solution for the spin s D",#, and

R(θn.nC1) D
�

cos(θn,nC1/2)I sin(θn,nC1/2)I
� sin(θn,nC1/2)I cos(θn,nC1/2)I

�
(3.17)

is the matrix for the rotation of the quantization axis with angle θn,nC1 at the inter-

face n, n C 1, where I D
�

1 0
0 1

�
.

Furthermore,

D(k"n , k#n ) D
�

D(k"n ) 0
0 D(k#n )

�
, (3.18)

P (k"n , k#n , dn) D
�

P (k"n , dn) 0
0 P(k#n , dn)

�
(3.19)

are the 4 � 4 transmission matrix and propagation matrix, respectively, extended for
the layers including the magnetic potential.

In this way, we obtain a 4 � 4 transfer matrix:

M D D�1(k, k)R(θ1,2)

�
"

N�1Y
nD1

h
D
�

k"nC1, k#nC1

	
P
�

k"nC1, k#nC1, dn

	
D�1

�
�

k"nC1, k#nC1

	
R(θn,nC1)

i#
D(kN , kN ) . (3.20)

In the analysis of Blundell and Bland explained above, each magnetic induction
vector is assumed for simplicity to lie on each interface, whereas Ignatovich and
Radu gave the analysis in principle for arbitrary directions of the magnetic induc-
tions [122, 136].

By making use of these analytical formulations, we can easily calculate reflection
and transmission by multilayers with an arbitrary magnetic structure, and then we
will be able to obtain the reflection coefficient for a magnetic multilayer and the trans-
mission coefficient for a magnetic multilayer. However, the actual work involves the
inverse process for practical requirements, that is, the reduction of the magnetic
profile from experimental results on the reflection and transmission for an actual
structure will not be so easy. Particularly, in such a case where the direction of the
magnetic induction for each layer is different from layer to layer, many trials with
various model calculations will be required to obtain a reliable magnetic profile.

As mentioned in Section 2.3, Majkrzak et al. developed the reference layer
method with reflectivity measurements for the sample with known reference lay-
ers added in addition to the unknown layer to be studied, in order to determine the
unique scattering amplitude density profile of the unknown layer. As an extension
of the method, they proceeded to polarized neutron reflectometry by making use
of magnetic reference layers. If the magnetic induction of the magnetic layers
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lies along a single direction, and incident neutrons have spin polarized parallel or
antiparallel to the magnetic induction, then the off-diagonal elements in Eq. (3.17)
become zero, and the coupling between the spinors is resolved. Then, the resultant
relation reduces to the application of the 2 � 2 matrices, Eqs. (2.22)–(2.27). There-
fore, the next equation can be derived for the case of negligible absorption and real
scattering amplitudes [137]:

�
t

i nb t

�
D M

�
1C r

i n f (1� r)

�
, (3.21)

where

M D
�

A B
C D

�
D

1Y
jDN

 
cos θ j n�1

j sin θ j

�n j sin θ j cos θ j

!
. (3.22)

The matrix elements A � D are all functions of k, and θ j D n j d j k, where n j for
each layer is given by Eq. (3.6). Since it can be derived [138] that the determinants
of each matrix on the right hand of Eq. (3.22) are always unity, that is, they are
unimodular matrices, by making use of the relation AD � B C D 1 and of the
assumption that the previous and the next layers of the set of multilayers are a
vacuum, we obtain the reflection coefficient as

r D B C C C i(D � A)
B � C C i(D C A)

D (B2 C D2) � (A2 C C2) � 2 i(AB C C D)
2C (B2 C D2)C (A2 C C2)

.

(3.23)

Although the measured reflectivity corresponds to jrj2, and from the above equa-
tions the relation

2
�

1C jrj2
1 � jrj2

�
D A2 C B2 C C2 C D2 
 Σ (3.24)

holds, it seems by looking at these relations that we cannot determine A � D from
the measured reflectivities. However, employing the reference layer method, that
is, �

A B
C D

�
D
�

a b
c d

��
w x
y z

�
, (3.25)

where (a, b, c, d) refer to the reference layer, (w, x , y , z) to the unknown layer, then
putting α D a2 C c2, � D b2 C d2, γ D ab C cd, we obtain

Σ D (w2 C x2)α C (y 2 C z2)� C 2(w y C x z)γ . (3.26)

Thus, if Σl , l D 1–3 can be derived from the experimental results for the con-
ditions with three different known layers, and this yields three different relations
corresponding to Eq. (3.26) for the cases l D 1–3. Then we can obtain α, �, and γ
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as the common solutions for these three measurements, that is, we can determine
the matrix elements a � d in the unimodular matrices [137].

Further, from the unimodularity of these matrices, the restriction γ 2 D α� � 1
can be easily derived, and finally only two measurements become sufficient to de-
termine the matrix elements. These two kinds of measurements can be carried out
by making use of neutrons polarized (C) and (�), respectively, without changing
the sample. This method of reflectometry to obtain the phase information on reflec-
tivity and to determine the scattering amplitude density profile of an unknown layer
is named the polarized neutron reference layer method developed by Majkrzak et al.

An example of a practical application of the polarized neutron reference layer
method will be introduced in Chapter 11.

3.2.2
Analyses of Nonspecular Reflections

Hitherto, studies on the specular reflections of polarized neutrons, that is, the ex-
periments on and the analyses of the phenomena in the reflection angle the same
as the incident one, have been described. Recently, further extended trials have
been performed to obtain specific information from experiments on nonspecular
reflections and also on spin-flipping reflections. As one of the analyses for such tri-
als, the supermatrix formalism of Rühm et al. will be introduced below. Rühm et al.
expected that neutron reflectometry will be further applied in the future to much
more complex magnetic structures according to the progress of the experimental
techniques because of its simple and powerful approach for magnetic structure
studies. They proposed the supermatrix formalism as a generalized formalism with
strictness and applicability directly to the layer structures with any kind of com-
plexity, and demonstrated also an example of the practical analysis [139].

From the Schrödinger equation including the magnetic potential, Eq. (3.2), mak-
ing use of the Hamiltonian for the mth layer, Hm D �„2/(2mn)Δ C Um(z) �
μB m(z), leads to the expression for multilayers as H D ΣHm , where mn is the
neutron mass, and Um , the nuclear potential, is given by Eq. (1.19). Equation (2.20)
and its derivative, or Eqs. (2.22)–(2.25), or further Eq. (3.9) and its derivative, can
be written by extending them to magnetic multilayers as

jφ(0)i D (1C R)jt0i ,

jφ0(0)i D i k0(1 � R)jt0i ,

jφ(zn)i D T jt0i ,

jφ0(zn)i D i ks T jt0i , (3.27)

where the subscript s denotes the substrate.
These formulations were extended from Eq. (3.9) and its derivative to a system

with the magnetization in an arbitrary direction, where jφ(z)i is a two-component
eigenvector of the Hamiltonian H including the spin system, jt0i being the inci-
dent vector, and R and T are the 2�2 reflectance matrix and transmittance matrix,
respectively.
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Extending the formalism similar to Eqs. (3.14) and (3.15), or Eqs. (3.21) and (3.22),
to the condition of the magnetic structure with an arbitrary magnetized direction
leads to the expression with the transfer supermatrix S m for each layer and the
transfer supermatrix S tot for the whole structure in place of these matrices as� jφ(zm)i

jφ0(zm)i
�
D S m

� jφ(zm�1)i
jφ0(zm�1)i

�
, m D 1 � n , (3.28)

� jφ(zn)i
jφ0(zn)i

�
D S tot

� jφ(0)i
jφ0(0)i

�
, (3.29)

where, from the condition of the continuity at the interface, similar to Eq. (3.22),

S m D
�

S11
m S12

m
S21

m S22
m

�
D
�

cos k m dm k�1
m sin k m dm

�k m sin k m dm cos k m dm

�
, (3.30)

and k m D
q

k2
0 � k2

mc, k2
mc D 2mn/„2 	Hm .

Substituting Eq. (3.27) into Eq. (3.29) and eliminating T , we obtain

R D Δ�1 	 ˚�S22
tot � i k�1

0 S21
tot

�
k0 �

�
S11

tot C i k0S12
tot

�
ks
�

, (3.31)

where Δ D �S22
tot C i k�1

0 S21
tot

�
k0 C

�
S11

tot � i k0S12
tot

�
ks .

Now we use the decomposition formula (refer to textbook [B], Chapter 8, Sec-
tion 58) which is useful for the analyses with the magnetization in an arbitrary
direction:

R D 1
2

(R0 C R σ) , (3.32)

S μν
m D

1
2

nh
S μν

mC C S μν
m�
i
C (eB m σ)

h
S μν

mC � S μν
m�
io

, (3.33)

where R0 D TrfRg D RC C R�, R D TrfR σg D (RC � R�)b r , b2
r D 1,

eB m D B m/jB mj, and B m is the magnetic induction in the mth layer, S μν
m˙ being

the eigenvalue of the matrix S μν
m .

By making use of these relations, we finally obtain the next equation on the re-
flectivity R measured in experiments:

R D jhrjRjt0ij2 D Tr
n
�R�

0
RC

o
D 1

8

˚jR0j2[1C (P0P)]C jRj2[1 � (P0P)]
�

C 1
4

Re
˚

R�0 R(P0 C P )C (R�P0)(RP )
�

� 1
4

Im



R�0 R(P0 � P)C 1
2

(R� � R)(P0 � P)
�

, (3.34)

where the density matrices �
0
D (1 C P0σ)/2, � D (1 C P σ)/2, and further

P0 D P0n0, and P D P n are the polarization efficiency of polarizer and the polar-
ization analyzer, for the polarization directions n0 and n of incident and analyzed
neutrons, respectively.
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Figure 3.7 Analysis with the transfer super-
matrix. (a) A multilayer with a magnetization
profile; experimental setup for an FeCr mul-
tilayer to indicate the fundamental difference
between collinear and noncollinear magnetic
profiles, where P0, PSF, and PNSF represent
incident neutron polarization, spin-flip (SF)
and non-spin-flip (NSF) polarization analyses
of reflected neutrons, respectively. (b) Results
of the analyses; variation of the dependence

of the spin-flip and non-spin-flip reflectivity on
the azimuthal rotation angle ' of the sample
around the axis perpendicular to the sample
surface, as calculated for the FeCr multilayer
embracing an angle 50ı in adjacent Fe lay-
ers, and for the experimental setup depicted
in (a). The thin solid line represents the non-
spin-flip calculation under the assumption
of a collinear magnetization profile (Rühm
et al. [139]).

An example of analyses with the present supermatrix formalism is shown in
Figure 3.7. The sample studied consists of 16 layers in total, alternately of 53-Å-
thick Fe layers and 17-Å-thick Cr layers, with the magnetizations in adjacent Fe
layers embracing an angle of 50ı.

The calculations were performed for an assumed measuring condition with the
wave vector transfer 2k? D 0.045 Å�1. The effectiveness of the present method for
analysis of the experimental data on a sample with noncollinear magnetizations is
obviously indicted.

Practical polarized neutron experiments on a sample with a significant non-
collinearity similar to that assumed in Section 3.2 will be introduced in Chapter 11.

3.3
Neutron Behavior in Magnetic Devices

In previous sections, we studied reflection and transmission of neutrons by mag-
netic mirrors and magnetic multilayers. Concerning the effects of the magnetic
field, the fundamental explanations of the behavior of neutron spin in a magnetic
field were also given in Section 1.5. Therefore, in this section, experimental studies
on the particle motions of neutrons accompanied by spin motions in a magnetic
field will be given. If we can control the particle motion of neutrons with a magnet-
ic field, it will open an interesting area in physics and in applications in view of the
fundamental difference from the utilization of neutron scattering.
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3.3.1
Magnetic Deceleration and Acceleration of Neutrons

The Schrödinger equation including magnetic interaction of neutrons was given by
Eq. (3.2). Therefore, incident neutrons with spin parallel (antiparallel) to the mag-
netic field in a vacuum and approaching from the left side as shown in Figure 1.12a
experience a positive, that is, repulsive (negative, i. e., attractive) potential until the
midpoint in the magnetic field, and thus the neutrons are decelerated (accelerated).
If the neutron spin is reversed at the midpoint, the effect of the magnetic field is
also reversed, and the neutrons are attracted (repulsed) during the passage through
the later half of the magnetic field; thus, they decelerated (accelerated) again. The
resultant effects of magnetic deceleration (acceleration) correspond to twice the
magnitude of the magnetic potential for neutrons.

Such a magnetic deceleration and acceleration scheme for neutrons in a strong
magnetic field was proposed and preliminarily tested by Utsuro [140] as an attrac-
tive approach available for a wide-velocity region by making use of the adiabatic
spin reversal described in Section 1.5 with a high-frequency magnetic field simul-
taneously applied in the device.

The magnitude of the magnetic potential for neutrons in a magnetic field can be
calculated from the magnetic dipole moment μn D �6.031 � 10�12 eV/Oe. Thus,
for a magnetic field of 1 T, corresponding to a neutron energy of about 0.06 μeV, the
detection of the deceleration or acceleration effect will be possible only if incident
neutrons with extremely low energy are used, that is, using ultracold neutrons with
energy below about 1 μeV (velocity below about 10 m/s) or otherwise with the use
of an experimental setup with an extremely high energy resolution to detect a very
small fractional change below about 10�5 of the incident thermal neutron energy.

The former approach was employed by Utsuro in a preliminary experiment with
the setup shown in Figure 3.8. The rotating supermirror blades of the turbine pro-
vide ultracold neutrons in the velocity region of about 4–30 m/s, as the velocity
spectrum given in Figure 2.17b [77, 101]. In this magnetic acceleration experiment,
the turbine was modified to remove the blades, except for two diagonal blade pack-
ets. It then produce two bursts of ultracold neutrons per revolution. The time-of-
flight measurements of ultracold neutrons were performed through a short cop-
per guide with an effective flight path length of about 28 cm and a cross section of
5 � 2 cm2. The static magnetic field with a strength of about 2.2 kG and the field
gradient of about 53 G/cm with a couple of pole pieces of a permanent magnet
and the high-frequency magnetic field of frequency 6.30 MHz and the coil current
Ip p D 15 A satisfy the condition for the adiabatic spin reversal during the passage
of ultracold neutrons through the guide.

In the case where the high-frequency field is not applied, all the neutrons in the
velocity region beyond the critical velocity for total reflection of magnetized foils for
parallel-spin neutrons (about 6 m/s), and half of the incident neutrons (antiparallel
spin component) in the velocity region between about 3.5 m/s (critical velocity of
the foil substrates) and about 6 m/s will pass through the guide. When the high-
frequency field is applied, the former component will again be transmitted since
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Figure 3.8 Configuration of a preliminary experiment on mag-
netic deceleration of neutrons (Utsuro [140]).

half of the neutrons (antiparallel spin component) are accelerated and the other
half (parallel spin component) have their spin reversed to antiparallel, whereas the
latter component will be accelerated with the spin reversed to parallel. A partial
intensity decrease in the velocity region of about 3.5–6 m/s is thus induced ow-
ing to the reflection by the magnetized second foil. The experimental results [140]
gave qualitatively reasonable agreement with these expectations but the statistical
accuracy was not enough for further quantitative discussions.

Another experimental approach employing very high resolution spectroscopy on
magnetic deceleration and acceleration effects on thermal neutrons was success-
fully carried out by Weinfurter et al. [141] at the Jülich Heavy Water Reactor. The
experimental setup for the magnetic action on thermal neutrons is shown in Fig-
ure 3.9a. The working volume of the magnetic device is 5-cm diameter � 2.5-cm
length, with a static magnetic field of 2.02 T and a gradient of 8 G/cm. The incident
neutrons were monochromatized to a wavelength of λ D 0.214 nm by a copper mo-
saic crystal (refer to Section 1.3), and with regard to the magnetic device were very
precisely analyzed with a double-crystal spectrometer of perfect silicon crystals (reflec-

Figure 3.9 Experiment by Weinfurter et al. on the energy change
of neutrons with adiabatic spin flip in a gradient magnetic field:
(a) experimental setup; (b) comparison of energy change with
and without spin flip (Weinfurter et al. [141]).
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tion angle resolution σFWHM D 6.9 μrad). Thus, a very slight wavelength change
(Δλ/λ D 6.7 � 10�6) could be evaluated from a slight change of the reflection an-
gle of the second silicon crystal. The experimental results are given in Figure 3.9b,
indicating the deceleration and acceleration effects with an energy change of about
0.240(5) μeV for parallel and antiparallel spin components, respectively, included
in the unpolarized incident neutrons. The energy change measured agrees well
with the theoretical expectation of 0.243 μeV. Thus, the phenomenon of neutron
energy change induced by an adiabatic spin flip in a gradient magnetic field is well
described by the theory, and can be applied to high-resolution spectroscopy and
various kinds of energy control for neutrons.

3.3.2
Magnetic Focusing

In the famous experiment of Stern and Gerlach [44, 45], the flight path of particles
with spin is split in the region with a magnetic field gradient. Application to neu-
trons was also carried out more than 50 years ago [142]. Such an approach to mag-
netic control of neutrons is not only very interesting in principle, but can also be
expected to be applicable in various schemes very different from the applications
of magnetic material mirrors and magnetic multilayers. In the present chapter, we
studied the magnetic storage of ultracold neutrons in Section 3.1 and magnetic
deceleration and acceleration in the previous subsection. Now, another attractive
possibility is the magnetic bending and focusing of neutrons by making careful
use of a magnetic potential without disturbing their polarized spin states. Such an
experiment will be introduced in this subsection.

First, as mentioned in Section 1.5, a neutron spin in a magnetic field behaves
with Larmor precession. The motion of a magnetic dipole in a magnetic field can
be generally described by the Bloch equation [143], and the equation of motion
for neutron spin was expressed as follows by Mezei [55], who opened the door for
application of Larmor precession to neutron spectroscopy:

d s
d t
D 2j NμnjμN

„ [H � s] , (3.35)

where the spin vector s D (sx 0 , s y 0 , sz 0 ), as explained in Section 3.1, represents the
expectation value s j D hφ(t)j OS j jφ(t)i ( j D x 0, y 0, z0) for each component of the
neutron spin, and φ(t) is the wave function for a spin at time t, OS j being the opera-
tor with regard to the spin component. Further, Nμn D μ/μN is the magnetic dipole
moment of a neutron in units of the nuclear magneton μN , and the coefficient
γ D 2j Nμn jμN /„ on the right side of Eq. (3.35) is the gyromagnetic ratio.

Therefore, if the change of direction of the magnetic field is sufficiently slow, the
spin initially polarized in the direction of magnetic field follows well the magnetic
field. Under such an adiabatic condition, Summhammer et al. analyzed the expect-
ed intensity gain of neutrons focused into a narrow-velocity region by making use
of a magnetic potential traveling with the neutron flight and with controlled spatial
distribution and temporal progress [144]. Shimizu et al. carried out analyses and
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experiments on the magnetic bending and focusing of neutrons in a static magnet-
ic field with the spatial configuration satisfying the adiabatic condition [145]. Here
the latter studies of Shimizu et al. will be explained below.

As the starting point, they expressed the motion of a neutron in a magnetic field
by the equation [145]

d2r
d t2
D �αr(e s 	 B) , (3.36)

where α D jμj/m D 5.77 m2 s�2 T�1, and e s D s/jsj is the unit vector parallel to
the neutron spin. Substituting the magnetic dipole moment of the neutron Nμn D
�1.913 into Eq. (3.35), or the gyromagnetic ratio γ D 1.833 � 108 rad s�1 T�1 into
the coefficient on the right-hand side, and further combining with Eq. (3.36), one
can solve for both the motion of the neutron itself and the neutron spin.

The angular velocity of rotation of the magnetic field direction in the frame mov-
ing with the neutron is given by ωB D j@eB/@qj 	 @q/@t, where q is the coordinate
along the trajectory of the neutron and eB D B/jBj. If the magnetic field is so
strong that the neutron spin adiabatically follows the magnetic field, then Eq. (3.36)
is simplified to

d2r
d t2 D �αrjBj , (3.37)

where the upper and lower signs correspond to parallel spin and antiparallel spin,
respectively, in the magnetic field.

As an example of a practical configuration, incident neutrons enter in the direc-
tion of the z-axis from an entrance pinhole in the arrangement shown in the upper
part of Figure 3.10 into the sextupole magnetic field defined by the equation

B D C
2

0
@y 2 � x2

2x y
0

1
A , (3.38)

where C is a constant. Then, using the abbreviated notation as dx/d t D Px and so
on, Eq. (3.37) can be simplified as

Rx D �ω2x , Ry D �ω2 y , Rz D 0 , (3.39)

and the solution becomes�
x y
� η

�
D M

�
x0 y0

�0 η0

�
, (3.40)

M D
�

cos θ sin θ
� sin θ cos θ

�
, parallel spin , (3.41)

D
�

cosh θ sinh θ
sinh θ cosh θ

�
, antiparallel spin , (3.42)



92 3 Reflection, Refraction, and Larmor Precession of Polarized Neutrons

Figure 3.10 Principle of neutron beam fo-
cusing with a sextupole magnetic field. Upper
part: trajectories of neutrons in the magnet-
ic field emitted from a pinhole source at the
center of the magnetic field entrance. Lower
part: trajectories of neutrons described in the

coordinate system of the x � -plane and the
y η-plane at each section, where black and
gray lines correspond to parallel and antipar-
allel components, respectively, to the local
magnetic field. (Shimizu et al. [145]).

where ω2 D C α, � D Px/ω, η D Py/ω, θ D ω t, and the subscript 0 denotes the
quantity for θ D 0.

As introduced in the previous section, the matrix M for parallel-spin neutrons
rotates the neutron beam by an angle �θ in the x � - and y η-planes. This situa-
tion is described in the lower part of Figure 3.10, and as illustrated in the figure,
parallel-spin neutrons starting at the point source with θ D 0 will be focused again
on a point at the condition θ D π in the device. On the other hand, antiparallel-
spin neutrons will be defocused and diverge in the direction of (1,1), whereas they
will be focused in the direction of (1,�1). However, according to Liouville’s theo-
rem, the phase space density of neutrons does not change owing to any operations
of collective forces, and therefore the phase space area of the element in the x � -
and y η-planes will not change. Even within the present restriction, the proposed
scheme will give us a great gain in the neutron intensity compared with the usual
divergent beam when we go far from the source point without such focusing de-
vices if we can again focus the beam to a localized point at a position far from the
primary source.

The experiment to test the focusing effect with a sextupole magnet was carried
out by measuring the intensity of transmitted cold neutrons produced by a liq-
uid-hydrogen moderator at the 46-MeV electron linac of Hokkaido University. The
neutrons were introduced into the sextupole magnetic device with dimensions of
10-mm inner diameter, 48-mm outer square, and 2-m length consisting of a num-
ber of NEOMAX48 permanent magnet elements with a size of 5 � 5 � 50 mm3.
The magnetic field strength was measured as C D (3.5 ˙ 0.6) � 104 T m�2. The
experimental results obtained with the setup of a 2-mm-diameter entrance hole
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Figure 3.11 Experimental results of pulsed
cold neutron beam focusing with a strong
sextupole magnetic device. (a) Wavelength
distribution of neutron count rates at the mag-
netic field exit. Closed circles represent the
case with the sextupole magnet, open circles
represent the case without the magnet but

with the inner elements, and open squares
represent the case without the inner elements.
(b) Wavelength dependence of the magnetic
gain factor denoted as R(λ) D N(λ)/N0(λ),
compared with the result of the theoretical
calculation (solid curve) (Shimizu et al. [145]).

about 1.7 m from the primary source and the detector at the position about 20 mm
from the same 2-mm-diameter exit hole on the extension line of the center axis
are plotted in Figure 3.11a as the wavelength dependence of the transmitted neu-
tron intensity. The result indicates an obvious peak due to the magnetic gain at a
wavelength of λ Š 14.4 Å, and the gain factor shown in Figure 3.11b agrees well
with the theoretical calculation over the whole wavelength region. The observed fo-
cusing performance for 14.4-Å neutrons with the 2-m-long device corresponds to
the magnetic parameters ω D 432 rad s�1 and C D 3.2 � 104 T m�2, which are
in reasonable agreement with the measured magnetic field strength. Further mea-
surements on and analyses of the details of focusing characteristics and the degree
of adiabaticity in neutron spin behaviors were also studied.

Further, these characteristics of magnetic focusing and control for neutrons can
be generalized to other kinds of magnetic structures [146]. A generalized relation is
derived as follows for the magnetic field configuration in a multipole magnet and
the trajectory curvature for neutrons:

jBj D Bn

�
�

�0

�n

, (3.43)

8<
:

d2 X
d θ 2 D �X(X 2C Y 2)n/2�1 ,
d2Y
d θ 2 D �Y(X 2 C Y 2)n/2�1 ,

(3.44)

where θ D ω t, ω2 D nBn μ/m�2, X D x/�0, and Y D y/�0, n D 1, 2, 3, . . ., refer
to quadrupole, sextupole, octupole, and so on, respectively, of the multipole mag-
netic field. The upper and lower signs correspond to parallel spin and antiparallel
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Figure 3.12 Neutron energy analysis with a quadrupole mag-
netic prism: (a) arrangement of experimental device, where
L1 D 0.4 m and L2 D 4 m, and the magnet elements are es-
sentially same as those in Figure 3.11; (b) measured wavelength
dependence of neutron beam bending. PSD position-sensitive
detector (Oku et al. [147]).

spin in the magnetic field. As an example, an experiment using a magnetic prism
was performed by Oku et al. to bend a neutron beam to a position depending on
the wavelength by making use of a quadrupole magnetic field [147]. The experimen-
tal setup and the result are shown in Figure 3.12. The effective separation of the
neutron beam depending on the wavelength is obvious as expected from the rela-
tion given above. The energy resolution measured was about 0.5 μeV for a spatial
resolution of 0.5 mm over the whole energy region of cold neutrons.

3.3.3
Pseudomagnetic Prism

In the ordinary optical prism, the incident beam is bent with an angle depending
on the wavelength in transmission through the apex of a triangular rod, and can be
used for analyzing the wavelength component in the beam. The magnetic prism
for neutrons such as introduced in the previous Section provides spin- and wave-
length-dependent separation of the optical path by making use of the effect of a
magnetic field gradient or magnetic scattering. Now, spin-dependent separation of
the optical path can be used for neutrons by making use of the effect of the spin-
dependent nuclear scattering potential. Zimmer et al. carried out such an experi-
ment to observe the Stern–Gerlach effect without using a magnetic field gradient [148]
for neutrons passing through the apex of an angular rod with nuclear scattering in
place of a magnetic field gradient.

Although the nuclear scattering potential Um for a neutron was given by
Eq. (1.19), this was a spin-independent formula. For the case including spin-
dependent nuclear scattering, the formula becomes

U D
MX

iD1

„2

2m
4πNi bi

0 � μ 	
"
�

MX
iD1

„2

2mγ
4πNi bi

N Ii P i

#
, (3.45)
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Figure 3.13 Stern–Gerlach effect observed
with a pseudomagnetic prism. (a) Configu-
ration of the experiment. 1 incident neutron
beam, 2 chopper, 3 supermirror polarizer, 4
first slit, 5 spin flipper, 6 second slit, 7 nuclear
polarized target plate, i) prism setting, ii) filter

setting, 8 position-sensitive detector (PSD).
(b) experimental results of spin-dependent
splitting of a neutron beam due to a pseudo-
magnetic field. Solid squares, parallel spin
neutrons; open squares, antiparallel neutrons
(Zimmer et al. [148]).

where the scattering amplitude operator extended to the spin-dependent expres-
sion Ob i D bi

0 C bi
N s 	 I i was rewritten according to the magnetic potential formal-

ism in the present chapter as composed of spin-independent term bi
0 and the term

with the nuclear polarization P i D hI ii/Ii of a nuclear spin I i . Further, γ is the
gyromagnetic ratio of the neutron.

Their experiment was carried out with the configuration shown in Figure 3.13a,
where making use of a small refraction angle δ derived from the refractive index
formula, Eq. (1.16), leads to the expression for the splitting angle, that is, the Stern–
Gerlach effect, as

Δδ D 2jnC � n�j tan
α
2
D λ2

2π
N bN jP j tan

α
2

, (3.46)

where α is the apex angle of the prism and P is the nuclear polarization ratio.
The spin-dependent scattering amplitude bN is particularly large in the case of a
proton, being bN D (5.8236 ˙ 0.0014) � 10�12 cm. Therefore, in their experiment
a polarized hydrogenous compound was employed.

The prism used in the experiment was a mixture of 96 wt% propanediol and
4 wt% H2O, doped with Cr(V) complexes, and frozen in the form of a plate with
dimensions 18 � 18 � 3 mm3. The latter component is needed to apply the tech-
nique of dynamical nuclear polarization. A special treatment was performed on
the plate to obtain optically flat surfaces. The measurement was carried out with
the thermal neutron beam F2 at the Technical University of Munich reactor. In the
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configuration shown Figure 3.13a, the incident beam is defined by the first slit,
with width 200 μm, and the second slit 1.1 m away and with width 150 μm, and the
detector was placed a further 3.59 m away. A supermirror polarizer selects polar-
ized neutrons with a wavelength of 6 Å and resolution of Δλ/λ Š 30% was used.
The time-of-flight measurements indicated the resultant average wavelength and
the wavelength width to be 5.80 ˙ 0.05 Å. From the experimental results on the
Stern–Gerlach effect shown in Figure 3.13b and the distance between the prism
and the detector of 287 cm, the split angle in the experiment is derived as Δδ D
(2.063˙0.035)�10�4 and the nuclear polarization ratio as P D �35.9˙1.0%. The
negative sign in the nuclear polarization ratio comes from the polarized incident
neutrons employed. Furthermore, the present results correspond to a pseudomag-
netic field strength of about 1.5 T, and the difference between refractive indices is
jnC � n�j D 3.8 � 10�5.

3.4
Measurement of Larmor Precession

3.4.1
4π Periodicity of Spinor

One of the most important indications among the fundamental properties of Lar-
mor precession is the result arising from rotation by an angle of 2π radians on a
spin-1/2 system. In this subsection, one of the experiments in which the result was
obtained by measurement will be described.

A theoretical introduction will be helpful before the description of the experi-
ment. We define a vector angle α to represent rotation by an angle α D jαj in
the right-handed rotation system around the axis directed toward the unit vector Oα.
The quantum mechanical rotational operation R(α) on an arbitrary system is given
by

R(α) D exp(�i α 	 J ) , (3.47)

where J is an angular momentum operator and determines the transfer property
for rotation of the system [149]. In the case of a spin-1/2 system, according to the
Pauli matrices σ D (σx , σ y , σz ) given by Eq. (3.3), R(α) is a 2 � 2 matrix r(α), and
then it can be written as

r(α) D exp(�i α 	 σ/2) . (3.48)

Further, from the commutation relations on the Pauli matrices,

σx σ y D i σz , σ y σz D i σx , σz σx D i σ y , σ2
x ,y ,z D 1 ,

σ i σ j D �σ j σ i , (3.49)
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the next relation is derived for an arbitrary function f (aσ) for an arbitrary vec-
tor a:9)

f (aσ) D 1
2

[ f (a)C f (�a)]C aσ
2a

[ f (a) � f (�a)] . (3.50)

And as the typical case

exp(i aσ) D 1 cos a C i
(aσ)

a
sin a I (3.51)

therefore, we can write

r(α) D 1 cos
α
2
� i Oα 	 σ sin

α
2

. (3.52)

In this way, operating the rotation α D 2π on the wave function φ leads to the
result

φ(x )! φ0(x ) D �φ(x ) . (3.53)

The possibility of experimental observation of the sign reversal with 2π rotation
was proposed in 1967 [150, 151]. In 1976, Klein and Opat demonstrated it by mea-
surement of Fresnel diffraction of a neutron beam [152, 153]. Since the observed
quantities in many physical experiments are squares of the corresponding wave
function, the present phase factor �1 could not be measured in such cases. How-
ever, if the wave function is divided into two partial waves and either one is rotated
by an angle of 2π radians coherently to the other, thereafter both partial waves
are superposed, and we will observe some noticeable difference. The experimental
arrangement employed by Klein and Opat is shown in Figure 3.14a.

The experiment was performed with the high-flux reactor at the Institut Laue–
Lanvegin to observe the Fresnel diffraction by magnetic domain boundaries in a
ferromagnetic film. The high-flux beam of unpolarized monochromatic cold neu-
trons enters from the left side to the setup in the figure, where the lateral coherence
of the beam was defined by passing it through a slit 5 μm wide and 2 mm high. The
iron foil is a carefully oriented and aligned ferromagnetic crystal containing long
and straight Bloch walls, the boundaries of which separate domains of opposite
magnetization as illustrated in the figure. Therefore, in traversing the foil on either
side of a domain boundary, the neutron spin precesses in opposite directions. The
two parts of the wave function, as the trajectories drawn by thin lines in the fig-
ure, then acquire a relative phase shift, which leads to the appearance of a Fresnel
diffraction pattern in the plane of observation. When the two parts traverse a foil
of thickness d containing magnetic fields +B and �B on the left and right of the
domain boundary, respectively, the relative angle α of precession of the neutron
spin is given by

α D αL � αR D 2ωL
d
v
D 2μB

dmλ
π„2

, (3.54)

9) This fundamental relation can be easily
derived, for example, separating the
Tailor expansion of f (aσ) to even orders

and odd orders, the former becomes
[ f (a) C f (�a)]/2, whereas the latter reduces
to [ f (a) � f (�a)]/2 � aσ/a.
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Figure 3.14 Neutron beam experiment indicating the result of
rotation on a spin-1/2 system: (a) experimental arrangement;
(b) Fresnel diffraction interference pattern for neutrons in the
case of a relative precession angle for the spin: i 9.2 � 2π rad, ii
10.2 � 2π rad, iii 11.2 � 2π rad (Klein and Opat [153]).

where ωL, μ, m, v, and λ are the Larmor precession angular frequency, magnetic
dipole moment, mass, velocity, and wavelength of the neutron, respectively. Accord-
ing to the theory, a destructive interference is expected when precession angle α in
Eq. (3.54) is an odd multiple of 2π.

In the experiment, cold neutrons with wavelength λ D 0.433 nm and a wave-
length resolution of Δλ/λ D 2.3% were used. The iron foil cut from a sheet of
Fe-3% Si was 72˙ 1 μm thick and was mechanically and chemically polished. The
domain boundaries were carefully aligned to be parallel with the slit to better than
˙2 mrad. The internal field B in the iron foil specimen was 1.98 T. A typical result
of the measurements is shown in Figure 3.14b, part i, in comparison with the calcu-
lated result using standard Fresnel diffraction theory. Parts ii and iii in Figure 3.14b
show similar results but for the foil tilted backward about the horizontal x-axis so
as to present a greater effective thickness to the transmitted neutrons. From these
results, the expected effect of destructive interference in the case of α being odd
multiples of 2π was obviously recognized, and in the case of even multiples such a
destructive interference tended to disappear.
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3.4.2
Coherent Superposition of Spin States

Now, we would like to look at the experiment in which the principle of superposition
of spin states for a fermion with spin 1/2 was studied. The fundamental interest in
what would result from such an experiment is related to an experiment proposed
by Wigner [154]. He presented a theoretical consideration on the observation in
quantum mechanics concerning the neutron spin after the so-called double Stern–
Gerlach experiment, that is, first making neutrons spin in the direction of x-axis,
then splitting them into parallel and antiparallel states in the direction of the z-
axis with a magnetic field gradient, and finally bringing them together again by a
magnetic field produced by the current in a cable. The discussion is whether the
final state is measured as a mixture of the two intermediate states, that is, paral-
lel and antiparallel states in the z-direction, or as the recovery of the initial state
polarized in the x-direction with no z-component. Summhammer et al. [155, 156]
and Badurek et al. [155–157] carried out the experiment corresponding to that pro-
posed by Wigner by making use of the experimental method of interferometry with
a perfect silicon single crystal. Various kinds of physical experiments with neutron
interferometry will be described in detail in Chapter 9, but the present experiment
by Summhammer et al. and Badurek et al. will be appropriate to introduce here as
the fundamental properties of Larmor precession.

In the experimental arrangement shown in Figure 3.15a, a three-wedge type of
optical element prepared from a large silicon single crystal block was used as a
triple-Laue interferometer. The three wedges were cut out exactly perpendicular to
the lattice planes of the silicon crystal and with exactly equal thickness and equal
separations. The incident neutrons were monochromatized with a wavelength of
1.835 Å and polarized by a magnetic prism. Proper angular setting of the interfer-
ometer crystal allowed both of the coherent partial waves Laue-reflected by the first
wedge either in the spin-up or in the spin-down state with respect to the z-axis to
be chosen to coincide with the direction of a magnetic guide field by a Helmholtz
coil pair covering the whole setup. In the same way, the second wedge produces
split four partial waves, and the third wedge brings two of them, labeled I and II,
exactly together. Thus, each of the resultant two partial waves after the third wedge,
that is, labeled as O-beam and H-beam in Figure 3.15a, is a superposition of two
different intermediate states I and II. Rotating the phase shifter inserted between
the first and second wedges makes it possible to adjust the optical path difference
between states I and II, resulting a phase difference � due to the refractive index
given by Eq. (1.23).

Further, by actuating the spin flipper shown in the figure, the spin polarized in
the direction of the z-axis rotates by 180ı around the y-axis; thus, the state jIi of the
partial waves in path I becomes

jIi D r(π, e y )e i �jIIi D �i σ y e i �j "zi D e i �j #zi , (3.55)

in contrast to that of path II, to be written as jIIi D j "zi, where r is the rotation
matrix defined by Eqs. (3.48)–(3.52) and σ y is the Pauli matrix. Therefore, the O-
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Figure 3.15 Experiment of coherent super-
position of neutron spin states; (a) experi-
mental arrangement; (b) experimental results
of the forward beam (O-beam) intensity be-
hind the analyzer versus the path difference
between the two interfering partial waves I
and II. For the oscillating interference pat-

tern observed only in the case of the π/2-spin
turn coil in action the y-component replaces
the z-component. Solid lines are the results
of least-squares fits of sinusoidal curves to
the experimental values. (Summhammer
et al. [155, 156]).

beam and H-beam arriving at the detector are represented as

jOi D 1
2
j"zi C 1

2
e i �j #z i D e i �/2

p
2

�
cos

�
2
j "x i � i sin

�
2
j #x i

	
D 2�1/2

ˇ̌̌π
2

, �
E

,
(3.56)
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jHi D 1
2
j"zi C 1
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e i π e i �j #zi D e i �/2
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�
2
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2
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2

, � C π
E

. (3.57)

The present equations can be derived by making use of the expansion

j "z i D 1p
2

(j "x i C j #x i) , j #zi D 1p
2

(j "x i � j #x i) , (3.58)

on the eigenstates

j "z i D
 

1
0

!
, j #zi D

 
0
1

!
, (3.59)

of the Pauli matrix σz to the eigenstates j "x i and j #x i of σx , where

σx j "x i D j "x i D
 

1
1

!
, σx j #x i D �j #x i D �

 
1
�1

!
, (3.60)

and considering the phase change by π/2 occurring for every reflection in the in-
terferometer, with further representation of jθ , 'i D cos θ

2 j "z i C e i' sin θ
2 j #zi.

Equations (3.56) and (3.57) indicate that the polarization of the beam emerging
from the interferometer lies on the x–y plane, and rotates on the plane depending
on the change of the effective thickness of the nonmagnetic phase shifter. In this
way, the result obtained with the present experimental setup will give us an obvious
demonstration of the properties of the coherent superposition of spin states.

The experiment was performed at the high-flux reactor in Grenoble, under spe-
cial precautions to minimize possible temperature variation and a temperature gra-
dient in the experimental apparatus, since only a slight deformation of the silicon
crystal should induce a significant phase shift on the neutrons in the optical path.
The polarization ratio in paths I and II was higher than 81 and �87%, respectively.
The experimental results are plotted in Figure 3.15b, and agree well with the the-
oretical expectation of quantum mechanical superposition of spin states, given by
Eq. (3.56), that is, a periodic pattern observed in the y-component depending on
the phase difference caused by the nonmagnetic phase shifter, whereas there is no
such pattern in the z-direction.

In the experiment of Summhammer et al. and Badurek et al. mentioned above,
splitting of neutron waves was performed in the same spin state and thereafter the
spin state was flipped for one of the waves. Another scheme for the spin state su-
perposition experiment was employed by Ebisawa et al. They split neutron waves
by the spin states [158], by making use of a multilayer spin splitter in place of the
Laue-reflection splitter with a silicon single crystal. As shown in Figure 3.16a, the
multilayer splitter was prepared by evaporating first a nonmagnetic reflection layer
on a silicon substrate, next a gap layer of Ge with a designed thickness, and final-
ly a reflection layer of magnetic material. Employment of the present multilayer
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Figure 3.16 Experiment of coherent super-
position of cold neutron spin states with mul-
tilayer spin splitters: (a) configuration of the
spin splitter, π-flipper, and spin superposition;
(b) count rates of neutrons from the polariza-
tion analyzer after spin superposition versus
the current of precession field 1 (PC1), solid,

broken, and dotted lines correspond to the
least-squares sinusoidal fitting to the experi-
mental data for the setting angle of the spin
splitter successively changed by an increment
of 0.03ı , respectively, around about 1.76ı ;
c) layer structure of multilayer spin splitters
(Ebisawa et al. [158]).

spin splitter instead of the first and third wedges in the arrangement shown in
Figure 3.15a provides spin splitting of incident neutrons as well as superposition
of split partial waves, and insertion of the spin flipper into one of the split paths
is not necessary. Therefore, by inserting the configuration shown in Figure 3.16a
between the polarizer and the polarization analyzer in Figure 3.15a, one can vary
the phase difference between the two partial waves by changing the precession field
current or changing slightly the setting angle of the multilayer spin splitter. Such
neutron spin interferometry experiments were developed by Ebisawa et al. at the
cold neutron source facility of the Kyoto University reactor, and progressed fur-
ther at the neutron guide hall of the JRR-3M reactor, Japan Atomic Energy Agency,
Tokai. Some examples of the experimental results are shown in Figure 3.16b.
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In the setup shown in Figure 3.16a, the neutrons with the spin rotated to lie on
the x–y plane by the first π/2 flipper are decomposed into +z and �z components
by the first spin splitter, and trace different optical paths, and next the polarizations
are reversed by a π flipper working in a phase-echo scheme, and are then finally
superposed by a second spin splitter by tracing the equivalent optical paths to the
first splitter, to return again to the spin state lying on the x–y plane. Splitting to pro-
duce ˙ spin states in the region between the two spin splitters and superposition
at the second splitter can be assured by the periodic pattern and the phase change
of the pattern observed for slight angular shifts of the spin splitter, as shown in
Figure 3.16b. Various kinds of physical studies making use of the present setup of
the phase echo spin interferometer will be described in Section 9.6. A variety of
neutron optical experiments based on Larmor precession will also be introduced
in Chapter 9.

3.5
Neutron Spectroscopy with Larmor Precession

3.5.1
Neutron Resonance Spin Echo Method

In the present section, recent developments on the application of Larmor preces-
sion to neutron spectroscopies will be described. As already mentioned at the end
of Chapter 1, the neutron spin echo (NSE) method [55] as a method of high-resolu-
tion spectrometry by analyzing a slight change in the Larmor precession angle was
an epoch-making invention to attain very high energy resolution without undesir-
able sacrifice of the selected energy width of neutrons. In this subsection, one of
the further recent developments, the neutron resonance spin echo (NRSE) method,
will be introduced.

Gähler and Golub [159] proposed an advantageous spectrometric method for
neutrons by making use of a completely different magnetic field structure as shown
by solid lines in Figure 3.17, in contrast to that shown by broken lines used in the
conventional spin echo method. In the case of the conventional NSE method, inci-
dent neutrons experience Larmor precession first in flight path l1, then the neutron
spin is reversed at the midpoint of the total path, and finally they attain Larmor
precession during flight path l2 in the opposite direction. Thus, the velocity change
induced by the interaction with a sample put at the midpoint can be measured by
detecting the change in the Larmor precession angle at the end of the flight path.
In the proposed new NRSE method, in contrast, incident neutrons polarized par-
allel to the downward magnetic field with magnitude B0 as shown in Figure 3.17
first pass through the incident spin rotator C1. The magnetic field in spin rotator
C1 is directed perpendicular to B0 and rotates with the Larmor precession angular
frequency ω0 of neutrons in B0. Further, the high-frequency coil current Ia of C1

is adjusted so as to rotate the neutron spin by exactly π/2 in the frame rotating
with angular frequency ω0 according to Eq. (3.35); thus, the transmitted neutrons
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Figure 3.17 Comparison of working principles of the proposed
neutron resonance spin echo (NRSE) method and the conven-
tional neutron spin echo (NSE) method (Gähler et al. [159]).

are distributed in spin statesC1/2 and �1/2 with equal probability, as indicated by
Güttinger’s formula, or the more general formula, Eq. (1.28). The high-frequency
coil of the exit spin rotator C2 works in the same way and the phase is also synchro-
nized to that of C1. The present operating condition corresponds to that of Ramsey’s
separated oscillating field method described in Section 1.5.

Further, in the present flight path between the separated oscillating magnetic
fields, there are three magnetic fields, B1, Bs, and B2, all acting in the same direc-
tion as B0. In this setup, as the magnetic field in C2 rotates with ω0 during the
flight period of neutrons in paths l1, ls , and l2 which precess in fields B1, Bs, and
B2, respectively, a phase difference will arise between the spin precession and the
magnetic field rotation as

Δ' D ω1 t1 C ω s ts C ω2 t2 � ω0(t1 C ts C t2)

D (ω1 � ω0)t1 C (ω s � ω0)ts C (ω2 � ω0)t2

D '1 C 's C '2 . (3.61)

Next, we consider the action of a π rotator Cπ inserted just in front of the sam-
ple S at the midpoint of the total path. The rotator Cπ in the NRSE method is
different from that in the NSE method. Cπ is a high-frequency magnetic field, the
same as C1 and C2, and rotates with the phase π/2 delayed after C1 and C2. In this
way it plays the same role as that in the conventional NSE method but now in the
rotating frame; then the relation for the phase difference becomes

Δ' D �'1 C 's C '2 , (3.62)

and the modification of the conventional spin echo method to the resonance ver-
sion is thus successfully achieved.

In the NRSE method, the operating conditions are settled as ω s D ω0 and at
the same time B1 D B2 D BG , where BG is a weak guide field to prevent depo-
larization of neutrons during the flight. Then we can get rid of the effect of the
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flight path divergence, which was one of the noticeable problems deteriorating the
energy resolution owing to the broadening of the precession angle distribution in
the NSE method, and also of the effect of the scattering position distribution in the
sample with a finite size. In this way, high-resolution spectroscopy for quasi-elastic
and inelastic scattering can be performed [159, 160]. The resultant magnetic field
configuration in the NRSE method is illustrated in Figure 3.17, which corresponds
to that of the NSE method but as a whole lowered by B0. In the case of an echo
arrangement, l1 D l2 D l , the phase difference becomes

Δ' D ω0 l
�

1
v1
� 1

v2

�
Š ω0 l

2v
	 dE

E
D Ω 	 τ , (3.63)

from which it arises that Ω D dE/„ D (E2 � E1)/„, τ D „ω0 l/2v E .
In the NSE method, serious effort must be devoted to attain high homogeneity

of the precession field and also to restrict the divergence angle of the neutron flight
path to realize highly homogeneous Larmor precession. In the NRSE method, the
high accuracy of the high-frequency rotating field will play an important role.

Further details on the characteristics of and developments on devices used in the
NRSE method will not be given here, but a typical example of the application of the
NRSE method will be introduced here as a test experiment carried out by Klimko
et al. on superfluid 4He [161].

In superfluid 4He, the dispersion relation of the excitation energy versus the
momentum shows the well-known S-shaped curve, and the linear region near the
origin represents phonon excitations with energy proportional to the momentum,
whereas the elementary excitation around the bottom of the valley in the S-curve
is called a roton. Figure 3.18 illustrates the line width Γ of the dispersion relation
and the shift δ of the excitation energy for roton creation in superfluid 4He mea-
sured by neutron inelastic scattering. The experiment was carried out with a new
spectrometer, ZETA, which consists of a zero-field NRSE configuration installed
in the spectrometer IN3 at the high-flux reactor in Grenoble. The temperature de-
pendence of the line width reported previously indicated good agreement with the
theory, whereas the previously reported temperature change of the excitation en-
ergy indicated disagreement with the theory, and further the present experiment
gave another different result. Klimko et al. are also evaluating the advantage of the
NRSE method in high-resolution measurements on a dispersive type of excitation
beyond the roton minimum in superfluid 4He or acoustic phonons in solids by
making use of the configuration tilting the rotating field in the ZETA spectrometer
with regard to the neutron beam.

The descriptions of the theory and experiments for the NRSE method given
above belong the category of steady-state neutron utilizations, but in recent years
pulsed neutron experiments have also become important. Application of the NRSE
method to pulsed neutrons was performed by a group at the Kyoto University Re-
search Reactor Institute [162]. Several things have to be considered to apply the
NRSE method to pulsed neutrons. First, since the phase difference at the detec-
tor, τ, given by Eq. (3.63), is proportional to ω0/v , control of ω0, or the magnetic
field B0, in relation to the neutron flight time is necessary. Further, precautions for
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Figure 3.18 Temperature dependences of roton excitation in
superfluid 4He measured by the zero-field resonance spin echo
spectrometer ZETA installed in IN3 in the high-flux reactor,
Grenoble, compared with the results obtained with convention-
al spectrometers: (a) line width (half width and half maximum);
(b) energy shift (Klimko et al. [161]).

Figure 3.19 Principle of a resonance spin echo spectrometer
proposed for installation in the intense pulsed neutron labora-
tory of the Japan Proton Accelerator Research Complex (J-PARC)
facility: (a) system arrangement, where short arrows and double
circles indicate the direction of magnetic fields; (b) develop-
ment of the total energy for the two spin eigenstates (Maruya-
ma et al. [163]).
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the energy (velocity) change of neutrons owing to the effect of magnetic potential
during their passage through the spin rotators C1, Cπ , and C2 are also required.
Furthermore, some auxiliary magnetic field is applied to compensate for the pre-
cession angle dispersion due to the broadening of the neutron flight path. The
characteristic pair type of spin rotators and the auxiliary guide field illustrated by
successively varying arrows in Figure 3.19a play such important roles in the pulsed
neutron type of NRSE spectrometer under development by Ebisawa et al., the work-
ing principle of which is described in Figure 3.19 [163, 164], and the pulsed type of
NRSE spectrometer proposed for installation in the intense pulsed neutron labora-
tory at J-PARC, Tokai.

3.5.2
Neutron Spin Maser

As an another application of Larmor precession of neutrons, the concept of a neu-
tron spin maser and its simulation experiment will be introduced below [165–167].
A maser is a kind of coherent electromagnetic amplifier which cooperatively pro-
duces coherent electromagnetic waves with the same phase and the same wave-
length by irradiating an assembly of atoms or molecules excited to an unstable
energy level with electromagnetic waves. A nuclear spin maser is an application of
the present principle to a nuclear spin system in a magnetic field and holds the nu-
clear spins in the desired state for a long time. Conventional nuclear spin masers
establish the maser condition, as shown in Figure 3.20a, by inducing an automatic
oscillating current in a feedback coil and recovering the spin states by the effect of
the rotating magnetic field if any transverse (x�y -) components arise in nuclear
spins precessing in an assembly of atoms.

The direct application of the present principle of a nuclear spin maser to neu-
tron spins is difficult because of the very low density of neutrons compared with
the atomic density. Therefore, Yoshimi et al. proposed, as shown in Figure 3.20b,
a new principle for a maser system by inserting a positive amplifying circuit be-
tween the detection of the spin precession and the induction of the rotating mag-
netic field, thus establishing the maser condition even in the case of very low spin
density. Further, they carried out successfully a simulation experiment to operate

Figure 3.20 Operating principles of spin masers: (a) conven-
tional spin maser; (b) neutron spin maser proposed to work by
a new mechanism (Yoshimi et al. [166]).



108 3 Reflection, Refraction, and Larmor Precession of Polarized Neutrons

Figure 3.21 Expected experimental sensitivity of the neutron
electric dipole moment with the new method of an ultracold
neutron spin maser. The dotted line a is the expected experi-
mental error due to statistical fluctuations and the solid line
b is that due to resonance frequency fluctuations (Yoshimi et
al. [167]).

nuclear maser oscillations and hold the condition for a long time by making use of
polarized 129Xe gas in place of low-density polarized neutron gas [165].

As already mentioned Section 1.5, continuation of neutron spin resonant preces-
sion for a long time for high-precision determination of the resonance frequency
is one of the most important tasks in fundamental physics in relation to the search
for the electric dipole moment of the neutron. Yoshimi et al. estimated the expected
experimental precision for the determination of the electric dipole moment of a
neutron by applying the spin maser method for ultracold neutrons with the system
setup given in Figure 3.20b.

According to their estimation for a measuring time for about 30 days (2� 106 s),
the sensitivity of the experimental data at a level of 10�28 e for the neutron electric
dipole moment will be attained as shown in Figure 3.21 [167] with the supposed
experimental conditions of an ultracold neutron storage lifetime of 500 s and 104

ultracold neutrons being extracted per second to determine the precession condi-
tions. The estimated sensitivity will surpass that of the conventional experiments
by about 2 orders [166, 167].

3.6
Berry’s Geometrical Phase

As an end to this chapter, we describe an interesting experiment on the observation
of neutron spin behavior relating to an important viewpoint in quantum mechan-
ics. In 1984, Berry [168] pointed out that when a quantum mechanical system at an
eigenstate makes an excursion in the parameter space of the Hamiltonian H(R)
for that system, such that the parameter R in the Hamiltonian is varied sufficient-
ly slowly along a circuit C, the wave function of the state includes, in addition to
the usual dynamical phase factor, a factor expfi γ (C)g with a geometrical phase γ (C),
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and also proposed an experiment to observe the effect. His recognition of the ge-
ometrical phase factor was received interest with corresponding concept of gauge
invariance, which will be explained later in Section 9.3.

Following the outline of Berry’s theory, we suppose that the state of the system
jφ(t)i satisfying the Schrödinger equation

H(R)jφ(t)i D i„j Pφ(t)i , (3.64)

is changed sufficiently slowly and stays in an eigenstate jn(R)i, that is, is changed
adiabatically satisfying

H(R)jn(R)i D En(R)jn(R)i , (3.65)

with energy En(R) for the parameter R D R(t) at the instant t. Then we arrive at
the result that the state jφi can be written as

jφ(t)i D exp

8<
:� i
„

tZ
0

d t0En(R(t0))

9=
; exp(i γn(t))jn(R(t))i , (3.66)

that is, in addition to the dynamical phase factor of the first term on the right side,
the second term, a factor including the phase γn(t), appears. The important indi-
cation is that even though the parameter returns to the origin R(0) after time T has
elapsed going around the circuit C, it results that γ (T ) ¤ γ (0).

The expression for the function γn(t) can be obtained by substituting Eq. (3.66)
into Eq. (3.64). The expression becomes much simpler when the circuit C traces a
loop close to some eigenstates jm(R)i in a degeneracy for the Hamiltonian H(R),
that is, close to the region R� where Em(R�) D En(R�). A typical example is a
neutron precessing around a magnetic field B, the two spin states of which are
degenerate in the condition B D 0. In this condition, Berry’s phase is given by

γ˙(C) D �1
2

Ω (C) , (3.67)

where Ω (C) is the solid angle for the circuit C extending around the origin in B
space. In this way, Berry’s phase is given by the phase of the geometrical circuit
and therefore it is also called the topological phase. Further, it was revealed that
the Aharonov–Bohm effect (to be introduced in Section 9.3) is a special case of the
topological phase explained here.

The first experimental demonstration with neutrons on Berry’s phase was per-
formed by Bitter and Dubbers [169]. The key point of the experimental principle
is given by the B1 coil illustrated in Figure 3.22b, which, with the axial magnetic
field coil not shown in the figure, induces a magnetic field B tracing the closed
circuit C shown in Figure 3.22a, and at the same time changing adiabatically, dur-
ing the flight of neutrons passing through the coil in the axial (z-) direction. The
point B D 0 in Figure 3.22a is the degenerate condition for the spin states men-
tioned above, and therefore Berry’s phase defined by Eq. (3.67) will be realized in
the region near such a degenerate point.
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Figure 3.22 Neutron experiment on Berry’s
geometrical phase. (a) Adiabatic change of
the magnetic field vector B tracing a closed
circuit C. (b) A helical coil arrangement induc-
ing the magnetic field B1 in a right-handed
system; neutrons are transmitted in the z-di-
rection. (c) Spin rotation pattern for the trans-

verse spin component Py (T ) D Gy y (T )Py (0)
with regard to the helical magnetic field B1
coil current (without Berry’s phase the max-
ima of this curve should be equidistant), (d)
observed and calculated phase shifts 't (Bit-
ter and Dubbers [169]).

From the adiabaticity condition, the requirement jγ j � j'jmust be satisfied by
Berry’s phase γ , where ' is the dynamical phase due to the total magnetic field
including Bz . Thus, a high-precision measurement is necessary for the separation
of γ . The experiment was carried out with a polarized beam (polarization ratio of
about 97%) of cold neutrons with a velocity of about 500 m/s extracted through a
guide tube at the high-flux reactor at the Institut Laue–Langevin, Grenoble. The
incident neutrons enter in a direction perpendicular to the front end surface of the
coil wound around an 8-cm diameter and 40-cm-long cylinder, then pass through
the entrance magnetic field adiabatically. The magnetic field component B1 rotates
2π for a coil length of 40 cm. The coil set was contained in a 30-cm diameter and
80-cm-long MuMetal cylinder.

The measured pattern of spin rotation with regard to the change of the B1-coil
current is plotted in Figure 3.22c, and the resultant total phase is plotted as shown
in Figure 3.22d in comparison with the curves from the theoretical calculation,
respectively. According to the theoretical derivation of Berry’s phase mentioned
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above, by extrapolating to the adiabatic limit, Bitter and Dubbers obtained γ D
�Ω D 2π, in good agreement with the theoretical expectation.

The phenomenon of a topological phase, or an additional phase factor due to
spin rotation in a helical magnetic field, is also observed in various experimental
fields, such as nuclear magnetic resonance and polarized neutron scattering by he-
lical magnetic materials. Further, measurement of Berry’s phase in stored ultracold
neutrons was also reported. In the research field of neutron interferometry, we will
study in Chapter 9 several experiments on Berry’s phase that are being carried out.
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4
Quantum Mechanics of Scalar Neutron Waves
in One Dimension

4.1
Some Descriptions of the Fundamental Theory

Optics deals with waves and their transformation by objects, that is, optics deals
with scattering of waves. Likewise, neutron optics deals with scattering of neu-
tron waves. However, such a definition is too broad, as it covers the whole field
of neutronography. Here we limit ourselves to elastic reflection of neutrons from
interfaces, and borrow from optics the notion of refractive index. We shall not con-
sider devices such as lenses and microscopes; notwithstanding that these devices
are familiar in the field of neutron optics. Though we do not consider them, neu-
tron optics remains a very rich field of research. It is not a weak analog of the usual
light optics, it has its own image, and it provides new results.

From the preceding chapters the reader already knows that the neutron is a wave,
so we shall not dwell too long on this point. We only remind the reader that a free
neutron is described by a plane wave

ψ0(r , k, t) D exp(i kr � i ω t) , (4.1)

containing wave vector k, which is related to momentum p (k D p/„), and fre-
quency ω, which is related to neutron energy E D p 2/2m(ω D E/„), where m is
the neutron mass. The plane wave satisfies the free Schrödinger equation

i„ @

@t
ψ D � „

2

2m
Δψ , (4.2)

and it is common to say that the plane wave Eq. (4.1) is the wave function of a free
neutron with momentum p. However this is not so! A function is a wave function
if it satisfies the Schrödinger equation and is normalizable. A plane wave is not
normalizable; therefore, it must be replaced by a wave packet. However, at this
point we enter a dense quantum mist. According to canonical quantum mechanics,
a particle described by a wave packet cannot have momentum, because momentum
is an eigenvalue of the momentum operator Op D �i„d/d r, and it exists only in
states which are eigenfunctions of this operator, that is, in states described by plane
waves, which are unacceptable for wave functions. So, at the very beginning we find
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ourselves facing a terrible contradiction. We can forget about it without questioning
the Holy Bible, or we should resolve it for to be honest with ourselves.

To resolve this contradiction we must reject the canonical definition of momen-
tum. The full discussion of this point is postponed to Chapter 10. Here we only
can say that the plane wave is a component of a wave packet, and, if we can predict
what happens to every component, we can find what happens to their superposi-
tion. It is a great surprise to discover that the behavior of wave packets (this will
be shown in Chapter 10) is very similar to that of plane waves. The difference is
very small, but it is this difference which is the most important for development of
the fundamental physics. We hope that some day physicists will realize this. Here
and with some exceptions in all the other chapters we take a plane wave as a wave
function, remembering that it is only one component of it.

Sometimes the wave packet is considered as a property of a neutron beam, and
notions such as longitudinal and transverse coherence length and coherence time
are introduced, as if the different neutrons were like different plane wave compo-
nents of a single wave packet. This is not so, and it is misleading. We shall not use
them. When needed, we shall use the natural characteristics of the neutron beam:
energy and angular spread, which mean energy and angular resolution for a given
experiment.

Equation (4.2) is valid only in empty space, and if some parts of the space are
filled with matter the equation changes to

i„ @

@t
Ψ (r, t) D „

2

2m
[�Δ C u(r, t)]Ψ (r , t) , (4.3)

where „2 u/2m describes the interaction potential of the neutron with matter. The
solution of this equation is not a plane wave and our task is to find it. In this book
we shall consider mainly potentials which do not depend on time, so we can seek a
stationary solution Ψ (r, t) D exp(�i ω t)Φ (r), and Eq. (4.3) is reduced to the form

[Δ � u(r)C k2]Φ (r) D 0 , (4.4)

where k2 D 2mE/„2 D (p/„)2. Moreover, in this chapter we shall consider only
planar systems, which change only along one coordinate axis, say x, so the po-
tential is u(x ). Therefore, the solution of Eq. (4.4) can be represented as Φ (r) D
exp(i kk, rk)ψ(x ), where vectors rk are parallel to the (y , z) plane. Substitution into
Eq. (4.4) gives


d2/dx2 � u(x )C k2
x

�
ψ(x ) D 0 , (4.5)

where kx D
q

k2 � k2
k is the normal component of the wave vector k. In the fol-

lowing we shall use this equation and omit the subscript x of k.
In this chapter we shall start by studying the reflection and refraction processes

in semitransparent mirrors of finite thickness and multilayered systems by treat-
ing the neutron as a scalar particle. The one-dimensional systems are very conve-
nient to study details of many different phenomena, such as resonances and Bragg
diffraction. They are all in the realm of application of quantum mechanics, and we
shall see how excellently it deals with them.
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Now we Start the Main Task of this Chapter

We start by reviewing the simplest well-known problem in quantum mechanics –
reflection and refraction at a rectangular potential step, and our main tool will be
the Schrödinger equation:


d2/dx2 � u(x )C k2� ψ(x ) D 0 . (4.6)

4.2
Reflection and Refraction at a Potential Step

Consider reflection from an infinitely thick wall filling the half-space x > 0 with
an ideal flat interface at the point x D 0. The interaction between the wall and the
neutron is a constant u0 (what this constant is will be discussed later), so the whole
potential u(x ) is represented by the function Θ (x > 0)u0, where Θ (x ) is the step
function equal to unity, when the inequality in its argument is satisfied, and to zero
otherwise. So we have the potential step shown in Figure 4.1.

The solution of the Schrödinger equation with this potential step

d2/dx2 � u0Θ (x > 0)C k2� ψ(x ) D 0 , (4.7)

is completely defined by an incident wave. For the incident wave e i k x the solution
is

�!ψ (x ) D Θ (x � 0)
h

e i k x C�!r0 e�i k x
i
C Θ (x > 0)�!t0 e i k 0x , (4.8)

with some yet unknown reflection, �!r0 , and transmission (refraction), �!t0 , ampli-
tudes, where ! above r and t means that the incident wave travels toward the
interface from left to right. The refracted wave depends on k0, which is the wave
number inside the potential. Substitution of the refracted wave into Eq. (4.7) gives
�k02 � u0 C k2 D 0, which defines k0 D

p
k2 � u0.

If the incident wave originates inside the medium and propagates to the interface
from right to left, then the solution is

 �ψ (x ) D Θ (x � 0) �t0 e�i k x C Θ (x > 0)
h

e�i k 0x C �r0 e i k 0x
i

. (4.9)

Figure 4.1 Reflection and refraction at a potential step of height u0 located at x D 0.
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To find the coefficients in Eq. (4.8), it is necessary to match the wave function at
the interface, that is, at the point x D 0, to make the wave function and its first
derivative continuous:

1C�!r0 D �!t0 , k[1 ��!r0 ] D k0�!t0 . (4.10)

The solutions of the above equations are

�!r0 D k � k0

k C k0
, �!t0 D 1C�!r0 D 2k

k C k0
. (4.11)

Similarly, we can match the wave function (4.9); however, because of symmetry we
can immediately obtain

 �r0 D k0 � k
k0 C k

D ��!r0 ,  �t0 D 1 ��!r0 D 2k0

k0 C k
. (4.12)

In the above case, the space to the left of the step is a vacuum, that is, the potential
to the left of the step is zero. However, we can consider a more general case, when
the whole space is divided into two parts, with potential u i to the left and u f to the
right. In such a case, if the incident wave travels from the left, that is, from u i to
u f , the reflection and refraction amplitudes are

ri f D ki � k f

ki C k f
, ti f D 1C ri f D 2ki

ki C k f
, (4.13)

where ki, f D
p

k2 � u i, f .
For k2 � u0 we can approximate k0 D

p
k2 � u0 � k� u0/2k and the reflection

amplitude �!r0 becomes approximately u0/4k2; therefore, at k2 � u0 the reflection
coefficient j�!r0 j2, which is usually called reflectivity, decreases with increase of k as

j�!r0 j2 � 1
16
ju0j2

k4
. (4.14)

Unitarity condition This is an appropriate place to mention unitarity. When con-
sidering the problem of reflection and refraction of plane waves at an interface,
unitarity means that the total flux density of the reflected and refracted particles
must be equal to the incident one:

k D kj�!r0 j2 C k0j�!t0 j2 . (4.15)

This relation defines the refraction probability, w D (k0/ k)j�!t0 j2, which can be writ-
ten as

w D 4k k0

(k C k0)2 . (4.16)
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4.2.1
Total Reflection

Let us go back to the reflection amplitude �!r0 Eq. (4.11). Since k0 Dpk2 � u0, then
for k2 < u0 the wave vector inside the medium, k0, is imaginary, k0 D i k00, where
k00 Dpu0 � k2, and the reflection amplitude becomes a complex number:

�!r0 D k � i k00

k C i k00
D exp(�2 i γ0) , γ0 D arctan

�
k00

k

�
D arccos

�
kp
u0

�
.

(4.17)

This means that for k2 < u0 the reflection coefficient j�!r0 j2 is equal to 1, that is,
this is the case of total reflection. The value

p
u0 is called the critical wave number

and it is denoted as kc .
Recall that k in all expressions represents the perpendicular component, k? 


kx , of the total incident wave vector k. The condition k2
? < k2

c means total reflec-
tion of the neutron from the wall. The stricter condition jkj2 < k2

c means that the
neutron undergoes total reflection at any incident angle. Neutrons with energies
k2 < k2

c are called ultracold neutrons. They can be stored for quite a long time in
closed vessels (textbooks [F,G,H]).

4.2.2
Optical Potential and Ultracold Neutrons

Above, we studied reflection and refraction for an abstract potential step. In this
section we show how large this potential is in reality.

It will be deduced later, but now we simply declare, that the interaction of neu-
trons with materials is described by the optical potential

U D „
2

2m
4πN0bc , (4.18)

where „ D h/2π D 1.05 	 10�34 J s is the reduced Planck constant, m D 1.675 	
10�24 g is the neutron mass, N0 � 1023 cm�3 is the number of atoms per unit vol-
ume of the medium, and bc is the average (coherent) neutron scattering amplitude
of a single atomic nucleus. Therefore, the reduced potential u0 D 2mU/„2 used in
our equations is equal to 4πN0bc.

The scattering amplitude b is different for different materials (textbook [E]), and
it can be positive as well as negative, but it is on the order of jbc j � 10�12 cm.
Substitution of numerical constants into Eq. (4.18) shows that the typical value of U
is 10�7 eV. The energy of ultracold neutrons is E D „2k2/2m � U � 10�7 eV, and
their velocity is v � 5 m/s.

Historically, reflection from a potential step was described like in light optics
with the help of a phenomenological constant, the index of refraction: n � 1 �
u2

0/2k2. Fermi, who first observed specular and total reflection of neutrons from
matter, used this index of refraction, which is valid only for u0 � k2 (see [170],
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Chapter VIII), and he called total reflection total internal reflection, in accordance
with light optics, whereas in reality the neutron reflection is an external one. He
used an approximate expression, though at his time one could find in the literature
a rigorous derivation of n D p

1 � u0/ k2 without the requirement for u0/2k2 to
be small [15].

Fermi derived the refractive index with the help of the concept of a quasi-poten-
tial u1(r � r i ) D 4πbc δ(r � r i ), which he devised to describe the interaction of a
neutron with a single nucleus at a point r i . This potential is called quasi because
it does not describe the real neutron–nucleus interaction. However, in perturba-
tion theory this potential gives the same scattering amplitude b as the real potential
gives with the rigorous scattering theory.

With this quasi-potential it is easy to derive the optical potential u0 by averaging
the quasi-potential over many atoms:

u0 D
X

j

u1(r � r j ) D
Z

N0d3r 0 u1(r � r 0) D
Z

N0d3r 0 4πbc δ(r � r 0)

D 4πN0bc . (4.19)

This derivation, of course, is not a rigorous one. A rigorous derivation is given in
Chapter 5.

It is interesting to note that the strong forces are short-range, that is, they act at
distances on the order of 10 fm, and the interaction radius of the quasi-potential
is even equal to zero. Nevertheless, the potential Eq. (4.19) turns out to be a long-
range one and even macroscopic. This is clearly seen in everyday experiments with
neutron reflectometers. Fermi clearly understood that the quasi-potential is not a
real one. The real nuclear potential is attractive, that is, negative, and if we average it
across the medium, we obtain a negative number, whereas Eq. (4.19) for most of the
chemical elements is positive, that is, repulsive, because their scattering amplitude
bc is positive. The total reflection, and storage of neutrons in bottles, is possible
because the potential Eq. (4.19) in many cases is repulsive.

Fermi, however, thought that the storage of neutrons is not possible, even though
he and Zinn witnessed total reflection [171]. He, like Rutherford [172], thought that
the neutron is a tight hydrogen atom, and he wrote [170] (p. 92): “There are no
vessels capable of holding neutrons, because the neutrons diffuse in between the
nuclei and freely permeate through matter”.

Only in 1959 did Y.B. Zeldovich first point out that ultracold neutrons can be
trapped in containers [72]. Such neutrons were first observed in 1968 [73], and
the first storage experiment was performed in 1971 [74] under the supervision of
F.L. Shapiro.

4.2.3
Digression on the Ultracold Neutron Anomaly

Since then, researchers have conducted numerous experiments with ultracold neu-
trons (see, for example, textbooks [F,G,H]), and they all reported one result, which
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has not been explained up to now. According to the measurements, conducted with
very clean bottles where absorption by the nuclei and the probability of inelastic
scattering are very low, the loss coefficient of ultracold neutrons in a single colli-
sion with the walls is almost two orders of magnitude higher than the theoretical
estimate. This phenomenon is called the ultracold neutron anomaly.

Ultracold neutron losses (textbook [G]) can be described by the imaginary part
u000 of the potential Eq. (4.19), caused by the imaginary part b00c of the scattering
amplitude bc D b0c � i b00c . For real potentials the refection coefficients of ultracold
neutrons, j�!r0 j2, is unity. When the potential contains u000 , the reflection coefficient
is less than unity by the amount

μ D 1 � j�!r0 j2 D 2η
k?q

u00 � k2
?

, (4.20)

where η D u000 /u00 D b00c /b0c, u00 D 4πN0b0c , and for the moment we restored
the sign ? to denote the normal component of the neutron wave vector k. The
right side of Eq. (4.20) is the linear approximation of the left side in terms of u000 ,
which is valid for u000 � k2 � u00, that is, almost everywhere except the narrow
range k2 � u00 � u000 . The parameter η is called the loss coefficient. It is equal to
k σ l/4πjb0c j, where σ l D σ i e C σa is the loss cross section, comprising the inelas-
tic, σ i e, and absorption, σa , cross sections of neutrons for interactions with nuclei,
and b0c is the real part of the coherent scattering amplitude. σ l is found from mea-
surements of the transmission through the walls of neutrons with k2

? > u0. Since
σ l / 1/ k, the coefficient η is a constant with a specific value for every substance.
In Table 4.1 we give amplitude b0c in femtometers, optical potentials U 0(1 ˙ i η),
where U 0 is in units of 10�7 eV, η is in dimensionless units of 10�5, and for σ l we
used only σa , because usually σ i e � σa and it depends on temperature. For in-
stance, the optical potential of Ti is�0.51(1�0.0005i) 	10�7 eV, because imaginary
part is always negative.

The term ultracold neutron anomaly means that the experimentally found ηexp

is considerably higher than theoretical one, ηth D kσ l/4πb0c, with σ l found from
the transmission experiments. The difference can be of two orders of magnitude.
For instance, in the case of Be [78], ηth D 3 	 10�7, whereas ηexp D 3 	 10�5 at low
temperature (approximately 10 K).

At first sight it is very easy to explain the anomaly by contamination of sur-
faces with chemical elements of high absorption or inelastic cross sections, be-
cause in transmission experiments such contaminations are not seen. However,
the required quantities of elements with large σa are too high compared with their
abundances in the environment. In addition, elements with large σ i e such as hy-
drogen, though very abundant, are improbable, because the inelastic cross section
should have a steep temperature dependence, and should become ineffective at
low temperatures, whereas the loss coefficient η does not show a steep tempera-
ture dependence. Nevertheless the role of hydrogen is discussed in the literature
again and again.

The ultracold neutron anomaly was even considered to be a problem of quantum
mechanics. In [173] it was suggested that the neutron can pass through the walls
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Table 4.1 Values of b0c in 10�13 cm and of the
optical potential U D U 0(1 � iη � 10�5)
in 10�7 eV. The data were compiled with
the help of Internet resources http://www.
ncnr.nist.gov/resources/n-lengths/ and
http://www.ktf-split.hr/periodni/en/. At the
the latter Web page one can find densities
of gases in solid or liquid states. The ener-
gy U 0 is calculated with a precision of two
digits after the period, and η is calculated
with a precision of two digits after period. It
seems such precision is sufficient because

there are always some additional factors,
such as inelastic scattering and contam-
ination, that increase η. With the help of
U 0 it is easy to find the critical wave num-
ber kc D p

2mU 0/„ D 0.00695
p

U 0
in reciprocal angstroms if U 0 is in units of
10�7 eV. For instance, in the case of Ni we
find kc D 0.00695

p
2.45 D 1.088 � 10�2 Å�1.

With the help of kc we can find the reduced
critical wavelength Nλc D λc /2π D 1/ kc . For
instance, in the case of Ni the reduced critical
wavelength is approximately 92 Å.

NZ b0
c U0 η NZ b0

c U0 η NZ b0
c U0 η

H1 -3.74 -0.45 2.45 Ni28 10.30 2.45 12.12 Ba56 5.07 0.21 6.03
D1 6.67 0.76 0.002 Cu29 7.72 1.70 13.62 La57 8.24 0.57 30.27

He2 3.26 0.17 0.064 Zn30 5.68 0.97 5.43 Ce58 4.84 0.37 3.62

Li3 -1.90 -0.22 10.3E2 Ga31 7.29 0.97 10.49 Pr59 4.58 0.35 69.82
Be4 7.80 2.50 0.027 Ge32 8.19 0.94 7.47 Nd60 7.69 0.59 18.3E1

B5 5.30 1.78 40.2E2 As33 6.58 0.79 19.02 Pm61 12.6 – 37.0E1
C6 6.65 3.05 0.015 Se34 7.97 0.76 40.82 Sm62 0.80 0.06 32.9E5

N7 9.36 1.07 5.64 Br35 6.79 0.42 28.26 Eu63 5.30 0.29 23.8E3

O8 5.80 1.51 0.001 Kr36 7.81 0.41 89.01 Gd64 9.50 0.75 14.6E4
F9 5.65 0.70 0.047 Rb37 7.08 0.20 1.49 Tb65 7.34 0.60 88.65

Ne10 4.57 0.49 0.24 Sr38 7.02 0.33 5.07 Dy66 16.90 1.40 16.4E2

Na11 3.63 0.24 4.06 Y39 7.75 6.11 4.59 Ho67 8.44 0.71 21.3E1
Mg12 5.37 0.61 3.26 Zr40 7.16 0.80 0.72 Er68 7.79 0.66 56.8E1

Al13 3.45 0.54 1.85 Nb41 7.05 1.02 4.54 Tm69 7.07 0.61 39.3E1
Si14 4.15 0.55 1.14 Mo42 6.72 1.12 10.27 Yb70 12.40 0.78 78.04

P15 5.13 0.47 0.92 Tc43 6.80 1.25 81.78 Lu71 7.21 0.64 28.5E1

S16 2.85 0.29 5.17 Ru44 7.02 1.35 10.14 Hf72 7.70 0.91 37.5E1
Cl17 9.58 0.82 97.23 Rh45 5.90 1.11 68.2E1 Ta73 6.91 1.00 82.90

Ar18 1.91 0.12 9.83 Pd46 5.91 1.05 32.46 W74 4.77 0.78 10.7E1

K19 3.67 0.13 15.91 Ag47 5.92 0.90 29.73 Re75 9.20 1.63 27.1E1
Ca20 4.70 0.28 2.54 Cd48 4.83 0.58 14.5E3 Os76 10.70 1.99 41.58

Sc21 12.10 1.26 63.19 In49 4.07 0.41 13.3E2 Ir77 10.60 1.95 11.2E2
Ti22 -3.37 -0.50 50.25 Sn50 6.23 0.60 2.80 Pt78 9.60 1.65 29.83

V23 -0.44 -0.08 31.9E1 Sb51 5.57 0.48 24.51 Au79 7.90 1.21 34.7E1

Cr24 3.64 0.79 23.30 Te52 5.68 0.44 23.01 Hg80 12.60 1.34 82.2E1
Mn25 -3.75 -0.80 98.62 I53 5.28 0.32 32.42 Tl81 8.78 0.80 10.86

Fe26 9.45 2.09 7.53 Xe54 4.92 0.21 13.54E1 Pb82 9.40 0.81 0.51

Co27 2.49 0.59 41.5E1 Cs55 5.42 0.12 14.9E1 Bi83 8.53 0.63 0.11



4.2 Reflection and Refraction at a Potential Step 121

because its wave function is a wave packet, which does not spread and which is
a neutron property. It was even estimated that to explain the ultracold neutron
anomaly the width s of the packet in the momentum space should be

s � 4 	 10�5 k , (4.21)

where k is the average wave number of the packet. It was an exciting moment when
soon after the publication of [173] transmission of ultracold neutrons through a
thin Be foil was really found [84], but instead of the suggestion made in [173]
a new theory with the notion of localization because of incoherent scattering was
proposed [174]. However, very soon it was found [175, 176] that the transmitted neu-
trons are not really ultracold ones. Their energy E was in the range Uc � E � 2Uc ,
where Uc is the the optical potential of the foil. This means that the neutrons are
heated a little bit. Such a small heating can be attributed [177] to interaction of ultra-
cold neutrons with dust particles on the wall surfaces. It was hoped that the small
heating would explain the anomaly, but the probability of small heating was found
to be too low to do that, so to solve the problem of the anomaly the experimenters
tested new materials. For instance, in [178] measurement of the loss coefficient in
vessels with Be or Al walls covered by diamond-like carbon was reported. However,
the loss coefficient was too high (approximately 10�4) even at 70 K, and it was
attributed to hydrogen and to holes in covering of diamond-like carbon.

Success was achieved with Fomblin-like hydrogen-free fluoropolymer, for which
the loss coefficient ηexp at a temperature of approximately 110 K was reported to be
2 	 10�6, which is higher than the theoretical value only by a factor of order 2. A
review of recent research in this area can be found in [179].

4.2.4
Experience with an Experiment

Now we can compare with an experiment the theoretical predictions for the reflec-
tion coefficient

R(k) D j�!r0 (k)j2 (4.22)

(it is usually called reflectivity) for �!r0 given by Eq. (4.11). Figure 4.2 shows the
schematic of the experiment with a neutron reflectometer. If the mirror is a suffi-
ciently thick plate (on the order of 1 cm) we can consider it as a semi-infinite one.
There are three possible types of such an experiment:

Time-of-flight experiment In this type the detector and sample are fixed, the in-
cident beam is well collimated, and its grazing angle θ is fixed but its spectrum
is wide. The normal component of the wave vector of the incident neutrons k? Dp

2mE/„2 sin θ varies with the energy E, which is determined by the time-of-flight
method.

Experiment with monochromatic neutrons and a large stationary detector In this
case variation of k? is achieved by rotation of the sample.
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Figure 4.2 The reflectometry experiment. Neutrons emitted by
a source S are reflected from a mirror M at an angle θ and are
registered by a detector D.

θ � 2θ experiment with monochromatic neutrons In this type of experiment the
sample and detector rotate around the same axis, but the rotation angle of the de-
tector is twice that of the sample, and the detector always registers the specularly
reflected neutron beam.
Though the setup in Figure 4.2 looks simple, in reality the experiment is not so
simple, because for thermal neutrons the grazing angle for total reflection is on
the order of milliradians. At such an angle a mirror surface of 10-cm length looks
like a filament of 0.1-mm thickness, and the incident neutron beam must have
the same or a smaller width. We shall see what happens if the condition is not
satisfied.

Figure 4.3 shows Japanese experimental data10) for the reflectivity from a glass
plate fitted by expression (4.22), where the fitting parameters are the real and imag-
inary parts of the optical potential u0 � i u00 of the glass.

Before commenting on this figure, we want to warn the readers that our presen-
tation of the results is different from the usual ones in several aspects. First, reflec-
tivity is usually presented as its dependence on momentum transfer q D k0 � k,
which for specular reflection is equal to 2k?. This seems strange, because the re-
flection amplitude depends on k?. Second, the data are usually presented in di-
mensional units of reciprocal nanometers. We think it is much better to present the
results in dimensionless units, k D k?/ kc , where kc is some characteristic wave
number. Below we use the optical potential u c of some selected material as a refer-
ence unit of energy, and determine kc as the critical wave number corresponding to
this reference energy. In Figure 4.3 the optical potential of Ni of 0.245 μeV is chosen
for the unit of energy; therefore, the unit of the wave number is kc D 1/9.2 nm�1.
Third, sometimes when the fitted curve visually well reproduces the positions of
the experimental points, researchers do not report the value of �2; we think that
it is necessary to report not only �2, but the behavior of � at all points. If we have
fitted curve f (x ) and experimental data y j at points k j with statistical uncertainty

10) I am very grateful to Dr. Ryuji Maruyama
from the Japan Proton Accelerator Research
Complex (J-PARC) of the Japanese Atomic
Energy Agency for sending me these data
and for his explanations.
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Figure 4.3 Fitting of the glass reflectivity data from Japan
with R(k) given by Eq. (4.22). The data were obtained with a
θ � 2θ reflectometer. The incident beam was wider than the
surface area visible at small k. (a) One fitting parameter, u0; (b)
two fitting parameters, u0 and u00; (c) logarithmic scale of (b);
(d) �(k j ) distribution (Eq. (4.23)). The large variation seen at
small k is explained by the properties of the setup.

σ j , then the distribution

�(k j ) D f (k j ) � y j

σ j
(4.23)

gives information about the properties of the setup or about some missed physical
phenomena. The single value

�2 D 1
N � n � 1

NX
jD1

�(k j )2 , (4.24)

where N is the number of experimental points and n is the number of parameters,
is also informative, but without full �(k j ) this information is very limited.

Figure 4.3a shows the result of fitting with a single parameter — the real part
of the glass potential, when the imaginary part is fixed and equal to some more
or less well estimated value 0.0002. Fitting gives u0 D 0.24, in good agreement
with the expected glass potential close to that of silicon, but �2 D 4.2 in this case
is large. Figure 4.3b shows the result of fitting with two parameters: the real and
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imaginary parts of the glass optical potential. The fitting gives the same real part
u0 D 0.24, but the imaginary part u00 D 0.0094 is too high compared with the
expectation and makes the reflectivity curve smoother. However, �2 D 2.4 is bet-
ter than in Figure 4.3a. The high imaginary part can be attributed to scattering on
inhomogeneities and surface roughness. In both plots we see some scattering of
experimental points around the fitted curve. This scattering is due to the setup.
The reflectivity was measured with a θ �2θ reflectometer. At small angles (small k
up to approximately 0.08), part of the incident beam went over the mirror without
touching the surface, and is registered by the the detector together with the reflect-
ed beam. In the interval 0.08 < k < 0.3, the reflected beam separates from the
direct beam, and this explains some dip in reflectivity near k � 0.2.

In Figure 4.3c the reflectivity is shown on a logarithmic scale. The fitting looks
perfect, scattering at small k is not seen, and it can be overlooked, but this is not
the case for the scattering of the points for curve �(k) shown in Figure 4.3d. In this
special case, when scattering at small k is well explained, we do not have a reason
to seek an additional physical phenomenon, though a physical phenomenon could
be masked by the properties of the setup.

Figure 4.4 shows the fitting of experimental data for glass reflectivity obtained in
Hungary [188] with a reflectometer with a monochromatic beam, a rotating mirror,

Figure 4.4 Fitting of the glass reflectivity
data from Hungary [188] with R(k) given by
Eq. (4.22). The data were obtained with the
reflectometer with a wide detector, which col-
lects all the reflected neutrons at any angle θ

of the sample. (a) One fitting parameter, u0;
(b) two fitting parameters, u0 and u00; (c) log-
arithmic scale of (a); (d) �(k j ) distribution
(Eq. (4.23)). The reason for the large variation
seen at small k is not yet understood [188].
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and a wide stationary detector, which collects all the reflected neutrons. Fitting with
one parameter u0 for u00 D 0.0002 with the same dimensional units as in the case
of the Japanese data gives too high a potential u0 D 0.405, which can be attribut-
ed to the special chemical formula of the glass used. On a linear scale the graph is
shown in Figure 4.4a, and on logarithmic scale it is as shown in Figure 4.4c. We see
a strong deviation of theoretical curve from the experimental points at large k. The
parameter �2 for such a fitting is extremely high: �2 D 170. The distribution �(k)
over all the experimental points is shown in Figure 4.4d. The result of fitting with
two parameters u0 and u00 on a linear scale is shown in Figure 4.4b. The parameter
�2 D 132 for such a fitting becomes a little bit less but still remains unacceptably
high. Moreover, the fitted value of u00 D �0.0046 is completely unacceptable, be-
cause it is negative and therefore nonphysical. The experimental data can be fitted
with more parameters. If we average the reflectivity over some interval 2δ, which
determines the resolution of the system, and add background nb , we obtain the
formula

R(k) D
kCδZ

k�δ

j�!r0 (p )j2 d p
2δ
C nb . (4.25)

Figure 4.5 Fitting of the data from Hungary [188]: (a) with
four parameters and R(k) given by (4.25); (b) the distribution
of �(k) for such a fitting; (c) fitting with nine parameters, as
shown in Eq. (4.26).



126 4 Quantum Mechanics of Scalar Neutron Waves in One Dimension

Fitting of this expression gives u0 D 0.408 and u00 D 0.003, which is high for glass,
but not negative, and δ D 4% and nb D 0.0024, which is quite reasonable. The
result of fitting on a logarithmic scale is shown in Figure 4.5a. It looks quite reason-
able; however, �2 D 29.1 for this fitting is still too high. Distribution �(k), shown
in Figure 4.5b, demonstrates that there is still some peculiarity in the experimental
data near the critical edge. After fitting with even more (nine) free parameters, one
can achieve �2 D 4.5 and even lower. The formula for the fitting and additional
parameters is

R(k) D
kCδZ

k�δ

j�!r0 (p )j2 
a0 C a1jp � p 0j4 C a2jp � p 0j6� d p
2δ

C nb C a3jk � k0j4 C a4jk � k0j6 , (4.26)

where p 0 Dpp 2 � u. We do not list the fitted values for these parameters because
their physical meaning is not yet clear. However, the result of the fitting, which
is shown in Figure 4.5c, is interesting because it demonstrates that there is some
unexpected detail near the critical edge. The problem is whether it is related to a
physical phenomenon or whether it points out some instrumental peculiarity. Both
cases are important for our understanding, so this question must be resolved.

4.2.5
Surface Waves

Surface waves propagate along the surface and decay exponentially in both direc-
tions: inside matter x > 0, and outside it. That is, the wave function is

ψ(x ) D Θ (x < 0) exp(�1x )C Θ (x > 0) exp(��2x ) . (4.27)

It is clear that such a function cannot be matched at the interface x D 0, because
its derivative cannot be continuous. Therefore, surface states of particles do not
exist. Nevertheless it was suggested [180] that there is some surfacelike solution of
the Schrödinger equation for the case of a thin film with repulsive potential u0 > 0
covering a substrate with an infinite potential. It is necessary to say that the solu-
tion found in [180] is not acceptable. Though it exists, the solution is nonphysical
because it violates unitarity. According to it, particles are created in a vacuum [181].

In relation to this problem, the question arises of why surface waves exist in elec-
trodynamics and in elasticity theory. The answer is simple. In quantum mechanics
the wave equation is the main equation defined in all the space simultaneously.
In electrodynamics the main equations are the Maxwell equations, which are used
to derive wave equations. If the electromagnetic constants ε and μ are discontinu-
ous, the wave equations in general can be derived separately in spaces with differ-
ent ε and μ and the matching conditions are derived not from the wave equation
but from the Maxwell equations. In particular, instead of continuity of the normal
derivative of the wave function, one requires continuity of some field components.
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Therefore, a discontinuous derivative of the wave function is not forbidden. The
same is true for elastic waves [181].

4.2.6
Goos–Hänchen Shift

The Goos–Hänchen (G–H) shift was predicted for light by Newton. According to
him, the light ray at total reflection dives in the reflecting medium and goes out
of it at a point B (see Figure 4.6) shifted with respect to the point of entry A (see,
for example, [182] and references therein). It was measured by Goos and Hänchen
in 1947–1949 [183, 184]. This shift depends on the light wavelength and angle of
incidence but its typical value was on the order of 1 μm. Since neutrons are also
waves, they also should have a G–H shift.

It is impossible to define the entrance and exit points for plane waves. So we
need to consider reflection of a wave packet.

Let the incident neutron be described by a wave packet

ψ0(r , t) D
Z

A(q, k0) exp(i qr � i ωq t)d3q , (4.28)

where q D (qk,�qz), k0 D (k0k,�k0z ) is the average momentum of the incident
particle, vectors with index k are parallel to the surface, and ωq D q2/2 (we take
units „ D m D 1). To be specific, we suppose that it is a Gaussian one with

A(q, k0) D 1
(2π s2)3/2 exp

�
� (q � k0)2

2s2

�
, (4.29)

where s is the width of the packet in the momentum space. We suppose the mirror
to be the half-space z < 0 with optical potential u0, and the neutron falls on it from
the half-space z > 0.

The reflected wave function is

ψr (r , t) D
Z �!r0 (qz)A(q, k0) exp(i qr r � i ωq t)d3q , (4.30)

where q r D (qk, qz ) and �!r (qz) is given by Eq. (4.11).
We shall see that with the wave packet we can predict two effects: the G–H shift

at total reflection and nonspecularity at nontotal reflection [185].

Figure 4.6 Explanation of the Goose–Hänchen shift.
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4.2.6.1 Total Reflection
After substitution of Eq. (4.29) into Eq. (4.28) and integration over d3q we obtain

ψ0(r, t) D 1
(1C i s2 t)3/2

exp
�
� s2(r � k0 t)2

2(1C i s2 t)
C i k0r � i ωk t

�
, (4.31)

where s2 t characterizes spreading of the wave packet. We suppose that s is small
and neglect spreading.

The cross section of the wave packet at the interface depends on time. We can
choose the time origin t D 0, when the wave packet center crosses the surface. The
footprint of the packet on the surface at that time is

ψ(rk, z D 0, t D 0) D exp
�
� s2

2
r2
k C i kk rk

�
, (4.32)

with its center at the point r D 0. The center of the footprint of the reflected neu-
tron is shifted along the surface by distance δ, and our task is to evaluate this
distance.

According to Eq. (4.17), at total reflection we have

�!r0 (qz) D exp(�i γ (qz)) , (4.33)

where the phase γ (qz) D 2 arccos(qz/
p

u0) can be expanded in a Taylor series near
qz D k0z . In a linear approximation it is

γ (qz) D γ (k0z) � � (qz � k0z ) , (4.34)

where

� D 2
k000z

, k000z D
q

u0 � k2
0z . (4.35)

After substitution of Eq. (4.34) into Eq. (4.30) and integration over d3q we obtain

ψr (r, t) � exp
�
� s2

2
(r C 	 � k0r t)2 C i k0,r r � i ωk t

�
, (4.36)

where k0r D (k0k, k0z ) and 	 D (0, 0, � ).
We see that at the entrance time t D 0 of the incident wave packet the center of

the reflected wave packet is at the point z D �� under the surface. Therefore, at
the exit time t0 D �/ k0z its center is shifted with respect to r D 0 by the amount

δ D t0k0k D 2
k000z

k0k
k0z

. (4.37)

To estimate the value of such a shift for thermal neutrons, we approximate
k0z / k0k � 10�3, and k000z �

p
u, then δ � 106 Å, or δ � 0.1 mm.

We considered the simplest version of the neutron G–H shift from a passive
mirror. Modification of this shift in the case of active media is discussed in [186].
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4.2.6.2 Nontotal Reflection
In the case of nontotal reflection the reflection amplitude can be represented as

�!r0 (qz) D exp(��(qz)) , (4.38)

where

�(qz) D �2 ln

 
qz �

p
q2

z � u0p
u0

!
(4.39)

can be expanded in a Taylor series near qz D k0z . In a linear approximation it is

�(qz) D �(k0z )C ς(qz � k0z ) , (4.40)

where

ς D 2
k00z

, k00z D
q

k2
0z � u0 . (4.41)

After substitution of Eq. (4.40) into Eq. (4.30) and integration over d3q we obtain

ψr (r , t) � �!r (k0z )eς2s2/2 exp
�
� s2

2
(r � k0r t)2 C i k0r r � i ωk 0 t

�
, (4.42)

where k0r D k0r � � and � D (0, 0, s2ς). We see that the normal component of the
wave vector k0 slightly decreased, because reflection of the waves with higher qz is
less than that of the waves with lower qz .

The decrease of k0z is equivalent to the decrease of grazing angle. If we denote
k0z D k0 sin θ , then � � k0 Δθ , that is,

Δθ D 2
s2

k0k00z
. (4.43)

If the width s is given by Eq. (4.21), then for k00z � s we get Δθ � 10�5 or on the
order of an angular second.

4.3
Scattering by a Rectangular Potential Barrier

After the digression on the ultracold neutron anomaly and discussion of some spe-
cific properties of neutron reflection from an interface, let us return to one-dimen-
sional scattering problems with a given optical potential u0.

Consider reflection from and transmission through the potential barrier shown
in Figure 4.7. Commonly, the reflection r and transmission t amplitudes are calcu-
lated by solving the Schrödinger equation with the potential u0Θ (0 < x < d). The
solution is given by

ψ(x ) D Θ (x < 0)
h

e i k x C r e�i k x
i
C Θ (0 < x < d)

h
Aei k 0x C B e�i k 0x

i
C Θ (x > d)t e i k(x�d) .
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Figure 4.7 Rectangular potential barrier of height u0 and width d.

(4.44)

Note that the wave function to the right of the barrier is written as t exp(i k(x �
d)), which is different from the familiar tusual exp(i kx ). Such a definition is more
convenient, and it only redefines the phase of the transmission amplitude t D
exp(i kd)tusual.

By matching the wave function Eq. (4.44) at x D 0 and x D d, we obtain a
system of four equations for four unknown coefficients r, A, B, and t:

1C r D AC B , k(1� r) D k0(A � B) ,

Aei k 0d C B e�i k 0d D t , k0
�

Aei k 0d � B e�i k 0d
	
D k t . (4.45)

Solution of these equations gives the reflection and transmission amplitudes r
and t. We now show how these amplitudes can be found without such a boring
approach.

4.3.1
The Other Method

We know that the amplitude of the incident wave at the first interface is unity. If
we could only know the amplitude of the wave incident inside the barrier (denote
it by X) onto the interface at x D d, we would immediately obtain the transmission
amplitude of the barrier

t D �!td X . (4.46)

and the reflection amplitude

r D �!r0 C �t0 exp(i k0d)�!rd X , (4.47)

as a superposition of reflection from the first interface and the contribution of
wave X, which after reflection from the second interface propagates toward the
first one and passes through it into the vacuum. So we need to find X. But for it we
can write a self-consistent equation:

X D exp(i k0d)
�!
t0 C exp(i k0d) �r0 exp(i k0d)�!rd X . (4.48)
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Here, the first term on the right describes the initial incident wave, which enters
the barrier and travels to the right edge. The second term corresponds to the wave
generated by X itself. The wave incident at the right edge first reflects from the
edge with amplitude �!rd , then travels to the left edge, then reflects from it with
amplitude  �r0 , and travels back to the right edge. Both waves (or terms) on the
right side of Eq. (4.48) combine to form the total amplitude of the wave incident at
the right edge of the barrier. However, we already designated this amplitude by X,
therefore the right side of Eq. (4.48) must be equal to X. The result is Eq. (4.48),
which instantly leads to the solution

X D
�!
t0 exp(i k0d)

1� r2
0 exp(2 i k0d)

, (4.49)

where we denoted �!r (d) D  �r (0) D ��!r0 D �r0 according to Eqs. (4.11) and (4.12).
Substitution of X into Eqs. (4.46) and (4.47) gives

r D r0 C
�!
t0
 �
t0 exp(2 i k0d)(�r0)

1 � r2
0 exp(2 i k0d)

D r0
1� exp(2 i k0d)

1� r2
0 exp(2 i k0d)

,

t D e i k 0d 1� r2
0

1� r2
0 exp(2 i k0d)

. (4.50)

The same result was obtained by Godfrey [189], who used summation of the geo-
metrical progression, which resulted from multiple reflections at two edges inside
the barrier.

The expressions (4.50) reveal an interesting symmetry: amplitude r converts in-
to t by permuting r0 and exp(i k0d), and they show that at u0 D 0 the transmission
amplitude is exp(i kd).

4.3.2
Asymptotical Behavior of Reflectivity from a Rectangular Barrier

With Eq. (4.50) we can find the asymptotic of r for large k. According to Eq. (4.14)
we see that r0 at large k decreases; therefore, r2

0 in the denominator of Eq. (4.50)
can be neglected and we obtain

r(k !1) D u0

4k2
(1� exp(2 i k0d)) , jr(k !1)j2 D u2

0 sin2(k0d)
4k4

. (4.51)

We see that the reflectivity oscillates between zero and u2
0/4k4. This result is valid

for ideal monochromatization. In the case of large d and some spread of k in the
interval δk > 2π/d, we must average Eq. (4.51) over δ. As a result, the factor
sin2(k0d) is averaged to 1/2, and we get for the reflectivity

jr(k !1)j2 D u2
0

8k4 , (4.52)

which is twice as high as the reflectivity Eq. (4.14) from the semi-infinite plate. This
result is correct only when the imaginary part of the potential can be neglected. In
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the presence of the imaginary part, u00, which is always negative, the wave num-
ber k0, in the case Re(k02) > 0, acquires a positive imaginary part k00 � u00/2Re(k0).
Therefore, exp(i k0d) decays in proportion to exp(�k00d). For sufficiently large d we
can neglect exp(2 i k0d), and then the reflectivity of a layer becomes identical to
Eq. (4.14). However, we must be cautious, because with increase of k 0 the imagi-
nary part k00 decreases, therefore exp(�k00d)! 1, the reflectivity of the layer again
becomes oscillating, and its averaged asymptotic again becomes equal to Eq. (4.52).

4.3.3
Wave Function inside the Barrier

Using X, the total wave function inside the barrier is immediately clear,

ψ(0 < x < d) D [exp(i k0(x � d))C exp(�i k0(x � d))(�r0)]X . (4.53)

Indeed, the wave traveling to the right, X exp(i k0(x � d)), must be equal to X next
to the right barrier edge. The wave traveling to the left, (�r0)X exp(�i k0(x � d)), is
equal to X reflected from the right edge. After substitution of Eq. (4.49) we get

ψ(0 < x < d) D
�!
t0 exp(i kd)

1� r2
0 exp(2 i kd)

˚
exp(i k0[x � d]) � r0 exp(�i k0[x � d])

�
.

(4.54)

4.4
Neutron Scattering from Semitransparent Mirrors

To describe reflection and transmission for arbitrary potentials, consider two semi-
transparent mirrors [193], separated by a distance l (Figure 4.8), Each mirror is de-
scribed by some potential u i (i D 1, 2). The reflection and transmission amplitudes
for each potential u i are ri and ti . The task is to find the total amplitudes for reflec-
tion R12 and transmission T12 of the system of two mirrors. To solve this problem,
we apply the same method as in the case of the rectangular barrier. Assume that
a plane wave exp(i kx ) is incident on the first mirror from the left. Its amplitude
is 1 at the surface of the first mirror. The wave incident on the second mirror has
amplitude X at its surface (Figure 4.8). The equation for X is similar to Eq. (4.48),

X D exp(i k l)t1C exp(i k l)r1 exp(i k l)r2 X . (4.55)

The solution of Eq. (4.55) is

X D t1 exp(i k l)
1� r1r2 exp(2 i k l)

. (4.56)

The total transmission and reflection amplitudes can now be easily represented in
terms of X:

R12 D r1 C t1 exp(i k l)r2 X , T12 D t2 X . (4.57)
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�
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�T12
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X

R2XeiklR2X

T1 + R1eiklR2X�

Figure 4.8 System of two semitransparent mirrors, represented
by two potentials separated by a distance l.

Substitution of Eq. (4.56) gives

R12 D r1 C t2
1

exp(2 i k l)r2

1 � r1r2 exp(2 i k l)
, T12 D t2 exp(i k l)t1

1� r1r2 exp(2 i k l)
. (4.58)

4.4.1
Bringing Two Mirrors Together

The distance l between two mirror is arbitrary and therefore, in particular, it can be
set to zero. Equations (4.55) and (4.57) in this case are

X D t1 C r1r2 X , R12 D r1 C t1r2 X , T12 D t2 X , (4.59)

and amplitudes R and T become

R12 D r1 C t2
1

r2

1 � r1r2
, T12 D t2 t1

1� r1r2
. (4.60)

This result is very simple; however, it leads to an important discovery. We found
that an arbitrary potential can be virtually split at any point into two parts, with
the total reflection and transmission amplitudes expressed via the transmission
and reflection amplitudes of the parts. However, we assumed that the mirrors and
the respective subpotentials are symmetrical, which in general may not be true
(Figure 4.9). In the case of asymmetrical potentials, the reflection and transmission
amplitudes ri and ti depend on the direction of propagation. Therefore, Eq. (4.60)
are to be rewritten as

�!
R 12 D �!r1 C �t1

�!r2

1 � �r1
�!r2

�!t1 ,
 �
R 21 D �r2 C�!t2

 �r1

1� �r1
�!r2

 �t2 , (4.61)

and

�!
T 12 D

�!
t2
�!
t1

1� �r1
�!r2

,
 �
T 21 D

 �
t1
 �
t2

1 � �r1
�!r2

, (4.62)

�
1 2 x

Figure 4.9 At any point every potential can be subdivided into
two parts. Equations (4.61) and (4.62) describe the total re-
flection and transmission amplitudes, via the reflection and
transmission amplitudes of the parts.
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where the arrows indicate the directions of propagation for waves incident on the
corresponding potential.

4.4.2
Splitting of Rectangular Potentials

It is a good exercise to verify the results of the previous section with a rectangular
potential. Take a rectangular barrier of width d, and split it into two parts d1, d2 D
d � d1. Then,

r(d1 C d2) D r(d1) � [r2(d1)� t2(d1)]r(d2)
1 � r(d1)r(d2)

,

t(d1 C d2) D t(d1)t(d2)
1 � r(d1)r(d2)

. (4.63)

The validity of these relations can be directly checked by substitution of Eq. (4.50)
into the last equations.

4.4.3
A Film over a Substrate

If we have a film with potential u f and thickness l f , evaporated over a thick (we can
consider it as infinitely thick) substrate with potential u s , we can find the reflectivity
of the full system according to Eq. (4.60):

R f s(k) D
ˇ̌̌
ˇr f (k)C t2

f (k)
r0s(k)

1� r f (k)r0s(k)

ˇ̌̌
ˇ
2

, (4.64)

where r f and t f are given by

r f (k) D r0 f (k)
1 � exp(2 i k0f l f )

1� r2
0 f (k) exp(2 i k0f l f )

,

t f (k) D e i k 0f l f
1 � r2

0 f (k)

1� r2
0 f (k) exp(2 i k0f l f )

, (4.65)

and r0 f and r0s are given by

r0 f (k) D k � k f

k C k f
, r0s(k) D k � ks

k C ks
, k f,s D

q
k2 � u f,s . (4.66)

4.4.4
Experience with an Experiment

Now we can check how well the theoretical reflectivity matches the experimental
one. In Figure 4.10 we present the fitting of experimental data from Japan11) ob-

11) A lot of thanks again to Dr Ryuji Maruyama
from J-PARC of the Japanese Atomic Energy
Agency for sending me these data.
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Figure 4.10 Reflectivity of a Ni film of thickness l over a Si
substrate, fitted with the help of Eq. (4.67) and five fitting pa-
rameters. (a) Result of fitting on a logarithmic scale; (b) �(k)
distribution.

tained with a θ�2θ reflectometer on the reflectivity from a Ni film of thickness
50 nm evaporated on a Si substrate. For the fitting the formula

R(k) D
kCδZ

k�δ

R f s(k)
d p
2δ

, (4.67)

was used, where R f s(k) is given in Eq. (4.64). The fitting parameters were the
real and imaginary parts of the Ni potential uNi D u0Ni � i u00Ni, the thickness of
the Ni film, l f , the real part of the Si potential u0Si (the imaginary part of the Si
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potential was fixed u00Si D 2 	 10�4), and the resolution δ. After fitting, we obtained
uNi D 0.961 � 0.0022 i , u0Si D 0.214, l D 50.35 nm, and δ D 6%. All the values
are quite realistic; however, �2 D 8.2 for this fitting is too large. The distribution
�(k) is shown in Figure 4.10b. If we increase the number of fitting parameters, and
include, for instance, the imaginary part of Si, u00Si, we shall decrease �2 to 5.6, but
the resultant Si potential, uSi D 0.6345�0.508i , will be quite unrealistic.

4.4.5
Properties of the Reflection and Transmission Amplitudes

4.4.5.1 Asymmetrical Potentials
In general, the reflection and transmission amplitudes from the left and from the
right of a potential can be different. To see what the difference can be we may
consider some asymmetrical potential, which can be easily calculated. For instance,
let us consider an asymmetrical potential constructed with two symmetrical ones,
as shown in Figure 4.11.

Expressions for the total transmission and reflection amplitudes for such a po-
tential are given in Eq. (4.60). We immediately see that T12 D T21, and therefore
for any arbitrary potential

 �t D �!t . (4.68)

However, R12 ¤ R21, and therefore �!r ¤  �r , but for real potentials the difference
is only in phase, that is,

 �r D exp(i �)�!r , (4.69)

where � is a real number.
Indeed, the unitarity principle tells us that the number of reflected and transmit-

ted particles is equal to the number of incident ones; therefore,

j �r j2 C j �t j2 D j�!r j2 C j�!t j2 D 1 . (4.70)

Taking into account Eq. (4.68), we immediately obtain j �r j D j�!r j, which means
that there can only be a phase difference between the two amplitudes, as shown in
Eq. (4.69). For a symmetrical potential the phase difference is zero, � D 0.

Note that Eq. (4.70) is only valid when there is no absorption inside a poten-
tial, that is, when u is real. If the potential has a nonzero imaginary part, then
the phase � has a nonzero imaginary part too. Therefore, the absolute values of
the reflection amplitudes are not equal to each other. However, the transmission
amplitudes from left and right are equal even for an absorbing potential.

u1 u2�eikx

x

�
R12e−ikx

�T12eik(x−s)

0 s
�

Figure 4.11 Using two symmetrical potentials to construct an asymmetrical potential.
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4.4.5.2 Relations between Phases of r and t
Here we show that the difference between phases arg(r) and arg(t) is equal to˙π/2
for real symmetrical potentials. To prove that, consider the gedankenexperiment,
shown in Figure 4.12.

Assume that mirror M1 is described by an arbitrary, but symmetrical potential.
The incident beam is split into two parts by mirror M1. The two beams then under-
go total reflections on M2 and M3. The two beams then recombine on M4, which
is identical to M1. Conservation of particle numbers requires that the total counts
of the two detectors correspond to the number of incident neutrons. This means
that

jr tj2je i φ C e i ψ j2 C jr2e i φ C t2e i ψj2 D 1 . (4.71)

If we write r D jrj exp(i � r), t D jtj exp(i � t) and assume for simplicity that φ D
ψ D 0, then the last equation converts to

(jrj2 C jtj2)2 C 2jr tj2[1C cos(2� r � 2� t )] D 1 . (4.72)

Without absorption, the first term on the left in (4.72) is equal to 1; thus, the rest
of the expression is zero. Therefore,

2� r � 2� t D ˙π , (4.73)

and � r D � t ˙ π/2. End of proof. We leave it to the reader to check that the result
is the same for arbitrary φ and ψ.

It is now clear that if t D jtje i φ t , then r D ˙ijrje i φ t . Therefore, t ˙ r are unit
complex numbers exp(i �˙), where �˙ D φ t˙arcsin(jrj) and t2� r2 D exp(2 i φ t).
According to this, the total reflection amplitude Eq. (4.60) of two symmetrical po-

�

�

�

�

�

�

��

D1

�

D2

M1

M2

M3

M4r

t teiφ

reiψ

rt[eiφ + eiψ]

r2eiψ + t2eiφ

Figure 4.12 Gedankenexperiment aimed at finding the phase
difference between r and t. Semitransparent mirrors M1 and
M4 are identical. Mirrors M2 and M3 have 100% reflectivity,
but different phases. Acquired phases φ and ψ correspond to
two different propagation trajectories between mirrors M1 and
M4. The total neutron counts from two detectors, D1 and D2,
should be equal to the number of incident neutrons.
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tentials can be written as

R12 D r1 C (t2
1 � r2

1 )r2

1� r1r2
D r1 C exp(2 i φ t1)r2

1 � r1r2
D r1 � exp(2 i φ r1)r2

1� r1r2
, (4.74)

where φ r,t1 are phases arg(r1) and arg(t1), respectively.
Thus, it is obvious that if one of the potentials has 100% reflectivity, that is, r j D

exp(i � j ) with j D 1 or 2, then the whole potential has 100% reflectivity too.
The above expression for the phase relations Eq. (4.73) can be easily gener-

alized for an asymmetrical potential. If we write �!r D j�!r j exp(i�!� r) and  �r D
j �r j exp(i �� r), then instead of Eq. (4.73) we get

1
2

(�!� r C �� r ) D � t ˙ π
2

. (4.75)

4.5
Periodic Systems

What novelty can we find in all that after excellent works by Par-
rait?

A referee

The splitting method is very effective when applied to periodic systems. Imagine a
periodic potential with N arbitrary periods. We want to find the reflection RN and
transmission TN amplitudes of the total system. It turns out that the easiest way to
tackle this problem is to find first the reflection amplitude R1 from a semi-infinite
system N !1.

To find RN and TN , we start [194–198] by examining a semi-infinite periodic
potential, shown in Figure 4.13. The arrows indicate the incident and reflected
waves, with the reflection amplitude denoted by R. The wave incident on the second
period is denoted by X. Similarly to Eq. (4.59), we can immediately write a system
of equations for X and R:

X D t C r R X , R D r C tR X , (4.76)

where r and t are the reflection and transmission amplitudes for a single isolated
period (let it be symmetrical for simplicity), and we took into account that the semi-
infinite potential does not change when its first period is removed. Note the sym-
metry: the second equation transforms into the first one after exchange of r and t.

To solve this system, determine X from the first equation and substitute it into
the second one. As a result, we get

R D r C t2R
1 � r R

. (4.77)

This is a quadratic equation, which can be rewritten as y 2 � 2p y C 1 D 0, where
y D R and p D (r2 C 1 � t2)/2r . The solution to such an equation is trivial,
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�
�

� �

exp(ikx)

R exp(−ikx) φ(x) exp(iqx)

. .

x

r, t

�
X

Figure 4.13 Semi-infinite periodic system.

y D p �pp 2 � 1, but it can also be represented as

y D
p

p C 1 �pp � 1p
p C 1Cpp � 1

, (4.78)

which immediately leads to [195–198]

R D
p

(1C r)2 � t2 �p(1� r)2 � t2p
(1C r)2 � t2 Cp(1 � r)2 � t2

. (4.79)

The last expression is very easy to remember and also easy to verify, as shown
below.

1. Imagine that the potential is absent and all we have is free space. However,
an empty space can also be thought of as a periodic system of empty periods.
In this case a single period reflects nothing and therefore the whole system
also reflects nothing, that is, r D 0 should lead to R D 0. It is easy to check
using Eq. (4.79) that this is true.12)

2. On the other hand, imagine that the height of the potential is very large or
infinite and therefore the transmission t is zero. Then the total reflection R
from the whole potential should be equal to the reflection from the first
period r, since other periods effectively do not participate in the reflection
processes. It is easy to see that this is also true.

Recall that the wave function inside a periodic potential (see Figure 4.13) can be
represented by a product ψ(x ) D exp(i qx )φ(x ) of a periodic function φ(x ) and
a phase factor exp(i qx ) with the Bloch wave vector q. Therefore, if the wave inci-
dent on the first period is 1, the wave incident on the second period is exp(i qa),
where a is the period thickness. But we denoted the latter wave by X, therefore
X D exp(i qa)!

It is easy to find X from the system (4.76). To do that, we need to find R from the
second equation and substitute it into the first one. As a result, we again obtain a
quadratic equation, this time for X. We can, however, immediately write down the
solution using the r–t permutation symmetry of Eqs. (4.76). It follows from this
symmetry that

X 
 e i qa D
p

(1C t)2 � r2 �p(1� t)2 � r2p
(1C t)2 � r2 Cp(1� t)2 � r2

. (4.80)

12) Note that the above arguments are not true
for t2 D 1, because in this case we get an
uncertain ratio 0/0 .
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This formula, like (4.79), can also be easily checked.
1. Imagine again that the free space is a periodic system of empty periods.

In this case r D 0 and t D exp(i ka). By substituting these values into
Eq. (4.80), we find that exp(i qa) D exp(i ka), that is, q D k, as expected.

2. On the other hand, imagine that the potential height of a single period is
very large, and the transmission t is equal to zero. By substituting t D 0 into
Eq. (4.80), we obtain exp(i qa) D 0, that is, Im (q) D i1, which means that
nothing reaches the second period.

The formulas obtained can be modified in different ways. We consider here only
one important modification valid for real potentials. Let us write t D jtj exp(i φ t)
and r D ˙ijrj exp(i φ t ). Then, t2 � r2 D exp(2 i φ t). Therefore, (1 ˙ r)2 � t2 D
1˙ 2r � exp(2 i φ t ), and (1˙ t)2 � r2 D 1˙ 2t C exp(2 i φ t ). Substitution of these
expressions into Eqs. (4.79) and (4.80) leads to

R D
p

sin φ t C jrj �
p

sin φ t � jrjp
sin φ t C jrj C

p
sin φ t � jrj

,

e i qa D �
p

cos φ t C jtj �
p

cos φ t � jtjp
cos φ t C jtj C

p
cos φ t � jtj

. (4.81)

This representation can be very useful if amplitude t is calculated by perturbation
theory. Then jrj Dp1� jtj2, and formulas (4.81) take into account all the required
properties of r and t automatically.

Amplitudes r and t depend on energy. At some energies for which sin2 φ t�jrj2 <

0, the amplitude R, according to Eq. (4.81), is a unit complex number, jRj D 1.
At these energy values we have the total reflection from a semi-infinite periodic
potential. This total reflection is called Bragg diffraction. It is important to note that
at the points where sin2 φ t < jrj2 and jRj D 1, we have cos2 φ t D 1 � sin2 φ t >

jtj2 D 1 � jrj2, and the absolute value of the Bloch phase factor is less than 1, that
is, q is the complex number q D πn C i q00, with integer n and nonzero imaginary
part i q00.

To find RN and TN we need only to take into account that the semi-infinite po-
tential of a period a is also periodic with a period N a. So we can again consider the
semi-infinite periodic potential, but instead of r and t we use RN and TN :

X N D TN C RN R X N , R D RN C TN R X N , (4.82)

where instead of X we use X N D exp(i qN a). The system (4.82) can be resolved for
RN and TN . As the result we obtain

RN D R
1 � exp(2 i qN a)

1 � R2 exp(2 i qN a)
, TN D exp(i qN a)

1� R2

1� R2 exp(2 i qN a)
.

(4.83)

It is easy to see that the above formulas have structure similar to the reflection and
transmission amplitudes for a rectangular potential Eq. (4.50).
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4.5.1
Asymmetrical Period

If the period is asymmetrical, the reflection amplitudes from the left and the right
are different. We distinguish these reflections in the equations by using! and 
above the letters. Equations (4.76) for a semi-infinite periodic structure then be-
come

�!
X D t C �r �!R�!X ,

�!
R D �!r C t

�!
R
�!
X . (4.84)

By solving the first equation for
�!
X , and substituting the solution into the second

equation, we can obtain the equation for
�!
R , which can then be rewritten as

�!
R 2 � 2

�!r
2r2 (1C r2 � t2)

�!
R C

�!r 2

r2 D 0 ,

where r D
p�!r  �r is the symmetrized reflection amplitude. Denote

�!
R D (�!r /r)R,

then the equation transforms to

R2 � 2
1
2r

(1C r2 � t2)R C 1 D 0 ,

and its solution coincides with Eq. (4.79). This means that the asymmetry of r prop-
agates to R, that is,

 �
R D

 �r
r

R ,
�!
R D

�!r
r

R , R D
p

(1C r)2 � t2 �p(1� r)2 � t2p
(1C r)2 � t2 Cp(1� r)2 � t2

, (4.85)

but

 �
X D �!X D X D t

1� �r �!R
D t

1 � r R
,

that is, the Bloch phase factor is symmetrical.

Similarly, the asymmetry of �r and �!r also propagates to
 �
RN and

�!
RN , that is,

 �
RN D

 �r
r

RN ,
�!
RN D

�!r
r

RN , RN D R
1� exp(2 i qN a)

1� R2 exp(2 i qN a)
. (4.86)

Let us consider an example which shows the above equations at work.

4.5.2
Kronig–Penney Potential

Consider an ideal crystal consisting of an array of thin atomic planes, shown in
Figure 4.14a.

The interaction with each plane is described by a δ-like potential u(x ) D 2p δ(x ),
where p can be tied to the actual properties of the crystal, and the factor 2 is intro-
duced for convenience. By averaging the potential of a single plane over a single
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�

�u(x)

x0 a 2a 3a

u(x) = 2p∑n δ(x − na)

�

�u(x)

x0

a�

2pδ(x)

�

(a) (b)

Figure 4.14 (a) A one-dimensional periodic potential, consist-
ing of many planes parallel to the front interface. (b) A symmet-
rical potential representing a single period consisting of a single
plane and two half-period wide gaps on each side of the plane.

period a, we obtain the average interaction potential, which should be equal to
u0 D 4πN0b:

1
a

aZ
0

u(x )dx D 1
a

aZ
0

2p δ(x )dx D 2p
a
D u0 D 4πN0b . (4.87)

Therefore, p D u0a/2 D 2πbNs, where Ns D N0a is the number of atoms per
unit surface area of a single atomic plane.

The scattering amplitude b is on the order of 10�12 cm, and a is about 3	10�8 cm.
Therefore, according to Eq. (4.87), the parameter p � 3 	 10�5(2π/a) is almost 5
orders of magnitude less than the wave vector k D 2π/λ of thermal neutrons with
a wavelength of λ D 1.8 Å, which is important to know for future estimates.

The potential shown in Figure 4.14a is

u(x ) D 2p
X

n

δ(x � na) , (4.88)

and we can identify a symmetrical single period shown in Figure 4.14b,

u1(x ) D 2p Θ (�a/2 � x � a/2)δ(x ) . (4.89)

It consists of an atomic plane and two empty spaces of width a/2 on both sides.
To find the reflection r and transmission t amplitudes for such a period, we first
need to find the reflection, r1, and transmission, t1, amplitudes for a single atomic
plane. The Schrödinger equation in this case is�

d2

dx2 C k2 � 2p δ(x )
�

ψ(x ) D 0 , (4.90)

where the incident wave is exp(i kx ) at x < 0. The solution to the above equation is

ψ(x ) D Θ (x < 0)[exp(i kx )C r1 exp(�i kx )]CΘ (x > 0)t1 exp(i kx ) . (4.91)

The unknown coefficients, r1 and t1, can be found by matching the wave function at
x D 0. The wave function is continuous at that point, whereas the first derivative
undergoes a step since the second derivative contains the δ-function. Therefore,
the system of equations for r1 and t1 is

1C r1 D t1, i k t1 � i k(1� r1) D 2p (1C r1) . (4.92)
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The solution to this system is

r1 D �i p
k C i p

D �ijr1je�i γ1 , jr1j D jp jp
k2 C p 2

,

t1 D k
k C i p

D jt1je�i γ1 , jt1j D kp
k2 C p 2

, (4.93)

γ1 D arcsin
�

p/
q

k2 C p 2

�
D ˙ arcsin(jr1j) , (4.94)

where˙ corresponds to the positive and negative values of p, respectively.
The amplitudes r and t are different from r1 and t1 only by the phase factor

exp(i ka), which describes propagation of the neutron in the two empty intervals
a/2 before and after scattering on the δ-function potential. Thus,

r D exp(i ka)
�i p

k C i p
D �ijr1je i φ , t D exp(i ka)

k
k C i p

D jt1je i φ ,

φ D ka � γ1 . (4.95)

After substituting Eq. (4.95) into Eqs. (4.79) and (4.80) and performing some
transformations, we obtain

R D
p

k C p tan(k a/2) �pk � p cot(k a/2)p
k C p tan(k a/2)Cpk � p cot(k a/2)

, (4.96)

exp(i qa) D
p

p C k cot(k a/2) �pp � k tan(ka/2)p
p C k cot(k a/2)Cpp � k tan(ka/2)

. (4.97)

It is funny to see that the second formula can be also represented as

exp(i qa) D
p

1/ k C 1/p tan(k a/2) �p1/ k � 1/p cot(ka/2)p
1/ k C 1/p tan(k a/2)Cp1/ k � 1/p cot(ka/2)

. (4.98)

Equations (4.96) and (4.97) can be easily analyzed. For small p a D u0a2/2 � 1
(this parameter is approximately equal to 2πb/a � 10�3 and therefore is always
small) and small k a/2� 1 we get

R D k �pk2 � u0

k C
p

k2 � u0

, e i qa D 1C i a
p

k2 � u0/2

1 � i a
p

k2 � u0/2
� e i a

p
k2�u0 ,

u0 D 4πN0b , (4.99)

which is in good agreement with the optical potential concept. In particular, from
the second formula it follows that q �

p
k2 � u0. For k2 < u0 the Bloch wave

number q becomes imaginary, and we obtain the total reflection.
According to Eq. (4.96) the total reflection takes place also at k D kB n D πn/a,

where n is an integer and kB n is the Bragg wave number of nth order. The reflection
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Figure 4.15 Dependence of the reflection coefficient on the
energy of a neutron incident on the Kronig–Penney periodic
structure. The curve shows that the the total Bragg reflections
take place when k2

Bn � k2 � k2
Bn C 2u0.

coefficient jRj2 is equal to 1 not just at one point, but within the whole interval.
From Eq. (4.97) the nth order Bragg diffraction takes place within an interval kB n �
k � kB n C δkB n. This interval is called the Darwin table. Figure 4.15 shows such
Darwin tables for the dependence of the reflection on the neutron energy E D k2.
The reflection coefficient is equal to 1 when k2

B n < E < k2
B n C 2u0 for n ¤ 0, and

in the interval 0 < k2 < u0 for n D 0, where u0 D 4πN0b is the height of the
potential barrier for the medium.

We considered the Kronig–Penney potential with a single atomic plane in a
period, but we can also consider many atomic planes in the period and analyze
when some of the Bragg peaks become forbidden [199, 200]. This means that at
kB n D πn the reflection amplitude is zero. It is a good exercise for the reader to
consider two identical atomic planes in the period and to find the distance between
them which makes the Bragg peak of the second order forbidden. After doing this
exercise, the reader will find that the common assertion that the Bragg peak of the
second order is forbidden when the distance d between two identical crystalline
planes in a period a is equal to a/4 is not correct [199]. With such a period the
Bragg peak of the second order is not forbidden, but is very narrow.

4.5.3
Supermirrors

In previous sections we learned about Bragg reflections in periodic potentials,
where incident neutrons are totally reflected at energies located within a certain in-
terval, called the Darwin table. The locations of the Darwin tables and their widths
are defined by the properties of the potential. Therefore, it is possible to design a
potential to get a mirror with the required properties [200, 201]. For instance, we
can construct mirrors which reflect neutrons with energies higher than the opti-
cal potential u0. Such mirrors are called supermirrors, and they are fabricated by
depositing thin films with different optical potentials on a flat substrate.

The idea of a supermirror is demonstrated in Figure 4.16. We evaporate on a
substrate a system of periodic chains with overlapping Bragg peaks. So the neu-
trons in some energy interval are Bragg-reflected by one of the chains. A period of
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Figure 4.16 A system of periodic potentials with overlapping
Bragg peaks. The system reflects neutrons with energies k2 >

k2
c D ub , which are denoted here by unity. (I explain: by unity is

denoted ub )

Figure 4.17 A single period of a multilayered system is fabricat-
ed using two different materials. The film of one material has a
high optical potential ub and a width db . The film of the other
material has lower potential uw and the width dw .

a periodic chain is a bilayer composed of two layers with different potentials. The
layer with the higher potential we call a barrier, and the one with the lower poten-
tial we call a well. Our goal is to find the positions ki of the Bragg peak centers, the
thicknesses of the barrier, db(ki ), and the well, dw (ki ), layers in a single period (see
Figure 4.17), and the optimal number, Ni (kB), of periods in the chains [201].

The algorithm is as follows. Suppose we want to have a mirror with critical wave
number km D 5kc , where kc is the critical wave number of a single barrier. It
is common to denote such a mirror by M5. Then we choose first kB D km . The
reflection amplitude of a periodic chain of N periods is

RN (k) D R1
1 � exp(2 i qN a)

1 � R21 exp(2 i qN a)
, (4.100)
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where exp(i qa) is the Bloch phase factor and R1 is the reflection amplitude from
the semi-infinite periodic potential. If we neglect imaginary parts of the potentials,
then we can represent R1 as

R1 D
p

sin ψ C jrj �psin ψ � jrjp
sin ψ C jrj Cpsin ψ � jrj , (4.101)

where ψ is the phase of the transmission amplitude of the single period (Fig-
ure 4.17) and jrj is the modulus of the symmetrized reflection amplitude of the
period. The total reflections take place at sin2 ψ < jrj2. The center of the Bragg
peak of nth order is at ψ D nπ, and its full width (width of the Darwin table) is
equal to 2jrj. Therefore, the widths db and dw of the barrier and well layers are
determined from two conditions: at the given position of the Bragg peak we must
have ψ D π and jrj must be maximal. Solution of these two conditions (see the
proof on page 148) gives

kb db D kw dw D π
2

, kb,w D
q

k2
B � u b,w . (4.102)

When Eq. (4.102) is satisfied, we have

�!r D jrb j � jrw j
1 � jrb rw j D

2rw b

1C r2
w b

D i
k2

w � k2
b

k2
w C k2

b

D u b � u w

2k2
B � u b � u w

,

 �r D ��!r , (4.103)

r D
p�!r  �r D i

2rw b

1C r2
w b

, rw b D kw � kb

kw C kb
, (4.104)

and

R1 D i . (4.105)

The Bloch phase factor at the middle of the Darwin table (when Eq. (4.102) is satis-
fied) becomes

exp(i qa) D
p

cos ψ C jtj �pcos ψ � jtjp
cos ψ C jtj Cpcos ψ � jtj D �

p
1C jtj �p1 � jtjp
1C jtj Cp1� jtj ,

(4.106)

and

exp(2 i qa) D 1� jrj
1C jrj D

(1 � jrb j)(1C jrw j)
(1C jrbj)(1� jrw j)

D
�

(1� r0b)(1C r0w )
(1C r0b)(1� r0w )

�2

D k2
b

k2
w

< 1 . (4.107)

Because of that

jRN j2 D
ˇ̌̌
ˇR1 1� exp(2 i qN a)

1 � R21 exp(2 i qN a)

ˇ̌̌
ˇ
2

� 1�4

 
k2

b

k2
w

!N


 1��N < 1. (4.108)
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The deviation from unity decreases with N, and the number N is defined from the
acceptable deviation � :

�N D � ! N D ln(�/4)
ln(k2

b)� ln(k2
w )

. (4.109)

To find the acceptable deviation we calculate R1 with the help of

R1 D
p

(1C r)2 � t2 �p(1� r)2 � t2p
(1C r)2 � t2 Cp(1 � r)2 � t2

, (4.110)

and find jR1(kB )j2, which for complex potentials is less than unity: jR1(kB )j2 D
1� � < 1. It is evident that the optimal N is found from � D � . Therefore,

N(kB) D ln(0.25[1 � jR1(kB )j2])
ln(k2

b)� ln(k2
w )

. (4.111)

Figure 4.18 Supermirror M5.5 calculated with
the algorithm explained in the text. The barrier
has the potential ub D 1 � 0.0001i and the
well has the potential uw D �0.5 � 0.0001i.
To improve the quality of the mirror the dis-
tance between the Bragg points was 2jrj in the
interval 5.5 � kB > 4.3, 1.8jrj in the interval
4.3 � kB > 3.8, and 0.9jrj in the interval
3.8 � kB > 1. Moreover, the number of peri-
ods in the interval 1 < kB < 2 was twice that

given by Eq. (4.112). One additional chain at
kB D 1.05 with six periods is also included
to cure a defect in reflectivity. Atop of all the
chains there is a single barrier of width 5. The
total number of periodic chains is 48 and the
total number of bilayers is 2323. For mirror
M3.5 the total number of chains is 19 and the
number of bilayers is 410. For mirror M3 the
total number of chains is 14 and the number
of bilayers is 256.
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In practice, however, if � < 0.01, we should accept a deviation of order 1%. There-
fore, practically

N(kB) D ln(0.25[1 � jR1(kB )j2]C 0.01)
ln(k2

b) � ln(k2
w )

. (4.112)

Now, the algorithm is simple. We calculate the positions of all the Bragg points,
the widths of the layers, and the number of periods for every periodic chain and
after that recursively obtain the reflectivity from all the chains with some wide bar-
rier atop of all them. The results of the calculations of mirror M5.5 with potentials
u b D 1 � 0.0001i and u w D �0.5 � 0.0001i are shown in Figure 4.18. To get this
result it was found empirically that it is better to modify the distance between the
Bragg points and the number of periods. These modifications are pointed out in
the figure caption.

4.5.3.1 Proof of Eq. (4.102)
The transmission of a period for real potentials is

t D tb tw

1� rb rw
D exp(i φbC i φw )

jtb tw j
1C jrb rw j exp(i φb C i φw )

D jtj exp(i ψt ) ,

(4.113)

where φ i (i D b, w ) are the transmission phases of separate barrier and well layers,
respectively. From Eq. (4.113) it follows that

ψt D φbC φw � arcsin

 
jrb rw j sin(φb C φw )p

1C jrb rw j2 C 2jrb rw j cos(φb C φw )

!
. (4.114)

The condition ψt D π is equivalent to

sin(φb C φw ) D � jrb rw j sin(φb C φw )p
1C jrb rw j2 C 2jrb rw j cos(φb C φw )

, (4.115)

and this can be satisfied only for sin(φb C φw ) D 0, or

φb C φw D π . (4.116)

For separate layers we have

ri D r0 i
1� exp(2 j ki di )

1 � r2
i0 exp(2 j ki di )

, (4.117)

ti D exp( j ki di )
1 � r2

0 i

1 � r2
i0 exp(2 j ki di )

, (4.118)

where i D b, w , ki D
p

k2 � u i , and

r0 i D k � ki

k C ki
. (4.119)
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From Eq. (4.118) it follows that

jti j D 1� r2
0 iq

1C r4
0 i � 2r2

0 i cos(2ki di )
, (4.120)

φ i D ki di C arcsin

0
B@ r2

0 i sin(2ki di )q
1C r4

0 i � 2r2
0 i cos(2ki di )

1
CA , (4.121)

and from Eq. (4.117) it follows that

ri D �i exp( j φ i)jri j, jri j D 2r0 i sin(ki di )q
1C r4

0 i � 2r2
0 i cos(2ki di )

. (4.122)

The sine function is positive because we shall always have ki di < π.
The reflection amplitudes of a single period are

�!r D rb C
t2

b rw

1 � rb rw
D rb C exp(2 i φb)rw

1� rb rw

D �i
jrb j C exp(i φb C i φw )jrw j
1C jrb rw j exp(i φb C i φw )

exp(i φb) , (4.123)

 �r D rw C t2
w rb

1 � rb rw
D rw C exp(2 i φb)rb

1� rb rw

D �i
jrw j C exp(i φb C i φw )jrbj
1C jrb rw j exp(i φb C i φw )

exp(i φw ) , (4.124)

so the symmetrized reflection amplitude of a single period is

r D
p�!r  �r D �i

pjrbj2 C jrw j2 C 2jrw jjrb j cos(φb C φw )
1C jrb rw j exp(i φb C i φw )

exp(i φwC i φb) .

(4.125)

Therefore,

jrj D
pjrbj2 C jrw j2 C 2 cos(φb C φw )jrbjjrw jp

1C jrb rw j2 C 2jrb rw j cos(φb C φw )
. (4.126)

Now we must find the maximum of jrjwith the condition φbCφw D π. Therefore,
we need to find the maximum of the combination jrj � λ(φb C φw � π), where λ
is the Lagrange multiplier. The condition for maximum gives three equations:

d
ddb

,
d

ddw
,

d
dλ

[jrj � λ(φb C φw � π)] D 0 . (4.127)

After exclusion of λ we obtain the equation

d
ddb
jrj d

ddw
φw D d

ddb
φb

d
ddw
jrj . (4.128)
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The derivative of jrj can be represented as

d
ddi
jrj D d

ddi
jri j d

dri
jrj C d

ddi
φ i

d
dφ i
jrj . (4.129)

According to Eq. (4.126) the second term is proportional to sin(φb C φw ) and is
zero because of (4.116). Therefore, Eq. (4.128) is reduced to

d
ddb
jrbj d

djrbj jrj
d

ddw
φw D d

ddb
φb

d
ddw
jrw j d

djrw j jrj . (4.130)

Let us find first djrj/djri j with account of (4.116) and (4.125):

d
djrbj jrj D

d
djrbj

jrb j � jrw j
1� jrw jjrb j D

1� jrw j2
(1 � jrw jjrb j)2

. (4.131)

Now we calculate dφ i/ddi and djri ji/ddi using Eqs. (4.121) and (4.122):

dφ i

ddi
D ki

1� r2
0 i

1C r4
0 i � 2jr2

0 i j2 cos(2ki di )
, (4.132)

djri j
ddi
D ki

2r0 i cos(ki di )
(1C r4

0 i � 2r2
0 i cos(2ki di ))3/2

. (4.133)

After substitution of Eqs. (4.131)–(4.133) into Eq. (4.130) we obtain

2r0b cos(kb db)(1� jrw j2)2q
1C r4

0b � 2r2
0b cos(2kb db)

D � 2r0w cos(kw dw )(1� jrb j2)2q
1C r4

0w � 2r2
0w cos(2kw dw )

. (4.134)

This equation has the simplest solution, which is shown in Eq. (4.102). It also
satisfies Eq. (4.116), which is seen after substitution of Eq. (4.121) in it.

4.5.3.2 Historical Remarks
As we know, the first article on supermirrors was published in 1967 by Tur-
chin [202]. However, in this publication there was only an idea: if you prepare a
periodic system of bilayers, you obtain Bragg reflection from it. If the thicknesses
of the layers do vary, you can obtain almost total reflection in a wide interval of nor-
mal energies. As a candidate for the bilayer he considered two isotopes of Ni:62Ni,
with coherent scattering amplitude bc D �8.7 fm, and 58Ni, with bc D 14.4 fm.
He did not propose an algorithm to vary the thicknesses of the layers to get almost
total reflection in a wide energy interval. The first prepared and experimentally
measured periodic multilayer system was reported in 1974 [89]. In 1976, Mezei
proposed the first algorithm for the preparation of a multilayer system with high
reflectivity in a wide range of normal energies [90]. According to him the thickness
of the jth layer in a multilayer system is proportional to j�1/4.

In 1989, Hayter and Mook [204] proposed a different algorithm. They found a
formula13) for the reflection amplitude from a semi-infinite periodic potential of

13) Equation (HM16) is incorrect because it gives
jR1j > 1 when cos2 φ > rw b ; however, it
does not invalidate their results.
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bilayers in our notation as (the numerations of equations with HM correspond to
the numerations in [204])

R1 D e�i φ
p

cos φ C rw b Cpcos φ � rw bp
cos φ C rw b �pcos φ � rw b

, (HM16)

where φ D kb db � kw dw , and

exp(�q00a) D � kb

kw
, (HM18)

where a D db C dw . If they were able to prepare a semi-infinite periodic system
with the center of the Darwin table at some kB , they would find the next Darwin
point from the requirement Δφ 
 db Δ kb � jrw bj. If they used N bilayers, then at
the center of the Darwin table they would obtain reflectivity 1� exp(�2N q00a). If a
deviation from unity of order � � 0.5% is tolerable, they would need

N D ln �
2 ln(kb/ kw )

. (HM22)

However, instead of N bilayers they proposed taking only one. They supposed that
a single bilayer also gives reflectivity of order unity but within a narrower Darwin
table of the width Qrw b , where

Qrw b D 1� Qkb/ Qkw

1C Qkb/ Qkw

with Qkb/ Qkw D (kb/ kw )1/N . So they proposed preparing a nonperiodic system of
bilayers, shifting the Bragg points of neighboring bilayers by an amount Δ kb �
Qrw b . Since at the center of the Darwin table kb db D π/2, then Δ kb dbC kb Δdb D 0,
and Δdb D �jQrw bj/ kb . This shift can be smaller than the interatomic distance,

Figure 4.19 The measured neutron reflectivities of the su-
permirrors fabricated with the large-scale ion-beam sputter-
ing instrument (IBS) for the spallation neutron source of J-
PARC [205]. Reflectivities of mirror M3 with 403 layer(1), mirror
M4 with 1201 layers (2), and mirror M6.7 with 4000 bilayers (3).
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which leads to unavoidable roughness at interfaces, which deteriorates the quality
of supermirrors.

Since then many supermirrors have been produced all around the world. Among
the recent publications we cite [99], where a magnetic supermirror M5 preparation
was reported with 1875 bilayers, and [100, 205], where production of mirror M6.7
with 4000 bilayers is reported. Experimentally measured reflectivities of such mir-
rors are shown in Figure 4.19.

Our approach here has an advantage because our shift of the Bragg peak posi-
tions is wider and we can make the thicknesses of the layers commensurate with
interatomic distances. However, how practical this advantage is depends on the
precision of technology.

4.5.4
Experience with an Experiment

To check how well the theoretical formulas work and how well the evaporation tech-
nique can be controlled, we consider experimental data on reflectivity from periodic
chains of bilayers on a glass substrate. The samples were prepared at the Budapest
Nuclear Center and they were measured with the KFKI reflectometer [188] with a
wide position-sensitive stationary detector. Bilayers were composed from Ni (barri-
er u b D 1� 0.00014 i) and Ti (well u w D �0.21� 0.00012 i) of such thicknesses to
get Bragg reflectivity at the point14) k D 2. In accordance with Eq. (4.102), the thick-
nesses of the layers were chosen as lb D 0.91 � 84 Å for Ni and lw D 0.76 � 70 Å
for Ti. In Figure 4.20 we present on a linear scale the results of fitting experimental
data for two, four and eight periods with the formula

R(k) D
kCδZ

k�δ

j�!R N s(p )j2 d p
2δ
C nb , (4.135)

where

�!
R N s(p ) D �!RN (p )C T 2

N (p )
rs0(p )

1� �RN (p ) rs0(p )
(4.136)

is the reflection amplitude from a periodic chain of N periods evaporated over a
semi-infinite substrate, whose reflection amplitude is rs0. The fitting parameters
(in total seven) are real parts of all the potentials, the thicknesses of the Ni and
Ti layers, the resolution δ, and the background nb . The imaginary parts of the
potentials were the same as the table ones. The results for the fitted parameters are
presented in Table 4.2

14) We again use dimensionless units, where
for the unit of energy and the wave number
serve as the optical energy and the critical
wave number of Ni: u0Ni D 0.245 μeV and
kc D 1/92 Å�1 .
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Table 4.2 Fitted values of real parts of po-
tentials u0 for Ni (b, barrier), Ti (w, well), and
substrate (s), their thickness l, resolution δ,
background nb , and �2 for periodic chains
with N D 2, 4, 8 bilayers. Imaginary parts u00
of the potentials were fixed. The results are
given in dimensionless units. The unit of en-
ergy is equal to the real part of the Ni optical
potential u0Ni D 0.245 μeV from Table 4.1, and

the unit of length is the reduced critical wave-
length λc /2π D 92 Å for Ni. The values in the
fourth line were obtained for zero background,
and the values in the fifth line were obtained
for predetermined background nb D 0.003.
It is interesting to see that the fitting with a
smaller number of parameters (six instead of
seven) gave smaller �2.

N u0

b u0
w u0

s u00

b u00
w u00

s lb lw δ nb �2

2 0.964 �0.258 0.452 0.00014 0.00012 0.0001 1.121 0.59 0.036 0.003 25
4 0.934 �0.388 0.446 0.00014 0.00012 0.0001 1.182 0.525 0.033 0.003 114

8 0.993 �0.242 0.398 0.00014 0.00012 0.0001 1.061 0.649 0.035 0.0089 349

8 0.963 �0.421 0.415 0.00014 0.00012 0.0001 1.169 0.54 0.036 0 209
8 0.972 �0.349 0.408 0.00014 0.00012 0.0001 1.13 0.579 0.036 0.003 151

Figure 4.20 Fitting of the reflectivity data from
periodic chains of bilayers evaporated on a
thick float glass substrate. The fitting func-
tion is given by Eq. (4.135). The data were
obtained in Hungary at a reflectometer with

a wide stationary detector. The results are
shown on a linear scale. The chains were (a)
(NiTi)2, (b) (NiTi)4, and (c) (NiTi)8. (d) Ideal
theoretical reflectivity from (Ni(84 Å)Ti(70 Å))8
on glass with potential u D 0.4 � i0.0001.

In Figure 4.21 we represent on a logarithmic scale the results of fitting the chain
of eight periods. The data shown on a logarithmic scale in Figure 4.21a correspond
to the data shown on a linear scale in Figure 4.20c. We see that the background
in the fitting is overestimated. The logarithmic scale fitting for zero background is
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Figure 4.21 Logarithmic scale of different types of fitting of
the reflectivity data from periodic chains of eight bilayers on a
thick float glass substrate. (a) The fitting with seven parameters,
corresponding to Figure 4.20c; (b) fitting with six parameters
(nb D 0); (c) fitting with six parameters (nb D 0.003); (d) �
distribution for the case shown in (c).

Figure 4.22 (a) Experimental data points and theoretical calcu-
lation of supermirror M2. (b) �(k) distribution; it was obtained
from direct comparison of experimental and theoretical data
without fitting.

shown in Figure 4.21b. We see that the background is underestimated, and the bet-
ter presentation of the experimental points is achieved when we set the background
to 0.003, as shown in Figure 4.21c. Nevertheless the �2 D 151 for this fit remains
extremely high. The corresponding � distribution is shown in Figure 4.21d.
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Besides the samples described above, a supermirror M2 consisting of eight peri-
odic chains and a total number of 59 bilayers was also prepared. The periods and
the number of them were found according to the above prescription with some cor-
rections like in the case of Figure 4.18. The result of measurements compared with
calculations is shown in Figure 4.22a. We see good coincidence, however the � dis-
tribution as shown in Figure 4.22b is wide, and �2 D 32 is pretty high; nevertheless
it is very acceptable because there was no fitting at all.

4.6
Examples of Application of the Algebra

We have already seen how fruitful the algebraic approach is. Now we shall apply it
to some interesting multilayer systems.

4.6.1
Resonant Transmission

Let us look at the system with the optical potential shown in Figure 4.23.
It is a sandwich composed of two identical films of high potential u separated by

a third film of lower potential. For simplicity we shall suppose that the intermediate
film has zero potential.

In such a system a resonance can be seen, which means that at some energy of
the incident neutrons the system of two barriers is transparent [206]. Indeed, the
transmission amplitude of such a system is [207]

T D exp(i k l)
t2

1� r2 exp(2 i k l)
D e2 i �Ci k l jtj2

1C jrj2 exp(2 i � C 2 i k l)
, (4.137)

where we denoted t D jtj exp(i �) and r D ˙ijrj exp(i �). The phase φ D 2� C 2k l
depends on k, and at some kn and sufficiently large l it can be equal to π(2n C
1), where n is integer. At such values of the phase the absolute magnitude of the
transmission amplitude becomes jT j D jtj2/(1� jrj2) D 1, because jrj2 D 1� jtj2.
On the other side the reflection amplitude

R D r
1C (t2 � r2) exp(2 i k l)

1� r2 exp(2 i k l)
D r

1C exp(2 i � C 2 i k l)
1C jrj2 exp(2 i � C 2 i k l)

(4.138)

at these k becomes zero.

0

u

X�

l ��

Figure 4.23 Resonant system of two barriers separated by a gap of width l.
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Figure 4.24 Experimentally measured transmission of ultracold
neutrons though the multilayer resonant system shown in the
inset (source [111]).

Figure 4.24 shows the result of an experiment [111] on transmission of ultracold
neutrons through a resonant multilayer system. The two peaks correspond to two
resonances. The resonant transmission is now used for monochromatization of
neutrons.

The resonant transmission seems to be surprising because at these k D kn the
transmission through a single barrier jtj can be exponentially small. In effect, the
transparency of two barriers is a result of accumulation. Because of the small trans-
mission through both sides, the amplitude X of the wave incident from inside on
the second barrier grows so much that even at small jtj we have jX tj D 1. This
means that the amplitude of the wave function in-between the barriers is equal to
1/jtj. Indeed, according to Eq. (4.56) we have

X D t exp(i k l)
1� r2 exp(2 i k l)

D exp(i � C i k l)
jtj

1C jrj2 exp(2 i � C 2 i k l)
, (4.139)

and at 2� C 2k l D π(2n C 1) we obtain jX j D 1/jtj.
The growth of the wave function amplitude requires some time, like the increase

at resonance of the amplitude of a mechanical pendulum. It would be very interest-
ing to observe the transient process, that is, increase of the transmission probability
with time or retardation of transmitted particles.

4.6.1.1 A Resonance between Two Nonequal Barriers
The resonant system can be transparent at resonance only if it is a symmetrical one,
or if the transmissions through two barriers are equal. Let us consider the trans-
mission for a resonant system with two different barriers separated by distance l.
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The transmission amplitude T12 of the system is

T12 D exp(i k l)
t2 t1

1� r1r2 exp(2 i k l)
I (4.140)

therefore, at resonance (minimum of the denominator) we have

jT12j D jt2jjt1j
1� jr1jjr2j . (4.141)

The resonance is high when jr1r2j is close to unity, or jt1j and jt2j are small. In that

case jri j D
q

1 � t2
i � 1 � t2

i /2, and

jT12j < 2jt2jjt1j
jt1j2 C jt2j2 < 1 . (4.142)

This means that the transmission cannot be unity if jt1j ¤ jt2j.

4.6.1.2 Breit–Wigner Formula
It is common in science to describe resonances by the Breit–Wigner formula:

F / Γ /2
E � Er C i Γ /2

, (4.143)

where Er is the resonance energy and Γ is its width. Let us show how this formula
can be deduced in our case.

According to Eqs. (4.138) and (4.139), the resonance energy E D En , is deter-
mined by the equation φ(E ) D 2� C 2k l D π(2n C 1), with integer n. At E � En

the phase φ(E ) can be represented as

φ(E ) D φ(En)C φ0(En)(E � En) D π(2n C 1)C φ0(En)(E � En) , (4.144)

where φ0(E ) D dφ(E )/dE . If jtj2 � 1, then jrj � 1, and the reflection amplitude
near the resonance is

R D r
�i φ0(En)(E � En)

1 � jrj2 � ijrj2φ0(En)(E � En)
� exp(i �)

E � En

E � En C i Γn/2
, (4.145)

where

Γn D 2
1� jrj2
jrj2φ0(En)

� 2
jtj2

φ0(En)
(4.146)

is the resonance width. To estimate it we suppose that φ0(En) � d(2kn l)/dEn D
2l/ kn , where kn � nπ/ l . Substitution into Eq. (4.146) gives Γn � jtj2k2

n/nπ D
2jt(kn)j2En/nπ. It is clear that kn � n, and jt(En)j increases with n; therefore, Γn

also increases with n as is clearly seen in Figure 4.24.
At E � En , the transmission amplitude according to (4.137) is

T D e2 i � i Γn/2
E � En C i Γn/2

. (4.147)

We see that at E D En it immediately follows that R D 0 and jT j2 D 1.
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4.6.1.3 Decay of Quasibound Systems
To every resonance in the potential shown in Figure 4.23 there corresponds a
metastable quasibound state. The neutron in this state lives for a comparatively
long time. Its lifetime between barriers can be calculated by stationary and nonsta-
tionary methods.

In the nonstationary approach one solves the Schrödinger equation�
i

@

@t
C @2

@x2
� u(x )

�
Ψ (x , t) D 0 (4.148)

with initial value Ψ (x , 0) D AΘ (x 2 l)[exp(i kx )C exp(�i kx )], where A is a nor-
malizing constant, and the Θ -function shows that the initial function is concen-
trated between two barriers. Solution of Eq. (4.148) is found with the help of the
Green function, G(x , t),

Ψ (x , t) D
lZ

0

G(x � x 0, t)Ψ (x 0, 0)dx 0 , (4.149)

so we need to find a Green function which at t ! 0 becomes a δ-function:
limt!0 G(x � x 0, t) D δ(x � x 0).

In the stationary approach we define the wave function in the form Ψ (x , t) D
ψ(x ) exp(�i k2 t), where ψ(x ) satisfies

[d2/dx2 � u(x )C k2]ψ(x ) D 0 , (4.150)

and where k is a complex number k D k0 � i k00 with a negative imaginary part.
The negative sign is necessary to make the wave function stationary. Indeed, let us
look at the wave between barriers going to the right. Suppose its amplitude there
is unity. This wave is reflected from the right barrier with reflection amplitude
r D ˙ijrj exp(i �) and propagates to the left. Near the left barrier it is equal to
r exp(i k l). After reflection from the left barrier, the wave propagates to the right,
and near the right barrier it becomes r2 exp(2 i k l). But if the state is stationary, then
the amplitude near the right barrier should be the same as at the very beginning,
that is, unity. Therefore, we should have

jrj2 exp(2 i � C i π C 2 i k l) D 1 , (4.151)

which is a condition of the stationarity. But jrj2 < 1 and therefore

exp(2 i � C i π C 2 i k l) D 1/jrj2 > 1 (4.152)

and the phase φ(k) D 2�C 2k l have to be of the form π(2nC 1)� i φ00, that is, its
real part should satisfy the resonance condition and the phase should also contain
a negative imaginary part. It is possible to satisfy Eq. (4.152) when φ00 is

φ00 D � ln jrj2 D � ln(1� jtj2) � jtj2 . (4.153)
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The smaller is jtj2, the better is the last approximation. The imaginary part �i φ00
can appear only at complex k D kn � i k00 or complex energy E D En � i E 00. This
means that the probability for a particle staying on the resonance level between two
barriers is equal to

R
dx jψ(x )j2 exp(�2E 00 t), that is, it decreases with time, and the

lifetime on this level can be defined as τ D 1/2E 00.
To define E 00 it is necessary to use expansion (4.144). Substitute E D En � i E 00

in it. As a result, we get φ00 D E 00φ0(En). Substitution into Eq. (4.153) gives
E 00 D jtj2/φ0(En) D Γ /2, where Γ coincides with the width Eq. (4.146) of the
resonance level, τ D 1/2E 00 D 1/Γ , which can be expected. We see that the theory
of resonance decay is equivalent to the theory of α-decay.

4.6.1.4 Resonances at Total Reflection
Imagine the second barrier of the system in Figure 4.23 to be infinitely thick. Then
our system becomes as shown in Figure 4.25. For it reflection at all energies be-
low u will be total. Nevertheless, at some energies the system has resonances. The
resonances correspond to maxima of the wave function amplitude between barri-
ers:

X D t exp(i k l)
1� r r0 exp(2 i k l)

D t exp(i k l)
1� jrj exp(i � r C i �0 C 2 i k l)

, (4.154)

where r0 D exp(i �0) is the reflection amplitude from the second potential step
and r D jrj exp(i � r) is the reflection amplitude from the left barrier. At resonance,
where � r C �0 C 2k l D 2πn, we get

jX j D jtj
1� jrj �

2
jtj , (4.155)

because at small t we have jrj Dp1 � jtj2 � 1 � jtj2/2.
The resonances can be seen in total reflections only if an absorber is placed be-

tween the barriers. The absorption probability is proportional to jX j2, and has a
maximum at resonances. As a result, reflection at resonances decreases [207].

4.6.2
Channeling

Let us consider the potential shown in Figure 4.26 It corresponds to a real system of
films evaporated on a substrate, as shown in Figure 4.27. The upper film is partly

0

u

X�

l ��

Figure 4.25 The resonant system with an infinitely thick right barrier.
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Figure 4.26 A resonant system for investigation of channeling.
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Figure 4.27 A real multilayered system corresponding to the potential in Figure 4.26.
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Figure 4.28 Simplified version of the channeling system. In the
channel there is an interface between illuminated and nonillu-
minated parts, which is determined by the left absorber. The
right absorber limits the area visible to the position-sensitive
detector (PSD).

closed by Cd. We can imagine an experiment in which the part of the system to
the left of Cd is illuminated by a neutron beam. The beam enters into resonance
layer 2, propagates in this layer under Cd, and goes out on the other side of the Cd
layer. Our task is to describe the neutron propagation under Cd and to estimate the
intensity of the outgoing beam [208].

For simplicity we consider a slightly different system, as shown in Figure 4.28,
where the Cd film makes only a shadow on the upper Cu film. In that case the
potentials under the illuminated and nonilluminated parts of the upper film are
identical. With Cd above Cu we should take into account also the Cd optical poten-
tial.
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4.6.2.1 Wave Function inside a Channel
Let us denote x as the coordinate along the resonance layer with potential u2 (call it
a channel) and z the coordinate across it along the normal to interfaces. Consider
the channel as consisting of two parts: one is under the illuminated part of the
surface, x < 0, and the other is under the nonilluminated part of the surface,
x > 0. The wave function in the channel is ψ(x , z) D ψx (x )ψz (z). It satisfies the
Schrödinger equation


@2/@x2 C @2/@z2 � u(z)C 2(Ex C Ez)
�

ψ(x , z) D 0 , (4.156)

where E D Ex C Ez is the total energy of the neutron, which is the same under
the illuminated and nonilluminated parts of the surface. However, the splitting of
this energy into two terms, Ex and Ez , can be different. This is because though the
wave function in the whole channel is representable as the product

ψ(x , z) D ψ(z) exp(i kx x ) , (4.157)

under the part of the surface illuminated by the incident wave, exp(i kx x C i kz z),
the component kx< 
 kx D

p
2Ex of the wave vector in Eq. (4.157) is the same

as in the incident wave, but under the nonilluminated part of the surface kx> is
different. Because of the outward flow of neutrons from the channel, the wave
decays along the channel, and the component kx> D kx C i k00x should contain a
positive imaginary part.

The z-component of the wave vector, k2z D
p

2(E � Ex )C u2, under the illu-
minated part of the surface is

p
k2

z C u2, where kz is the normal component of
the wave vector of the incident wave, but under the nonilluminated part it con-
tains a negative imaginary part �i k 002z , which, because of energy conservation, E D
Ex C Ez D (k2

x C k2
z )/2, is naturally related to i k00x .

Our task is to find the decay length along the channel 1/2k00x and to predict the
count rate of the detectors registering neutrons going out from the resonance chan-
nel on the right of the Cd shield. For that we have to find the wave function ψ>(z)
under the nonilluminated part of the surface. This function is to be stationary
there, that is, is to have the same form at all points under the nonilluminated part
of the surface, and it must be continuously matched to ψ<(z) under the illuminat-
ed part:

ψ<(z) D X(kz)[exp(�i k2z(z C l2))C exp(i k2z(z C l2))r23(kz )] , (4.158)

where l2 is the channel thickness (we consider that interface 23 is at the point
z D �l2) and r23(k2z ) is the amplitude of the total reflection from the substrate
with potential u3 from inside the resonance channel. The factor function X(kz) is

X(kz) D t02 exp(i k2z l2)
1� r21r23 exp(2 i k2z l2)

, (4.159)

where t02 is the transmission amplitude from a vacuum into the channel through
the first layer with potential u1 and r21 is the reflection amplitude of layer u1 from
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inside the channel layer. The denominator of the factor Eq. (4.159) determines the
resonance behavior of the wave function amplitude in the channel. The absolute
value of X is

jX j D
ˇ̌̌
ˇ t02 exp(i k2z l2)
1� jr21j exp(i �23 C i �21 C 2 i k2z l2)

ˇ̌̌
ˇ D jt02j

1� jr21j �
2jt02j
jt21j2 �

2
jt21j .

(4.160)

On the right of the point x D 0 the wave function ψ>(z) should be similar to
ψ<(z), so we shall take it in the same form as Eq. (4.158). This way we achieve the
continuity of the wave function in the channel at the point x D 0. Of course there
is no total identity of the functions ψ<(z) and ψ>(z) at the point x D 0. To get
perfect continuity of the function and its derivative at x D 0 we have to introduce
reflected and scattered waves. We neglect them here.

The wave function ψ>(z), like Eq. (4.158), must be stationary along the channel.
Ths is possible if a stationarity condition similar to Eq. (4.152),

r23r21 exp(2 i k2z l2) D 1 , (4.161)

is satisfied. Now neglect absorption and assume that reflection from the potential
u3 is total. Then Eq. (4.161) is equivalent to

exp(i �23 C i �21 C 2 i k2z l2) D 1
jr21j > 0 . (4.162)

It can be satisfied only if

φ(E2z>) D �23 C �21 C 2k2z l2 D 2πn � i φ00 , (4.163)

where n is an integer. We see that the phase has resonant real and negative imagi-
nary parts. The last one can be represented as �i φ00 D (E2z> � En)φ0(En), where
φ0(E ) D dφ(E )/dE . It follows that E2z> D En � i E 00, that is, kz> has a negative
imaginary part.

According to Eqs. (4.162) and (4.163), φ00 D � ln jr21j � jt21j2/2; therefore,

E 00 D jt21j2
2φ0(En)

� jt21j2k2z

4 l2
, (4.164)

where in the last term we approximated φ0 by (2k2z l)0 D 2l/ k2z .
Now we can define the decay length 1/ k00x along the channel. Indeed, since kx> Dp
2(E � E2z) D p

k2
x C 2 i E 00, then for small E 00 (it is natural to suppose it is

small), we have

k00x D
E 00

kx
� jt21j2

4 l2

k2z

kx
D jt21j2

4nπ
k2

2z

kx
� jt21j2

4π
u
k

. (4.165)

For thermal neutrons the value of k00 can be estimated as k00 � 102jt21j2; therefore,
for jt21j � 0.1 we have k00 � 1 cm�1. The losses because of escape through the
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barrier u1 (escape losses) are much higher than the losses because of the absorp-
tion, σa , and inelastic, σ i e, scattering cross sections, which can be estimated as
N0(σa C σ i e) < 0.1 cm�1, where N0 is the atomic density. However, if jt21j � 0.1,
the escape losses become negligible, and decay in the channel of length L is de-
scribed by the usual exponent exp(�LN0σ), where σ besides absorption and in-
elastic scattering includes also scattering from roughnesses at interfaces and ab-
sorption in layers 1 and 3, which affect the reflection amplitudes r23 and r21.

4.6.2.2 Wave Function over the Nonilluminated Part of the Surface
For the known wave function inside the channel we can calculate the intensity of
the neutrons going out through nonilluminated part of the surface on the right
of the second absorber in Figure 4.28 and through the channel edge. We also can
predict the distribution of the intensity on the position-sensitive detector shown on
the right side in Figure 4.28.

The wave function over the nonilluminated interface can be calculated according
to the Fresnel–Kirchhoff principle by an integral over the nonilluminated part of
the surface (r 0 D (x 0 > L, y 0, z0 D 0)):

4πψ(r) D
Z

x 0>L

dx 0
1Z
�1

d y 0
�

ψ(r 0)
d

dz0
G(r � r 0) � G(r � r 0)

d
dz0

ψ(r0)
�

z 0D0
,

(4.166)

where the Green function G(r � r0) is exp(i kjr � r0j)/jr � r 0j. We take such a
Green function because it transforms an incident plane wave into an identical
plane wave.

Since the detector is usually very far from our system, we can use an approxima-
tion for G:

exp(i kjr � r0j)
jr � r 0j D exp(i kjrj � i p r0 C i y 02k/2r)

jrj , (4.167)

where p D k r/r , and we have chosen the position of the detector to be at r D
(x , 0, z).

Let us find ψ(r0) and dψ(r 0)/dz0 of our resonant system at the upper surface
z0 D 0. The wave ψ(r0) is generated by the wave X(kz) exp(i k2z>(z C l2))r23 inci-
dent on the layer u1 from inside the channel. Since the transmission through u1 is
determined by amplitude t21(kz>), we have

ψ(x 0, z0 D 0) D t21(kz>)X(kz) exp(i k2z>l2)r23 exp(i kx>x ) , (4.168)

d
dz0

ψ(x 0, z0)jz 0D0 D i k2z>t21(kz>)X(kz) exp(i k2z> l2)r23 exp(i kx>x ) ,

(4.169)

and in all the amplitudes except X the wave vector kz is to be replaced by kz> D
kz � i k00z .
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Substitution of the boundary values into Eq. (4.166) with account of Eq. (4.167)
after integration over dx 0d y 0 gives

ψ(r) D t21(kz>)

r
2 i π

k
X(kz)(pz C kz>)
px � kx � i k00x

exp(i(kx>�px )L)
exp(i k r)
4π
p

r
. (4.170)

With this function we can find the flux to a detector of height Δz:

dw1 D kΔzjψ(r)j2 D jt21(kz>)X(kz)j2
8π

(pz C kz )2 C k002x

(px � kx )2 C k002x

Δz
L

. (4.171)

After substitution of Eq. (4.160), pz D k sin θ , px D k cos θ , kz D k sin θ0, kx D
k cos θ0, and Δz/r D dθ , and taking into account that θ � θ0 � 1, we obtain

dw1(θ ) D 2
π

dθ sin2 θ0 exp(�2Lk00x )
(cos θ � cos θ0)2 C (k00x / k)2 D

2
π

dθ exp(�2Lk00x )
(θ � θ0)2 C Γ 2 , (4.172)

where Γ D k00x / kz . Integration over dθ gives

w1 D 2
kz

k00x
exp(�2Lk00x ) . (4.173)

For a given flux J0 of the incident neutron beam, the count rate of the detector will
be

J D J0
kz

k
jt02j2 l2

D
w1 , (4.174)

where D is the thickness of the beam, kz jt02j2/ k is the probability of penetration of
the incident beam into the resonance layer, and l2/D is the fraction of the incident
beam that is intercepted by the channel. For kz/ k D 10�3, l2/D D 10�3, t02 D 0.1,
k00x D 1 cm�1, and kz D 106 cm�1 we obtain J/ J0 D 0.02 exp(�2L), and for L D
1 cm we get J/ J0 � 0.002.

It is interesting to compare this result with experiments already performed [209,
210]. A direct comparison is impossible because the multilayer systems (see Fig-
ure 4.29) were different from that used here. Nevertheless, the numbers will not
be very different. For instance, in the experiment reported in [209] the length L
of the channel was not 1 cm, as here, but 2 cm. If we substitute this number in-
to (4.173) we find J/ J0 � 10�4, which is close to the result reported in [209]. In
the experiment reported in [210], which was made with magnetic layers and polar-
ized neutrons, the length L was 0.6 cm, but nevertheless the ratio J/ J0 was also on
the level of 10�4. It was attributed to roughnesses on interfaces. In the magnetic
case, roughnesses not only decrease the reflection amplitudes r23 and r21, but al-
so depolarize neutrons. Therefore, the number 10�4 looks quite reasonable. It is
important that in both experiments the angular distribution of outgoing neutrons
was a Lorentzian just as is predicted here.
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Figure 4.29 Multilayer systems for experiments on neutron
channeling: nonmagnetic [209] (a) and magnetic [210] (b). In
both experiments the transmitted intensity was 10�4 times that
of the incident one, and the angular distribution of transmitted
neutrons was described by a Lorenzian.

4.6.3
Bound States in Periodic Potentials

Now we want to show briefly how to apply the algebraic method to find bound
states in rectangular and periodic potentials, and how a zone structure is created
in periodic potentials.
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4.6.3.1 Bound Levels in a Rectangular Potential Well [211, 212]
Let us find the bound levels in the potential well shown in Figure 4.30. To do that we
shall take into account that the wave function of the bound level must be stationary.
Therefore, we can use stationarity condition Eq. (4.151), which is now

r2
0 exp(2 i kw a) D 1 , (4.175)

where energy k2
w is counted from the bottom of the well and r0 is the amplitude of

the total reflection from the edges of the well:

r0 D kw � i
p

u � k2
w

kw C i
p

u � k2
w

D exp(�2 i φ0) , φ0 D arccos
�

kwp
u

�
. (4.176)

It follows from Eq. (4.175) with account of Eq. (4.176) that

kw a � 2φ0 D πn , (4.177)

where n is an integer. Equation (4.177) is equivalent to αz � nπ D 2 arccos(z),
where z D kw /

p
u, and α D a

p
u.

4.6.3.2 Zones in Periodic Potentials
For an infinite periodic potential with symmetrical periods we can split the poten-
tial at the beginning of any period into two semi-infinite periodic potentials. The
stationarity condition Eq. (4.175) can be now represented in the form

R2
1(k) D 1 , (4.178)

because the distance d between two potentials is now zero. The condition (4.178) is
satisfied on two boundaries of the Darwin table, where R1(k) D ˙1. The station-
arity condition is satisfied neither inside the Darwin table nor outside it. However,
inside the Darwin table if the particle is put at some point inside the potential it
cannot propagate and becomes localized, because its wave function decays expo-
nentially in both directions. So the width of the Darwin table determines the for-
bidden zone. The permitted zone is the result of accumulation of bound states in
a periodic potential with N periods when N ! 1. Indeed, when we have a single
potential well, a particle in the well can exist only on bound levels. When we have

�u(x)

0−a/2 a/2

−u0
� �1 eikwa

�� r0eikwar0e2ikwa
�r2

0e
2ikwa

Figure 4.30 Bound states in the well are defined via the station-
arity condition: r2

0 exp(2 ikw a) D 1.
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two identical potential wells separated by a barrier, every bound level splits, and the
particle on sublevels can propagate from one well to another one. When we have N
identical potential wells, every bound level splits into N sublevels and a particle on
every sublevel can propagate to any of these N wells. Every bound sublevel is a per-
mitted zone of zero width. When N !1, these zones of zero width accumulate to
give a single zone of finite width. To see this process of splitting of energy levels and
their accumulation into the permitted zone it is worth considering a simple model
of a periodic potential with N periods surrounded on both sides by two potential
barriers (Figure 4.31). Then we write the condition of stationarity in an infinitesi-
mal gap between, say, the left potential step 1 with reflection amplitude Rl D r0 and
the right combination of the periodic potential and the other potential step 2. The
reflection amplitude of this combination is Rr D RN C T 2

N r0/(1 � RN r0). The sta-
tionarity condition is now Rl Rr D 1, and it is reduced to 2r0RNC(T 2

N�R2
N )r2

0 D 1.
Substitution of Eq. (4.83) for RN and TN gives the equation

exp(2 i qN a) D
�

1� r0R1
r0 � R1

�2

. (4.179)

For propagation we need the real wave number q. At these q the amplitude R1 is
also real and the right-hand side of Eq. (4.179) is a unit complex number exp(2 i γ )
with real phase γ . If we define a bound state in a single period by the condition
q1a D γ C nπ, then for N ¤ 1 we get

qN a D γ
N
C π l C π

n
N

.

So we see that every level is defined by the main quantum number l, which denotes
the bound level of one period, and the secondary quantum number n, which runs
from 0 to N � 1, and denotes the sublevels into which the main level is split. The
distance between two sublevels is δq � π/N a, so the density of sublevels increases
in proportion to N and in the limit N ! 1 the system of zero-width sublevels
accumulates into a finite range permitted zone.

4.7
Potentials of General Form

Up to now, when we considered concrete examples of some potential we used
mainly rectangular barriers or potentials of the Kronig–Penney type. In real life we
can meet more complex potentials. In particular, investigation of the experimen-
tal reflection curve from a Cu film over a glass substrate presented in Figure 4.32

1 2

N

Figure 4.31 A periodic potential with N periods in a well. For
derivation of the splitting of energy levels.
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showed that description of films with a simple rectangular potentials is not correct.
So it was supposed that the boundaries of the films are not sharp, but smoothed.
The potential of a film on a substrate can be as shown In Figure 4.33. The edges of
the film are smoothed on both sides and the smoothing is different.

4.7.1
Analytical Description of Reflection from a Combination of a Rectangular Barrier
and Eckart Potentials

The smoothing can be described by many different functions; however, the most
convenient are those for which it is possible to find an analytical solution of the
Schrödinger equation. A good example is the Eckart potential (textbook [B]), which
is represented by the function

u D u0

1C exp(�x/ h)
. (4.180)

It is a potential step of height u0 with smooth edge of width h. The optical potential
of a film evaporated over a substrate can be represented by the curve shown in Fig-
ure 4.33. It contains two smooth interfaces with different smoothing parameters.
To find the reflection from such a potential one can split it into three parts [190].
The middle part is an ideal rectangular barrier of height u0 and width b2. The left

Figure 4.32 Reflectivity curve from a Cu film of thickness
200 nm over a float glass substrate measured with a reflectome-
ter at the IBR-2 reactor, Dubna [190].
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Figure 4.33 A film with smoothed boundaries on a substrate
can be described by three potentials: a rectangular barrier for
the film itself, and two Eckart potentials for smoothed bound-
aries.

and right parts are represented by the Eckart potentials, so the total potential is

u(x ) D θ (x < x1)u0
1C e�x1/ h1

1C e�x/ h1
C θ (x1 < x < x2)u0

C θ (x > x2)

 
u s C [u0 � u s ]

1C e(x2�x3)/ h2

1C e(x�x3)/ h2

!
. (4.181)

The potential contains seven parameters: u0,s , h1,2, b D x2 � x1, x1, and x3 � x2,
where u0 and u s are the heights of the film and the substrate potential barriers,
respectively, h1,2 are smoothing parameters of the left and right edges of the film,
b is the width of the film, and x1 and x2 � x3 are parameters which determine how
well the three pieces are matched at their interlocking. The larger these parameters
are, the smaller the first derivatives of the function (4.181) at the points x D x1

and x D x2 are. Points x D 0 and x D x3 correspond to the middle points of the
function (4.180).

4.7.1.1 Reflection from a Single Potential Eq. (4.180)
To find the reflection of the whole potential we have to find the solution of the
Schrödinger equation in three parts and match it at two points: x D x1 and x D x2.
First we find the solution of the Schrödinger equation in the potential Eq. (4.180)

�
d2

dx2 C k2
0 �

u0

1C e�x/ h

�
ψ(x ) D 0 . (4.182)

After change of variables z D x/ h, k D k0h, u D u0h2,

y D �e�z , ψ(x ) D y�μ w (μ, y ) , (4.183)

where μ is an as-yet unknown parameter, we transform Eq. (4.182) into the equa-
tion for w

y 2(1� y )w 00C(1�2μ)y (1� y )w 0C [(μ2C k2)(1� y )�u]w (μ, y ) D 0. (4.184)
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Now we can define μ with the requirement μ2C k2 � u D 0. It follows that we can
define μ D i s D ˙i k0, where k0 D pk2 � u.

y (1� y )w 00C [1 � 2 i s � (1� 2 i s)y ]w 0C (s2 � k2)w (s, y ) D 0 . (4.185)

This equation coincides with the one for hypergeometrical functions F(α, �, γ , y ):

y (1� y )F 00C [γ � (1C α C �)y ]F 0 � α�F D 0 (4.186)

with α D i(k � s), � D �i(k C s), and γ D 1 � 2 i s. Two linearly independent
solutions of Eq. (4.184) correspond to the two opposite signs of s D ˙k0:

w1,2(k, y ) D F(�i [k0 � k],�i [k0 C k], 1� 2 i k0, y ) . (4.187)

They both go to unity when y ! 0 or x !1. Since F(α, �, γ , y ) D F(�, α, γ , y ),
then w1,2(k, y ) D w1,2(�k, y ).

According to Eq. (4.183), both these functions correspond to linearly indepen-
dent solutions of Eq. (4.182):

ψ1,2(k, z) D e˙i k 0z w1,2(k, y ) . (4.188)

Since F ! 1, when z !C1, that is, y ! 0, the wave functions ψ1,2 at z !C1
have asymptotics: ψ1,2(k, z) D e˙i k 0z . On the other hand, their asymptotics at
z ! �1 are (textbook [B])

ψ1,2(k, z) D C(k,˙k0)e i k z C C(�k,˙k 0)e�i k z , (4.189)

where

C(k, k0) D Γ (�2 i k)Γ (1 � 2 i k 0)
Γ [�i(k C k0)]Γ [1 � i(k C k0)]

, (4.190)

were Γ (x ) is the Euler Γ -function. From Eqs. (4.188) and (4.189) it follows that if
we take the solution of Eq. (4.182) in the form

�!ψ (k, z) D 1
C(k, k0)

ψ1(k, z) , (4.191)

it will have asymptotics

�!ψ (k, z) D
(

1
C(k ,k 0) e i k 0z , z ! C1 ,

e i k z C C(�k ,k 0)
C(k ,k 0) e�i k z , z ! �1 ,

(4.192)

which gives immediately the reflection �!r (k) and refraction �!t (k) amplitudes for
the plane wave incident onto the potential Eq. (4.180) from the left. They are

�!r (k) D C(�k, k0)
C(k, k0)

D Γ (2 i k)Γ [�i(k0 C k)]Γ [1 � i(k0 C k)]
Γ (�2 i k)Γ [�i(k0 � k)]Γ [1 � i(k0 � k)]

D k � k0

k C k0
Γ (1C 2 i k)Γ 2[1 � i(k0 C k)]
Γ (1� 2 i k)Γ 2[1 � i(k0 � k)]

, (4.193)
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�!t (k) D 1
C(k, k0)

D Γ [�i(k0 C k)]Γ [1 � i(k0 C k)]
Γ (�2 i k)Γ (1� 2 i k0)

D 2k
k C k0

Γ 2[1� i(k C k0)]
Γ (1� 2 i k)Γ (1� 2 i k0)

, (4.194)

where we used the relation Γ (1 C x ) D x Γ (x ). It is seen that these expressions
can be represented as

�!r (k) D �!r0 (k0)A r(k0, u0, h) , �!t (k) D [1C�!r0 (k0)]A t(k0, u0, h) ,

�!r0 (k0) D k0 � k00
k0 C k00

, (4.195)

where k00 D
q

k2
0 � u0.

We can also find the reflection and refraction amplitudes for a plain wave in-
cident from inside the potential (4.180) and moving to the left. These expressions
can be written down immediately by permutation of k and k 0 in (4.193) and (4.194),
which follows from the symmetry of the space:

 �r (k0) D k0 � k
k0 C k

Γ (1C 2 i k0)Γ 2[1 � i(k C k0)]
Γ (1 � 2 i k0)Γ 2[1 � i(k � k0)]

, (4.196)

 �
t (k0) D 2k0

k C k0
Γ 2[1 � i(k C k0)]

Γ (1� 2 i k)Γ (1 � 2 i k0)
. (4.197)

It is interesting to check the difference in reflectivity obtained with formu-
la (4.193) from that of an ideal potential step. Since the arguments of all the
Γ functions in Eq. (4.193) at small smoothness parameter h are very close to unity,
and the deviation from unity is proportional to h, then at h ! 0 we asymptotically
obtain �!r (k) ! �!r0 (k) as the result for the ideal potential step. The difference at a
finite quite high h D 1 is shown in Figure 4.34. The potential of the mirror was
u D 0.24 � 0.03i . Its real part is close to Si, and the imaginary part was chosen to
be high to show the difference clearly. The solid line gives the reflectivity of an ideal
potential step. The dotted line shows the reflectivity with amplitude Eq. (4.193).
The dashed line represents the reflectivity j�!r0 (k0)A DW(k0, u0, h)j2, where, accord-
ing to [191], the smoothness of the interface is accounted for by the factor of
Debye–Waller type A DW D exp(�k0k00h2). On the linear scale of Figure 4.34a we
see some difference between the three curves for the given h D 1. However, the
dotted and dashed curves coincide, as is seen in Figure 4.34b, if h in A D W is 2
times larger than in A r of Eq. (4.195). However, the coincidence in this case is not
complete, as is clearly seen on the logarithmic scale in Figure 4.34c.

4.7.1.2 Reflection from the Combination of Eq. (4.180) and a Potenital Step
Now we have to find the reflection from the potential

u(z) D u0(1C e�x1/ h)
1C e�x/ h

Θ (x < x1)C u0Θ (x > x1) . (4.198)
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Figure 4.34 Comparison of reflectivity j�!r0 j2 of an ideal rect-
angular step (solid line) with reflectivity j�!r j2 (dotted line) and
reflectivity j�!r0 ADWj2 proposed in [191] (dashed line), where
ADW D exp(�kk0) D exp(�k0 k00 h2). (a) The parameter h in
ADW is the same as in A r of Eq. (4.195); (b) the parameter h in
ADW is 2 times higher than in A r of (4.195); (c) The data in (b)
on a logarithmic scale.

After change of variables k D k0h, u1 D u0h2, and u D u0h2(1C exp(�x1/ h)), we
obtain the Schrödinger equation in the form�

d2

dz2 C k2 � u
1C e�z Θ (z < z1)� u1Θ (z > z1)

�
ψ(z) D 0 . (4.199)

To find the reflection amplitude from the left we match wave functions Eq. (4.188)
on the left side of the point z1 to plane waves on the right side of it.

First we consider the incident wave is going to the right at z ! �1. On the left
side we take the wave function in the form ψ1(z)C a1 ψ2(z), and on the right side
we take it in the form a2 exp(�i k1(z � z1)), where k1 D

p
k2 � u1. The constants

a1,2 are obtained from matching equations

ψ1(z1)C a1ψ2(z1) D a2, ψ01(z1)C a1ψ02(z1) D i k1a2 , (4.200)

where ψ0 D dψ/dz. Their solution is

a1 D ψ01(z1) � i k1ψ1(z1)
i k1ψ2(z1) � ψ02(z1)

,

a2 D ψ2(z1)ψ01(z1) � ψ1(z1)ψ02(z1)
i k1ψ2(z1) � ψ02(z1)

D 2 i k0

i k1ψ2(z1) � ψ02(z1)
. (4.201)

In the last equality we took into account that the Wronskian of two solutions (4.188)
is equal to 2 i k0. With the help of asymptotical expressions (4.189), we can imme-
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diately find the reflection, �!r1 , and refraction, �!t1 , amplitudes. The wave function
z ! �1 can be represented as

ψ(z ! �1) D exp(i kz)C C(�k, k 0)C a1C(�k,�k0)
C(k, k0)C a1C(k,�k0)

exp(�i kz) , (4.202)

and at z ! C1 the wave function becomes

ψ(z !1) D a2

C(k, k0)C a1C(k,�k0)
exp(i k1(z � z1)) . (4.203)

Therefore

�!r1 D C(�k, k0)C a1C(�k,�k0)
C(k, k0)C a1C(k,�k0)

, �!t1 D a2

C(k, k0)C a1C(k,�k0)
. (4.204)

To find the reflection from the right we take the wave function in the form

ψ(z)) D a3Θ (z < z1)
�

ψ1(z)
C(k, k0)

� ψ2(z)
C(k,�k0)

�

C Θ (z < z1)
h

e�i k1(z�z1) C �r1 e i k1(z�z1)
i

, (4.205)

because the left combination at z ! �1 contains only outgoing wave/ exp(�i kz).
Matching conditions give

a3

�
ψ1(z1)
C(k, k0)

� ψ2(z1)
C(k,�k0)

�
D 1C �r1 ,

a3

�
ψ01(z1)
C(k, k0)

� ψ02(z1)
C(k,�k0)

�
D i k1[�1C �r1 ] , (4.206)

from which we find

a3 D 2 i k1

i k1

�
ψ1(z1)
C(k ,k 0) � ψ2(z1)

C(k ,�k 0)

	
�
�

ψ 01(z1)
C(k ,k 0) � ψ 02(z1)

C(k ,�k 0)

	 . (4.207)

 �r1 D
i k1

�
ψ1(z1)
C(k ,k 0) � ψ2(z1)

C(k ,�k 0)

	
C
�

ψ 01(z1)
C(k ,k 0) � ψ 02(z1)

C(k ,�k 0)

	
i k1

�
ψ1(z1)
C(k ,k 0) � ψ2(z1)

C(k ,�k 0)

	
�
�

ψ 01(z1)
C(k ,k 0) � ψ 02(z1)

C(k ,�k 0)

	 . (4.208)
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With a3 we find the asymptotically outgoing wave �t1 exp(�i kz) with amplitude

 �t1 D
2 i k1

�
C(�k ,k 0)
C(k ,k 0) � C(�k ,�k 0)

C(k ,�k 0)

	
i k1

�
ψ1(z1)
C(k ,k 0) � ψ2(z1)

C(k ,�k 0)

	
�
�

ψ 01(z1)
C(k ,k 0) � ψ 02(z1)

C(k ,�k 0)

	
D 2 i k0

ψ01(z1)C(k,�k0) � ψ02(z1)C(k, k0) � i k1(ψ01(z1)C(k,�k0) � ψ02(z1)C(k, k0))
.

(4.209)

The derivatives over z are

ψ01,2(z) D e˙i k 0z [˙i k 0w1,2(y )� y dw 01,2(y )/d y ] , (4.210)

and the derivative of the hypergeometrical function over y is defined via

d
d y

F(α, �, γ , y ) D α�
γ

F(1C α, 1C �, 1C γ , y ) .

4.7.1.3 Reflection from the Full Potential Eq. (4.181)
Now we can construct the reflection and transmission of the whole potential
Eq. (4.181). The formula is similar to that of the rectangular barrier:

�!
Rt D �!r1 C �t1

exp(2 i k00b)�!r2

1 � �r1
�!r2 exp(2 i k00b)

, (4.211)

where reflection amplitude �!r2 is easily expressed via  �r1 . To do that we point out
explicitly the dependence of �r1 on all its parameters: �r1 (k, k0, k1, u). Then

�!r2 D  �r1 (ks , k0s , k2, u2) , (4.212)

where ks D h2

p
k2 � u s, u2 D h2

2[u0 � u s ][1C exp(z2 � z3)], z2,3 D x2,3/ h2, and
k0s D

p
k2

s � u2, k2 D h2k00. Reflectivity jRt j2 was used for fitting the experimental
data shown in Figure 4.32, which correspond to reflection from a Cu film on a float
glass substrate measured by time of flight at the IBR-2 reactor in Dubna [190].

4.7.2
Continuous-Fractions Method

Every smooth function can be represented as a histogram or a set of rectangular
barriers [213]. Let us split the arbitrary smooth potential into n parts as shown in
Figure 4.35. All the boundaries are indicated by numbers 1 to n from the left. Let us
denote the reflection and transmission amplitudes of a single rectangle to the right
of the kth boundary by rk and tk , respectively, and the reflection and transmission
amplitudes of all the rectangles to the right of the kth boundary by Rk and Tk ,
respectively. Now we can write

R1 D r1 C t2
1 R2

1� r1R2
D r1 � t2

1

r1 � 1/R2
.



4.7 Potentials of General Form 175

�
1 2 3 n

Figure 4.35 Approximation of an arbitrary potential by a set of rectangles.

Substitute here the similar expression for R2, and so on, and as a result, we obtain
the continuous fraction

R1 D r1 C t2
1 R2

1 � R2r1
D r1 � t2

1

r1 � 1
R2

D r1 � t2
1

r1 � 1

r2 � t2
2

r2 � 1
R3

D 	 	 	

4.7.3
Matrix Method for Scattering from an Arbitrary Potential

Your approach is good, but I know a better one.

A student

Analytical methods are very useful for analysis and fitting experimental data; how-
ever, sometimes they are very cumbersome, and then it is more preferable to use
numerical methods. The most effective one is the numerical matrix method [214].

Let us again represent the potential by a set of rectangles, as shown in Fig-
ure 4.35, and count the jth rectangle to the right of the jth boundary. Inside the jth
rectangle the wave function is

ψ j (x ) D A j exp(i k j (x � x j ))C B j exp(�i k j (x � x j )) , (4.213)

where x j is the coordinate of the jth boundary, k j D
q

k2
0 � u j , and u j is the

potential of the jth rectangle. The wave functions behind the last n C 1 boundary
and before the first x1 boundary are of the same form as Eq. (4.213):

ψnC1(x ) D A nC1 exp(i knC1(x � xnC1))C BnC1 exp(�i knC1(x � xnC1)) ,

(4.214)

ψ0(x ) D A 0 exp(i k0x )C B0 exp(�i k0x ) , (4.215)

knC1 D k0, and we put x1 D 0. Later we shall take into account that A 0 D 1,
B0 D r , A nC1 D t, and BnC1 D 0.
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Now we have to match the wave functions at all the boundaries. Continuity of
the function and its first derivative at the (n C 1)th boundary gives the equations

A n exp(i kn dn)C Bn exp(�i kn dn) D A nC1 C BnC1 ,

i kn[A n exp(i kn dn) � Bn exp(�i kn dn)] D i knC1[A nC1 � BnC1] , (4.216)

where d j is the width of the jth rectangle. The solution of the system can be repre-
sented in matrix form:�

A n

Bn

�
D M (n,nC1)

�
A nC1

BnC1

�
. (4.217)

The matrix M (n,m) is a product of two matrices, M (n,m) D E (n)K (n,m), which are

E (n) D
�

exp(�i kn dn) 0
0 exp(i kn dn)

�
,

K (n,m) D 1
2

�
1C km/ kn 1 � km/ kn

1� km/ kn 1C km/ kn

�
. (4.218)

The matching of the wave function at all the other boundaries gives similar matri-
ces; therefore,

�
A 0

B0

�
D M (0,nC1)

�
A nC1

BnC1

�
D K (0,1)

n�1Y
jD1

E ( j )K ( j, jC1)
�

A nC1

BnC1

�
. (4.219)

Substitute A 0 D 1, B0 D r , A nC1 D t, and BnC1 D 0. As a result, we obtain

�
1
r

�
D M (0,nC1)

�
t
0

�
D
 

M (0,nC1)
11 M (0,nC1)

12

M (0,nC1)
21 M (0,nC1)

22

!�
t
0

�
, (4.220)

which is equivalent to 1 D M (0,nC1)
11 t, r D M (0,nC1)

21 t, or t D 1/M (0,nC1)
11 , and

r D M (0,nC1)
21 /M (0,nC1)

11 . This numerical algorithm is very convenient.

4.7.4
Perturbation Theory

In many cases it is possible to use perturbation theory. The solution of the
Schrödinger equation

�
d2

dx2 C k2 � u(x )
�

ψ(x ) D 0 , (4.221)

can be represented as

ψ(x ) D ψ0(x )C
Z

G(x � x 0)u(x 0)ψ(x 0)dx 0 , (4.222)
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where ψ0(x ) is a solution of the free equation, which is represented by a plane
wave,

ψ0(x ) D exp(i kx ) , (4.223)

and G(x � x 0) is the Green function of the equation:

�
d2

dx2
C k2

�
G(x ) D δ(x ) . (4.224)

The solution of it is

G(x ) D � i
2k

exp(i kjx j) . (4.225)

Substitution of Eq. (4.225) into Eq. (4.222) and replacement of ψ(x 0) under the
integral by ψ0(x ) gives

r(k) D � i
2k

aZ
0

u(x 0) exp(2 i kx 0)dx 0 ,

t(k) D exp(i ka)

0
@1� i

2k

aZ
0

u(x 0)dx 0
1
A , (4.226)

where we assumed that perturbation is nonzero in the range 0 � x � a.
Perturbation formulas do not satisfy unitarity. To improve them it is sufficient to

choose only r(k) in Eq. (4.226) and to put t D ˙i(r/jrj)p1 � jrj2.

4.7.5
Reflection from Mirrors in an External Field

Above we everywhere supposed that outside the mirror the space is empty, and
the wave function of the incident neutron is represented by a plane wave. Now
we shall consider the general case of one-dimensional scattering in some external
field, where outside the potential the wave function is not a plane wave [215]. For in-
stance, we can consider vertical motion and reflection from mirrors in the presence
of a gravity field, or we can consider radial motion in the presence of spherically
symmetrical potentials (see also [216–218]). We shall present here only ideas.

The Schrödinger equation in presence of external field F(z) is

�
d2

dz2 C k2 � F(z)� v (z)
�

Ψ (z) D 0 , (4.227)

where v (z) is the optical potential of a mirror.
Imagine that we have the uniform gravity field F(z) D mgz. In the absence of a

mirror, the wave function (denote it as f (z, k)) describes motion, which is limited
at z > 0(zm (k) is the maximal point, or turning point, of the vertical motion) and
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nonlimited at z < 0. The function f (z, k) decays at z ! 1. However, Eq. (4.227)
also has another solution (denote it g(z, k)), which diverges at z !1. At z !C1
this solution is nonphysical; however, in the presence of mirrors we need it.

Let us consider a horizontal semi-infinite mirror with potential u0Θ (z > 0). The
solution of Eq. (4.227) can be represented as

Ψ (z) D Θ (z < 0)
�

f (z, k)
f (0, k)

C�!r g(z, k)
g(0, k)

�
C Θ (z > 0)�!t f (z, k0)

f (0, k0)
, (4.228)

where k0 D pk2 � u0. The requirement of continuity of the wave function and its
derivative at the interface z D 0 gives the equations

1C�!r D �!t ,
f 0(z, k)
f (0, k)

C�!r g0(z, k)
g(0, k)

D �!t f 0(z, k0)
f (0, k0)

, (4.229)

where the prime near the functions means their derivative over z. From these equa-
tions we can find the reflection r and refraction t amplitudes.

If we have two semitransparent mirrors, separated by distance l, and we know
the amplitudes ri , ti (i D 1, 2) for every one of them, then we can apply to them
the same method as described on page 132. We can define the amplitude of the
wave incident on the first mirror f (z, k)/ f (0, k), denote X the amplitude of the
wave incident on the second mirror, and find the system of equations for X and the
reflection r12 and transmission t12 amplitudes of both mirrors:

X D �!t f (l C a, k)
f (a, k)

C f (l C a, k)
f (a, k)

 �r1
g(a, k)

g(a C l, k)
�!r2 X ,

�!r 12 D �!r1 C �t1
g(a, k)

g(a C l, k)
�!r2 X , �!t 12 D X�!t2 , (4.230)

where a is the end point of the potential v1(z). Solution of these equations gives all
the required values. Note that transmissions in opposite directions are not equal
now.

The scheme presented looks very reasonable and appropriate for any function
f (z, k); however, we must remember that reflection and transmission mean that

we are dealing with currents or fluxes; therefore, the functions f (x , k) and g(x , k)
cannot be arbitrary. For instance, they cannot be real, because real functions give

zero current: f �
�!r f � f �

 �r f D 0. In that respect the Airy functions Ai(x ) and
B i(x ) are not appropriate for calculation of reflection and transmission in a gravity
field. We shall discuss this again in the next section.

4.8
Some Experiments with Moving Mirrors

The considerations of one-dimensional systems will be not complete without dis-
cussion of moving mirrors. We shall consider here four types of motion: uniform,
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accelerating, vibrating, and diffraction of neutrons from moving gratings. For con-
venience we shall take unities „ D m D 1 so that the neutron speed can be denot-
ed k, the speed of the mirror is denoted v, and difference in speed is k � v .

4.8.1
Uniform Motion

4.8.1.1 A Semiclassical Consideration
When a neutron enters a substance with optical potential u > 0, its speed k be-
comes slower k0 D pk2 � u; therefore, after transmission through a plate of thick-
ness L its wave function acquires the phase factor exp(i k0L) instead of exp(i kL),
which it would acquire if it were propagating through empty space of thickness L.
The phase difference

Δφ D (k �
p

k2 � u)L � uL/2k , (4.231)

when k2 � u, is well observed with the help of a neutron interferometer (Fig-
ure 4.36). If the mirror moves, say, along k with speed v, the neutron relative to it
has speed k � v , and the phase (4.231) becomes

Δφ D
�

k � v �
q

(k � v )2 � u
�

L � uL
2(k � v )

� uL
2k
C uL

2k
v
k

, (4.232)

where in the last equality we supposed that v � k. The last term in (4.232) is the
result of the mirror motion.

Imagine that in the two paths of the interferometer (Figure 4.36) there are two
plates of thickness L perpendicular to trajectories 1 and 2. One of them moves with
speed v along k, and the other one moves against k. Then the phases of the wave
functions on the two paths will change by the amount

Δφ1,2 D uL
2k
˙ uL

2k
v
k

, (4.233)

Figure 4.36 A neutron interferometer [219]
consists of three crystals. The wave function
of every neutron n in the incident beam splits
in the first crystal c1 into two parts, which
propagate along two paths 1 and 2. After
diffraction in the second crystal c2, part 1
splits in the third crystal c3 into two subparts
11 and 12, and part 2 splits into two subparts
21 and 22. Subparts 11 and 21 recombine
and go to detector D1, whereas the subparts
12 and 22 recombine and go to detector D2.

The count rates of the two detectors depend
on interference of the two subparts, which
depends on the phase factors the wave func-
tion acquires on paths 1 and 2. The phase
shifter P s can change the phase in path 1. It
is a rotatable plate of thickness l. When its
angle changes, the effective thickness L of
matter traversed by the neutron changes, and
the phase along path 1 changes according to
Eq. (4.231).
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and the phase difference for them will be Δφ1 � Δφ2 D (uL/ k)(v/ k). It is this
phase difference which was measured in an experiment [220].

The above consideration is a semiclassical one. We want to consider the prob-
lem differently, purely quantum mechanically to see whether there will be a dif-
ference. In quantum mechanics the mirror of thickness L moving with speed v is
described by the potential uΘ (v t < x < LC v t), which depends on time, and the
Schrödinger equation becomes�

i
@

@t
C 1

2
@2

@x2
� uΘ (v t < x < LC v t)

�
Ψ (x , t) D 0 . (4.234)

With the time-dependent potential we can expect that if the incident wave is
Ψ (x , t) D exp(i kx � i k2 t/2), then after scattering it will have a different energy
and different wave number. In the case of uniform motion, everything is more
or less evident. Reflected neutrons change energy and transmitted ones do not.
This follows from semiclassical considerations; however, it is also interesting to
see whether we can get this result rigorously.

4.8.1.2 Transformation of Reference Frames
In the case of uniform motion of the mirror we can make a transformation to a
moving reference frame and find the transmission through the stationary mirror,
but after such a transformation we get moving detectors. Therefore, after the in-
teraction with the mirror we need to make a transformation back to the laboratory
frame. The question is: what do “before” and “after” mean? Is there some special
time interval? The uniform motion is a very good example to acquire experience
which can be helpful in more complicated cases.

Transformation to the reference frame (coordinates x 0) moving with speed v is
not a simple change of variables x D x 0 C v t. Change of variables transforms the
neutron wave function Ψ (x , t) to ψ(x 0, t) D Ψ (x 0 C v t, t), and Eq. (4.234) to the
distorted non-Schrödinger equation

Lψ(x 0, t) 

�

i
@

@t
� i v

@

@x 0
C 1

2
@2

@x 02
� uΘ (0 < x 0 < L)

�
ψ(x 0, t) D 0 .

(4.235)

If in the coordinates x 0 we want to have the canonical Schrödinger equation, we
have to transform Eq. (4.235) with an operator U(x 0, t):

U(x 0, t)LU�1(x 0, t)U(x 0, t)ψ(x 0, t) D�
i

@

@t
C 1

2
@2

@x 02
� uΘ (0 < x 0 < L)

�
φ(x 0, t) D 0 , (4.236)

where φ(x 0, t) D U ψ(x 0 t). It is easy to check that the operator U D exp(�i v x 0 �
i v2 t/2) does the job because

U(x 0, t)
�

i
@

@t
� i v

@

@x 0
C 1

2
@2

@x 02

�
U�1(x 0, t) D i

@

@t
C 1

2
@2

@x 02
. (4.237)
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After such a transformation, the incident plane wave exp(i kx � i k2 t/2) is trans-
formed to

exp(�i v x 0 � i v2 t/2) exp(i k(x 0 C v t) � i k2 t/2) D
exp

�
i(k � v )x 0 � i(k � v )2 t/2

�
. (4.238)

With this incident wave we get a stationary solution of Eq. (4.236):

φ(x 0, t) D exp
��i(k � v )2 t/2

� h
Θ (x 0 < 0)

n
e i(k�v )x 0 C R(k � v )e�i(k�v )x 0

o
C Θ (x 0 > L)T(k � v )e i(k�v )(x 0�L)

i
,

(4.239)

where R(k � v ) and T(k � v ) are the standard reflection and transmission ampli-
tudes.

Now we want to make the back-transformation to the laboratory frame for both
reflected and transmitted waves. To do that we first change variables x 0 D x �
v t, obtain a distorted equation, and apply to it an operator V(x , t) to restore the
canonical form. In this case V D exp(i v x � i v2t/2) does the job, and it transforms
the wave function to

V(x , t)φ(x � v t, t) D
Θ (x < v t)

h
e i k x�i k2t/2 C R(k � v )e�i(k�2v )x�i(k�2v)2t/2

i
C Θ (x > LC v t)T(k � v )e i v Le i k(x�L)�i k2t/2 . (4.240)

We see that the energy of the transmitted wave does not change, but the transmis-
sion amplitude becomes

T(k�v )e i v L D [1��2(k�v )]
exp

�
i
p

(k � v )2 � uLC i v L
	

1� �2(k � v ) exp
�

2 i
p

(k � v )2 � uL
	 , (4.241)

where

�(p ) D p �pp 2 � u

p Cpp 2 � u
. (4.242)

From Eqs. (4.240) and (4.241) we can find all the changes associated with the
transmitted wave. If we neglect �, we obtain only the change of phase, which for
(k � v )2 � u0 completely coincides with Eq. (4.232).

It is interesting to note that the transformations to the moving reference frame
and back are performed at the same time. They are made over incident and trans-
mitted waves simultaneously because transmission through a mirror with multiple
reflections at its edges takes no time.
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4.8.2
Accelerating Mirror

Scattering on an accelerating mirror is more interesting. There we find that at
transmission the neutron energy changes too [221, 222].

4.8.2.1 Classical Approach
In the classical approach, where nothing is left of quantum mechanics except the
optical potential, we can follow the neutron history. Suppose that at the moment
the neutron with speed k enters the mirror with optical potential u the mirror has
speed v and acceleration a both along the neutron direction. Inside the mirror the
neutron has speed

p
(k � v )2 � u with respect to the entrance surface and contin-

ues to move with the same speed toward the exit surface. However, the exit surface
moves away with acceleration a. Therefore, at the moment the neutron approaches
the exit surface its speed with respect to the exit surface is

p
(k � v )2 � u � 2aL,

and after exiting into a vacuum this speed is
p

(k � v )2 � 2aL. The travel time in-

side the mirror is t1 D Δv/a 

hp

(k � v )2 � u �p(k � v )2 � u � 2aL
i

/a. Dur-

ing this time the mirror’s speed becomes v 0 D v C at1 D v Cp(k � v )2 � u �p
(k � v )2 � u � 2aL. Therefore, in the laboratory frame the neutron’s speed is

k1 D
q

(k � v )2 � 2aLCvC
q

(k � v )2 � u�
q

(k � v )2 � u � 2aL . (4.243)

It is easy to check that if u D 0, then k1 D k, and if u� (k � v )2 � 2aL, then

k1 � k C u
2

"
1p

(k � v )2 � 2aL
� 1

k � v

#
. (4.244)

We see that the neutron speed is increased, that is, the mirror drags the neutron.
This effect was observed[222] at Institut Laue–Langevin, Grenoble, at the source

of cold and ultracold neutrons. The scheme for the experiment is shown in Fig-
ure 4.3715). Ultracold neutrons were monochromatized at an energy of 107 neV by
transmission through the resonant multilayer system described in Section 4.6.1.
Below and near it was placed a Si plate of thickness 0.6 mm, which was harmoni-
cally vibrated by a driver with frequency 40 Hz. This vibration provided acceleration
up to 75 m/s2. Neutrons that passed a monochromator and accelerating mirror fell
onto an analyzer multilayer system, which had a resonant transmission at an ener-
gy of 127 neV, and after the analyzer they were registered by a detector. Since in the
free fall neutrons increase their energy by 1.026 neV every centimeter, the trans-
mission through the analyzer varies with its height as shown in Figure 4.38a. The
experimental points, shown in Figure 4.38b, correspond well to theoretical expec-
tations.

15) I am grateful to A.I. Frank for permission to
reproduce this and the next figures.
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Figure 4.37 Experimental layout for measurement of the accel-
eration effect. UCN – ultracold neutrons; 1 – monochromator
film; 2, Si sample of thickness 0.6 mm; 3 – vibrator; 4 – analyzer
film; 5 – detector.

Figure 4.38 (a) Dependence of the transmis-
sion through the analyzer on its height. Its
position was chosen to be at a height to give
transmission at the steepest part of the side
of the resonance peak. In such a position the
variation of the transmission with a small vari-

ation of neutron energy is maximal. (b) The
variation of the transmission with time, which
corresponds to the variation of the neutron
energy with the sample acceleration. The solid
line is the theoretical curve fitted to experi-
mental points.

However, this result is correct for a single passage of the neutron through the
mirror. The probability of such a passage is

w1 D
ˇ̌̌
ˇτ(k � v )τ0

�q
(k � v )2 � 2aL

�ˇ̌̌
ˇ
2

,

where τ(p ) D 2p/(p C p 0) and τ0(p ) D 2p 0/(p C p 0) are the refraction amplitudes
at the edges, and p 0 D p

p 2 � u. We can consider also n passages. The time for n
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passages is tn D (2n�1)Δv/a. Therefore, the neutron speed kn after n passages is

kn D
q

(k � v )2 � 2aLC v C (2n � 1)

�
�q

(k � v )2 � u �
q

(k � v )2 � u � 2aL
�

, (4.245)

and the probability of such a speed is

wn D w1

ˇ̌̌
ˇr(k � v )r

�q
(k � v )2 � 2aL

�ˇ̌̌
ˇ
2(n�1)

,

where r(p ) D (p � p 0)/(p C p 0) is the reflection amplitude at the edges. We see
that transmission through an accelerated mirror leads to a discrete spectrum of
transmitted particles.

The above consideration is purely classical. To see how the effect can be described
in quantum mechanics we must use the nonstationary Schrödinger equation with
potential

uΘ (� (t) < x < LC � (t)) ,

where � (t) D v t C at2/2, to transform the incident wave to the accelerating ref-
erence frame, calculate the transmitted wave, and transform the transmitted wave
back to the laboratory reference frame as in the case of the uniform motion.

4.8.2.2 Transformation to the Accelerating Reference Frame
To make the transformation to the accelerating reference frame we first make us of
change of variables x D x 0 C � (t). After that we obtain a distorted equation with
the mirror at rest:

Lψ(x 0, t) 

�

i
@

@t
� i P� (t)

@

@x 0
C 1

2
@2

@x 02
� uΘ (0 < x < L)

�
ψ(x 0, t) D 0,

(4.246)

where ψ(x 0, t) D Ψ (x 0C � (t), t), and P� means the derivative over t. Now we need
to find an operator U(x 0, t) which transforms Eq. (4.246) to the canonical form of
the Schrödinger equation in gravity potential ax 0:

U(x 0, t)LU�1(x 0, t)U(x 0, t)ψ(x 0, t) D�
i

@

@t
C 1

2
@2

@x 02
� R� (t)x 0 � uΘ (0 < x < L)

�
φ(x 0, t) D 0 , (4.247)

where φ(x 0) D U ψ(x 0 t). Let us check U D exp(i f (t)x 0 C i g(t)). With it we get

U(x 0, t)LU�1(x 0, t) D
�

i
@

@t
C Pf (t)x 0 C Pg(t)� i P� (t)

@

@x 0
� P� (t) f (t)

C Δ0

2
� i f (t)

@

@x 0
� f 2(t)

2
� uΘ (0 < x < L)

�
,

(4.248)
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so to have canonical form (4.247) we require f (t) D � P� (t), and Pg(t) D � P� 2(t)/2.
Operator U(x 0, t) transforms the incident plane wave exp(i kx � i k2 t/2) into the
function

φ0(x 0, t) D exp
�

i(k � v � at)x 0 � i
(k � v )2 t

2
C i(k � v )

at2

2
� i

a2 t3

6

�
.

(4.249)

In the following, for simplicity we shall put v D 0.
Now we need to find the transmission of such a wave through the mirror in

gravity field ax 0. However, we can find the transmission and the reflection only for
a stationary wave function. Therefore, we must represent φ0(x 0, t) in the form

φ0(x 0, t) D
Z

dE exp(�i ω t)�0(ω, x 0) , (4.250)

find for every component �0(ω, x 0) the transmission T(E ) through the mirror in
the gravity field as shown on page 177, find transmitted wave

R
dω exp(�i ω t)T(ω)

�0(ω, x 0), and then make the transfomation back to the laboratory frame by chang-
ing variables x 0 D x � � (t) and applying an operator V(x , t), which transforms the
equation to its initial form.

From Eq. (4.249) with v D 0 and Eq. (4.250) it follows that

�0(ω, x 0) D exp
�
i kx 0

� Z d t
2π

� exp
�
�i
�

ax 0 C k2

2
� ω

�
t C i k

at2

2
� i

a2 t3

6

�
. (4.251)

After the change of variable t ! t C k/a, the cubic polynomial α t3 � � t2 C γ t in
the exponent is transformed to the form α t3 C γ 0 t C δ, and Eq. (4.251) becomes

�0(ω, x 0) D exp
�

i
k
a

ω � i
k3

6a

�Z
d t
2π

exp
�
�i
�
ax 0 � ω

�
t � i

a2 t3

6

�
.

(4.252)

Change of the under-integral variable t ! �t 3
p

2/a2 gives

�0(ω, x 0) D exp
�

i
k
a

ω � i
k3

6a

�
3

r
2
a2

Z
d t
2π

exp
�

i z t C i
t3

3

�

D exp
�

i
k
a

ω � i
k3

6a

�
3

r
2
a2 Ai(z) , (4.253)

where

z D 3

r
2
a2 (ax 0 � ω) , (4.254)
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Figure 4.39 Dependence of jAi(x) C iB i(x)j on x < 0.

and

Ai(z) D 1/(2π)
Z 1
�1

e i(z tCt3/3)d t (4.255)

is the Airy function. This Airy function is a real one. It satisfies the equation

�
d2

dz2 � z
�

Ai(z) D 0 , (4.256)

oscillates at z < 0, and decays exponentially at z > 0. The second solution of
Eq. (4.256) is B i(x ) W

B i(z) D 1
π

Z 1
0

exp
�
� t3

3
C z t

�
C sin

�
t3

3
C z t

�
d t . (4.257)

For the definition of the incident and reflected stationary waves, we cannot use real
functions, so we try the combinations

AB i(z, ω) D Ai(z, ω)C i B i(z, ω) (4.258)

and

B Ai(z, ω) D Ai(z, ω)� i B i(z, ω) , (4.259)

respectively, If these combinations are similar to exp(˙i kz), then their modulus is
monotonic for negative z. A direct calculation demonstrates (Figure 4.39) that this
is indeed so.

Now the problem is: how do these combinations behave at x > 0? We suppose
that it is not Ai(x ) but one of these combinations that decays exponentially at x >

0, but now we cannot prove it.
With these functions AB i(z, ω) and B Ai(z) we can find the reflection, �!r0 , and

transmission,
�!
t0 D 1C�!r0 , amplitudes of the interface matching the wave function
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at the interface:

1C�!r0 D �!t0 , (4.260)

p AB i(z0, ω)
AB i(z0, ω)

C�!r0
p B Ai(z0, ω)
B Ai(z0, ω)

D �!t0
p AB i(z0, ω � u/2)
AB i(z0, ω � u/2)

, (4.261)

where z0 D � 3
p

2/a2 ω and letter p denotes a derivative with respect to z. From
these two equations we find

�!r0 D
p AB i(z0, ω)
AB i(z0, ω)

� p AB i(z0, ω � u/2)
AB i(z0, ω � u/2)

p AB i(z0, ω � u/2)
AB i(z0, ω � u/2)

� p B Ai(z0, ω)
B Ai(z0, ω)

. (4.262)

In a similar way we can find the reflection from inside the mirror �r0 ,

1C �r0 D  �t0 , (4.263)

p B Ai(z0, ω � u/2)
B Ai(z0, ω � u/2)

C �r0
p AB i(z0, ω � u/2)
AB i(z0, ω � u/2)

D �t0
p B Ai(z0, ω)
B Ai(z0, ω)

, (4.264)

 �r0 D
p B Ai(z0, ω � u/2)
B Ai(z0, ω � u/2)

� p B Ai(z0, ω)
B Ai(z0, ω)

p B Ai(z0, ω)
B Ai(z0, ω)

� p AB i(z0, ω � u/2)
AB i(z0, ω � u/2)

, (4.265)

and the reflection from inside at the interface at x 0 D L, �!rL ,

1C�!rL D �!tL , (4.266)

p AB i(zL, ω � u/2)
AB i(zL, ω � u/2)

C�!rL
p B Ai(zL, ω � u/2)
B Ai(zL, ω � u/2)

D �!tL
p AB i(zL, ω)
AB i(zL, ω)

, (4.267)

�!rL D
p AB i(zL, ω � u/2)
AB i(zL, ω � u/2)

� p AB i(zL, ω)
AB i(zL, ω)

p AB i(zL, ω)
AB i(zL, ω)

� p B Ai(zL, ω � u/2)
B Ai(zL, ω � u/2)

, (4.268)

where zL D � 3
p

2/a2(ω � aL). With these expressions we can write down the
transmission through the plate:

�!
TL D

AB i(zL, ω � u/2)
AB i(z0, ω � u/2)

[1C�!r0 ][1C�!rL ]

1� [1C �r0 ][1C�!rL ]
AB i(zL, ω � u/2)
AB i(z0, ω � u/2)

B Ai(z0, ω � u/2)
B Ai(zL, ω � u/2)

. (4.269)

The dependences of jr l0(ω)j 
 j�!r0 j and jT l(ω)j 
 j�!TLj on ω are shown in Fig-
ures 4.40 and 4.41. With (4.269) we can construct the transmitted wave

φ(x 0, t) D
Z

dω
�!
TL(ω)

AB i(z)
AB i(zL)

exp(�i ω t) , (4.270)
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Figure 4.40 Dependence of j�!r0 j on ω.

Figure 4.41 Dependence of j�!TL j on ω.

make the back-transformation to laboratory reference frame, and find the function
Ψ (x , t) and its Fourier expansion

Ψ (x , t) D
Z

dE ΨF (E ) exp(i kE x ,�i E t) . (4.271)

Then jΨF (E )j2kE / k will give the spectrum of transmitted neutrons.
This program has not been realized yet. It represents a good start for research

which is important both for mathematics and physics.

4.8.3
Vibrating Mirror

In practice, experiments on acceleration are performed with an oscillating mirror.
If the oscillation period T is large compared with the flight time, t f , of neutrons
through the mirror, then for every neutron the mirror has some constant accelera-
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tion [223]. If not, we should use the full quantum theory for neutron scattering on
an oscillating object [38].

In the experiment reported in [38] the total reflection of neutrons by a vibrating
mirror was investigated. Let us consider a semi-infinite mirror of potential u vi-
brating with frequency ω. The position of the interface changes in time as a(t) D
a0 sin(ω t), where a0 is the oscillation amplitude. We cannot find a good analytical
compact solution for such a problem, but it is clear what we can find. In the case
a0 � λ c 
 1/

p
u, we can apply perturbation theory, which is linear in a(t). This

theory will give us three peaks in the spectrum of reflected neutrons. The middle
one is the elastic peak with energy equal to the energy E0 of the incident neutron,
and the two side peaks (they are called Stokes and anti Stokes) have energies ener-
gies E0�„ω, respectively. When a0 increases, we have to take into account the sec-
ond-order perturbation, which is proportional to a(t)2. This gives five peaks in the
spectrum of reflected neutrons. The two new side peaks have energies E0 � 2„ω.
In the case of small oscillation frequencies ω � ω c D vc/λ c � 108 s�1, where
vc is the critical neutron speed and λ c is the critical penetration depth, the spec-
trum of the reflected neutrons will be determined by the relative neutron speeds
v D v0 � Pa(t) with respect to the moving mirror, and we can calculate the reflec-
tion as if the mirror had uniform motion at time t. All that was calculated and
experimentally checked in [38].

4.8.4
Diffraction by a Moving Grating

Some experiments were performed with moving gratings [224]. To calculate scat-
tering from a moving grating we need only to transform the incident plane wave to
the reference system moving with the grating. In this system scattering from the
grating gives diffraction peaks16). This means that the component kk of the neutron
wave vector parallel to the grating plane will change after reflection to kkC 2πn/d,
where n is an integer and d is the period of the grating. Since the diffraction on
the grating is an elastic process, the normal component of the neutron wave vector
after diffraction becomes k? D

p
k2 � (kk C 2πn/d)2.

If the grating moves with speed v parallel to the grating plane, then the neutron
wave vector component parallel to the grating plane relative to the grating is k 0k D
kk � v . After diffraction its wave components become k0dk D kk � v C 2πn/d and

k0d? D
q

k2
? C (kk � v )2 � (kk � v C 2πn/d)2

D
q

k2 � (kk C 2πn/d)2 C 4πv n/d .

Transformation back to the laboratory reference frame gives kdk D kk C 2πn/d
as in diffraction from a nonmoving grating, but the normal component does not
change after such transformation. Therefore, the total neutron energy after diffrac-
tion from the moving grating changes. The change is greater the smaller is the

16) Diffractions will be considered in Chapter 7.
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grating period d. A grating with decreasing period can transform a continuous
beam of neutrons into bunches, because it transfers greater energy to later neu-
trons than to earlier ones. The neutron density in the bunches at some moment of
time can be considerably higher than in the previous continuous beam. This effect
is called time focusing and it was demonstrated in [224].

4.9
Conclusion

The main topic in this chapter was the method, presented in Section 4.4, which
was used for solution of one-dimensional problems. We illustrated the effective-
ness of the method on several examples, but the field of application is much wider.
We want to point out some unsolved problems. It is not known whether the mul-
tiple reflection used in this method is a real physical process. From the physical
point of view, multiple reflections from two separated mirrors should proceed in
time, though in stationary quantum mechanics they were considered as occurring
with infinite speed or instantly. This seems unbelievable. Therefore, investigation
of the transition processes in two-mirror system would be very important for our
understanding of quantum mechanics.

We are dealing here with neutron optics, however the method developed here
is applicable in many other areas. It is applicable to X-rays, to acoustics, elastic
waves, and even corpuscular physics. Moreover, it is applicable not only to one-
dimensional, but also to three-dimensional problems. This is what we shall talk
about in the following pages.
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5
One-Dimensional Scattering of Neutrons with Spin

In the previous chapter, the neutron was treated as a scalar particle, but it possesses
spin and along with it a magnetic moment, because of which it can interact with a
magnetic field. In this chapter we take this property into account.

A spinor particle is described by two functions, which can be arranged in a col-
umn,

jψ(r)i D
�

ψu(r)
ψd (r)

�
D ψu(r)j
 ui C ψd (r)j
 di , (5.1)

where indices u and d point to the up and down components of the spinor, respec-
tively, and we introduced two unit spinors,

j
 ui D
�

1
0

�
, j
 di D

�
0
1

�
, (5.2)

which represent a basis in the spinor space.
With the introduction of the spinor we enter a dense mist of quantum ideology,

which is marked by phrases and words such as wave-packet collapse, entangled
states, and teleportation. We shall devote some pages to it in Chapter 10, but here
we ignore it, and show how to work with a spinor, demonstrating that it is related to
an absolutely classical object. In quantum physics it is a common to talk about ob-
servables represented by Hermitian operators, and we want to say that no observable
was ever observed!

The two coefficients Cu,d in the combination jψi D Cuj
 uiC Cd j
 di determine
a classical vector – the spin arrow, which is defined as

s D hψjσjψi ,

where σ D (σx , σ y , σz ) are Pauli matrices:

σx D
�

0 1
1 0

�
, σ y D

�
0 �i
i 0

�
, σz D

�
1 0
0 �1

�
, (5.3)

hψ(r)j D C�u h
 uj C C�d h
 d j, the star means complex conjugate, and h
 u,d j are
transposed basic spinors: h
 uj D (1, 0), h
 d j D (0, 1), so h
 u,d jj
 u,di D 1,
h
 d,ujj
 u,di D 0.
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When we know the direction of the spin arrow, we also know the orientation
of the magnetic moment μ D μn s D �jμnjs, where μn D �1.91 μNB, μNB D
e„/2mc D 5 	 10�24 erg/G is the Bohr magneton. A neutron interacts with the
magnetic field B via its magnetic moment. But this interaction is described with
the operator �μ 	 B D jμnjσ 	 B, and not with the dot product �μn(s 	 B) [225].
This is an essential feature of quantum mechanics. The Schrödinger equation for
the wave function jΨ (r, t)i of a neutron with spin is

i
m
„

@

@t
jΨ (r , t)i D

�
�Δ

2
C m
„2 U(r, t) � m

„2 μ 	 B(r, t)
�
jΨ (r , t)i , (5.4)

where U(r , t) is an external potential, which together with B can, in general, de-
pend on time and coordinates. The equation can be simplified. For that we re-
place t„/m with new time variable t, mjμnjB/„2 with new magnetic field B, and
2mU(r , t)/„2 with u(r, t)17). As a result, we obtain

i
@

@t
jΨ (r , t)i D

�
1
2

[�Δ C u(r, t)]C σ 	 B(r , t)
�
jΨ (r, t)i . (5.5)

This chapter is devoted to one-dimensional problems: the potential u and the
field B will depend only on a single coordinate x, and the magnetic field can al-
so contain dependence on time. Therefore, the wave function jΨ (r, t)i is repre-
sentable as

jΨ (r , t)i D exp(i kk rk � ijkkj2 t/2)jΨ (x , t)i , (5.6)

where rk D (0, y , z), and kk denotes components of the vector k parallel to the
plane (y , z). Substitution of Eq. (5.6) into Eq. (5.5) leads to

i
@

@t
jΨ (x , t)i D

�
�1

2
@2

@x2 C
u(x )

2
C σ 	 B(x , t)

�
jΨ (x , t)i . (5.7)

If B does not depend on time, we can use a stationary solution, jΨ (x , t)i D
exp(�i k2

x t/2)jΨ (x )i. Substitution of this into Eq. (5.7) leads to�
@2

@x2
C k2 � u(x )� 2σ 	 B(x )

�
jΨ (x )i D 0 , (5.8)

where we removed index x in k2
x for simplicity.

From now on we will use Eqs. (5.8) and (5.7) most of the time. The stationary
equation is used to find the reflection from and the transmission through magnetic
mirrors and magnetic multilayered systems. The nonstationary equation is needed
to study the interaction of neutrons with periodic fields, which are used to rotate
the direction of the neutron spin arrow.

First, we will consider reflection from a semi-infinite magnetic mirror. This prob-
lem is similar to that of reflection of a scalar particle from a potential step; however,

17) It is useful to keep the factor 1/2, which
always accompanies the kinetic energy.
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now the reflection and transmission amplitudes are not numbers, r, t, but matrices,
Or, Ot. Because of that, the physical content of the process becomes richer: reflection
and refraction can be accompanied by multiray beam splitting.

After that we will solve the problem of reflection from a magnetic mirror of a
finite thickness (potential barrier analogy) and will find equations for a periodic
multilayered system. Because of the matrix nature of the reflection and transmis-
sion amplitudes for one period, the equation for the full reflection amplitude OR is
more complex and in general cannot be solved. However, the solution can be found
numerically with an algorithm similar to the matrix method described in previous
chapter.

Then we will look at nonstationary processes, consider experimental methods
of polarization, rotation and analysis of polarization of neutron beams, and inves-
tigate some interesting phenomena related to the dynamics of the neutron spin,
such as particle–wave duality, spin echo, and neutron holography.

5.1
Reflection from a Magnetic Mirror

The reflection of a neutron in a magnetic field from a semi-infinite magnetized
mirror is found similarly to the reflection of a scalar particle from a potential step.
The stationary equation is

�
� @2

@x2 C u0Θ (x > 0)C 2σ 	 B o Θ (x < 0)C 2σ 	 B i Θ (x > 0) � k2
�

jΨ (x )i D 0 .

(5.9)

The interaction potential contains the optical potential of the mirror material, u0,
and the constant and homogeneous magnetic fields outside, B o (x < 0), and in-
side, B i (x > 0), the mirror. To solve Eq. (5.9) we need to define the incident wave.

5.1.1
Plane Wave in a Homogeneous Magnetic Field

The incident wave should satisfy the Schrödinger equation in the space outside the
mirror, which is however not a free space as it contains the magnetic field B o ,�

� @2

@x2 C 2σ 	 B o � k2
�
jΨ (x )i D 0 . (5.10)

For arbitrary polarization j
 i
j
 i D αuj
 ui C αd j
 di (5.11)

where complex numbers αu,d satisfy the normalization condition jαuj2 C jαd j2 D
1, and “up” and “down” are defined by the direction of the external field B o , the
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solution can be represented in the form

jΨ (x )i D αu e i kux j
 ui C αd e i kd x j
 d i D
�

αu exp(i kux )
αd exp(i kd x )

�
, (5.12)

where ku,d D
p

k2 � 2Bo . If we take into account that any function f (σz ) has the
same eigenvectors j
 u,di as the matrix σz , and its eigenvalues are f (˙1), then the
above expression can be simplified to

jΨ (x )i D exp(i Ok o x ) (αuj
 ui C αd j
 di) D exp(i Ok o x )j
i , (5.13)

where Ok o D
p

k2 � 2σ 	 B o . Since j
 i is an arbitrary spinor, we can represent solu-
tion Eq. (5.13) in the form jΨ (x )i D Ψ (x )j
i, where

Ψ (x ) D exp(i Ok o x ) (5.14)

is a plane wave matrix.

5.1.1.1 A Fundamental Question of Quantum Mechanics
Note that the incident wave has a well-defined energy k2/2, and its two spin compo-
nents propagate with different velocities. It is usually understood that the arbitrarily
polarized neutron belongs to a coherent superposition of two states with different
velocities. Because of the difference in velocities, the neutron polarization precess-
es in the external field. However, the following question arises: what happens to
a neutron when the two components separate by a large distance? We know that
the plane wave is only a single component of a wave packet, and the wave packet
has a finite width, say, l which we can call “coherence length”. So, what happens if
the two components separate by a distance > l? Then n neutrons with their polar-
ization given by Eq. (5.12) separate into njαuj2 neutrons polarized along the field
and njαd j2 neutrons polarized against the field, at the distance L D l ku/(kd � ku)
from the entry point. Moreover, the njαd j2 neutrons arrive at point L earlier than
the njαuj2 neutrons, and the time difference is

Δ t D l/ kd . (5.15)

Such a possibility had never been checked. Instead, it is common to believe that the
velocity of the neutrons with polarization Eq. (5.12) is given by the average velocity
of the two components,

k D jαuj2ku C jαd j2kd . (5.16)

5.1.2
Solution of Eq. (5.9)

We are now ready to tackle the solution of Eq. (5.9) with the incident wave exp(i Okx ).
We are looking for a solution in matrix form,

Ψ (x ) D Θ (x < 0)
�

exp(i Ok o x )C exp(�i Ok o x )Or
	
C Θ (x > 0) exp(i Ok i x )Ot ,

(5.17)
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where Or and Ot are the reflection and refraction amplitude matrices, and Ok i Dp
k2 � u � 2σ 	 B i is the wave vector operator inside the medium. To find Or and Ot,

we need to match the wave function (5.17) and its first derivative at the interface.
We then obtain

OI C Or D Ot , Ok o( OI � Or) D Ok i Ot , (5.18)

where OI is the unit matrix. It follows that

Or D ( Ok o C Ok i )�1( Ok o � Ok i ), Ot D OI C Or D ( Ok o C Ok i )�12 Ok o . (5.19)

These matrices can be used to obtain the probabilities of reflection with and with-
out flip of the polarization. To find them let us first rewrite the reflection ma-
trix (5.19) to show explicitly the dependence of the wave vectors Ok o,i on the ma-
trices σ and the fields B o,i :

Or D
� Ok o(σ 	 B o)C Ok i (σ 	 B i )

	�1� Ok o(σ 	 B o) � Ok i (σ 	 B i )
	

. (5.20)

Consider reflection for neutrons polarized along or oppositely to the field B o , that
is, if j
 0i D j
 ui or j
 di, respectively. The diagonal elements of the reflection
matrix h
 u,d jOrj
 u,di define the probability amplitudes without spin flip, whereas
the nondiagonal matrix elements define the probability amplitude of the reflection
with spin flip. To find these elements, we need to define the properties of the Pauli
matrices σ and the properties of spinor states.

5.1.2.1 Properties of the Pauli Matrices and Spinor States
The basic properties of the Pauli matrices are

σx σ y D i σz , σ y σz D i σx , σz σx D i σ y ,

σ2
x ,y ,z D 1 , σ i σ j D �σ j σ i for i ¤ j . (5.21)

These equations can be used to derive other relations, which include Pauli matri-
ces:

1. For two arbitrary vectors a and b,

(σ 	 a)(σ 	 b) D (a 	 b)C i σ(a � b) , (5.22)

where (a � b) is the vector product of a and b. This relation can be easily
verified using Eq. (5.21).

2. Every spin state has a polarization along some unit vector a, and we denote
such a state as jai.

3. Every state jbi polarized along a unit vector b can be represented as

jbai D
OI C b 	 σp

2(1C (b 	 a))
jai (5.23)

for arbitrary a. We will call jai a reference state. In cases where the nature
of the reference state is not important, we will omit the index a.
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4. Every matrix B 	 σ with B/B D b has eigenvalues ˙B and eigenvectors
j ˙ bi:

Bσj ˙ bi D Bσ
OI ˙ bσp

2(1˙ (b 	 a))
jai D ˙B

OI ˙ bσp
2(1˙ (b 	 a))

jai

D ˙Bj ˙ bi . (5.24)

5. The eigenvectors of an arbitrary function f (A 	 σ) with A/A D a coincide
with the eigenvectors of the matrix aσ, and the eigenvalues are equal to
f (˙A):

f (A 	 σ)jai D f (˙A)jai . (5.25)

To prove this one can represent the function f (A 	 σ) in terms of the Taylor
series in powers of (A 	 σ).

6. An arbitrary function f (A 	 σ) can be represented as

f (A 	 σ) D f C(A)C A 	 σ
A

f �(A) ,

where f ˙(A) D 1
2

[ f (A)˙ f (�A)] . (5.26)

For instance,

exp(i A 	 σ) D cos AC i
(A 	 σ)

A
sin A . (5.27)

7. The diagonal matrix element of the matrix A 	 σ between states jbi is

hbjA 	 σjbi D (A 	 b) . (5.28)

To prove it we substitute

jbi D 1
2

[ OI C b 	 σ]jbi (5.29)

into (5.28) and use relations (5.22):

hbjA 	 σjbi D hbj1
2

[ OI C b 	 σ]A 	 σ 1
2

[ OI C b 	 σ]jbi D (A 	 b) . (5.30)

8. The states jbai and jba0i for different reference states jai and ja0i differ only
by a numerical phase factor. For instance, suppose the state ja0i is defined
as ja0i D exp(i αb 	 σ)jai. The phase difference of two states jbai and jba0i
is

hbajjba0i D hbaj
OI C b 	 σp

2(1C (b 	 a))
exp(i αb 	 σ)jai

D hbaj exp(i αb 	 σ)jbai D e i α . (5.31)
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9. The nondiagonal matrix element of the matrix A 	 σ between states j ˙ bi
on one side is

h�bjA 	 σjbi D h�bj (A� b (b 	 a)) 	 σjbi D h�bj[b � [A � b]] 	 σjbi ,

(5.32)

where we used the evident equality h�bjb 	 σjbi D 0. On the other side

h�bjA 	 σjbi D h�bj(A 	 σ)
OI C b 	 σ

2
jbi D h�bj (A 	 σ)C i [A � b] 	 σ

2
jbi ,

(5.33)

from which it follows that

h�bjA 	 σjbi D h�bji [A � b] 	 σjbi . (5.34)

Expressions (5.34) and (5.33) are different, though their absolute values are
identical:

jh�bjA 	 σjbij2 D j[A � b]j2 D j[b � [A � b]]j2 . (5.35)

10. For any function f (˙A) ¤ 0,

f �1(A 	 σ) D f (�A 	 σ)
f (�A 	 σ) f (A 	 σ)

D f (�A 	 σ)
f (A) f (�A)

, (5.36)

because

f (A 	 σ) f (�A 	 σ) D f (A) f (�A) . (5.37)

As an example, let us consider a matrix OM D 1/(1 � σx � σ y ). It can be
written as 1/(1 � A 	 σ), where A D (1, 1, 0). Using (5.36), we obtain

1
1 � σx � σ y

D 1C σx C σ y

1� 2
D �1� σx � σ y .

11. For two arbitrary functions f1(A1σ) and f2(A2σ) we have

1
I C f1(A1 	 σ) f2(A2 	 σ)

D
I C f2(�A2 	 σ) f1(�A1 	 σ)

1C f C1 (A 1) f C2 (A 2)C (a1 	 a2) f �1 (A 1) f �2 (A 2)C f1(A 1) f1(�A 1) f 2(A 2) f2(�A 2)
,

(5.38)

where a i D Ai/A i . It is easy to check the validity of this result.
12. For arbitrary function f (x ), the relation

σ i f (Aσ j ) D f (�Aσ j )σ i (5.39)

is valid for all i D x , y , z ¤ j .
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5.1.2.2 Matrix Elements of the Reflection Matrix
Using Eqs. (5.36) and (5.37), we can rewrite Or Eq. (5.20) as

1
N

�
ko(�Bo)ko(Bo)� ki (�Bi)ki (Bi)

	
� 1

N

� Oko(�σ 	 B o) Oki (σ 	 B i ) � Oki (�σ 	 B i ) Oko(σ 	 B o)
	

D 1
N

�
ko(�Bo)ko(Bo)� ki (�Bi)ki (Bi)

	
C 2

N

�
(σ 	 bo)k�o kCi � (σ 	 b i )kCo k�i � i(σ 	 [b i � bo ])k�o k�i

	
, (5.40)

where b o,i D B o,i/Bo,i are unit vectors, k˙o,i D [ko,i (Bo,i)˙ ko,i(�Bo,i)]/2,

N D
� Ok o(σ 	 B o)C Ok i (σ 	 B i )

	� Ok o(�σ 	 B o)C Ok i (�σ 	 B i )
	

D (ko(Bo)C ki (Bi)) (ko(�Bo)C ki (�Bi))C 4k�o k�i sin2(θ /2) , (5.41)

and θ is the angle between B o and B i .
With Eq. (5.40) we can immediately obtain all the matrix elements of the reflec-

tion matrix Or . The diagonal ones are

h˙bo jOrj ˙ boi D 1
N

�
ko(�Bo)ko(Bo) � ki (�Bi)ki(Bi )

˙ 2[k�o kCi � (bo 	 b i )kCo k�i ]
�

, (5.42)

and the nondiagonal matrix elements with account of Eqs. (5.33)—(5.35) are

h�bo jOrj ˙ boi D �2 ih�b oj[b i � bo ]σj ˙ boi k
C
o k�i ˙ k�o k�i

N

D �ih�bo j[b i � bo ]σj ˙ boi ko(˙Bo) (ki (Bi) � ki (�Bi))
N

. (5.43)

It follows that the probability of reflection with spin flip is

w (˙! �) D k(�Bo)
k(˙Bo)

jh�bo jOrj ˙ boij2

D j[b i � bo ]j2 ko(Bo)ko(�Bo) (ki (Bi) � ki (�Bi))
2

N 2 . (5.44)

5.1.3
Triple Splitting of the Reflected Beam

The matrix elements (5.42) and (5.43) are linked to the phenomena of the triple
reflection [226, 227] and quadruple refraction for neutrons incident on a magnetic
mirror. Recall that the traditional optics deals maximum with double refraction.

Let us consider the process of reflection of unpolarized neutrons incident on a
magnetic mirror which is inside an external magnetic field B (Figure 5.1).
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S

M

B s

d

u

Figure 5.1 Experimental setup for measuring the triple splitting
of the unpolarized beam of neutrons upon reflection from a
magnetic mirror. Here, S is a neutron source, M is the magnetic
mirror, B is the external field, s is the specularly reflected ray,
and u and d are nonspecularly reflected rays, polarized along
and oppositely to the external field, respectively. The external
and the internal fields are noncollinear.

The component of the neutron velocity parallel to the mirror surface is con-
served. If no spin flip occurs upon reflection, (the probability is defined by the
square of the absolute values of the diagonal matrix elements (5.42)), then the mag-
nitude of the normal component of the velocity is also conserved, and the reflection
is specular.

The picture changes when the spin flip occurs. The total energy of the inci-
dent neutrons is equal to E D k2/2. If the incident neutron is polarized along
the magnetic field, then the reflected neutron is polarized oppositely to the field.
The potential energy in this case is reduced by 2B , whereas the total energy is un-
changed since the reflection is elastic. Therefore, the kinetic energy increases up
to (k2 C 4B)/2, where B is the external magnetic field. In the other case, when
the incident neutron is polarized oppositely to the magnetic field, and the reflect-
ed neutron is polarized along the field, the potential energy rises and the kinetic
energy decreases down to (k2 � 4B)/2.

Since the component of the velocity parallel to the interface is conserved, changes
in the kinetic energy translate into changes in the perpendicular component of

the velocity, k? !
q

k2
? ˙ 4B . Therefore, the reflection angle is also changed,

compared with the incidence angle. In general, k2
? � 4B , then the change in the

normal component of the velocity is

Δ k? D
q

k2
? ˙ 4B � k? � ˙2B/ k? ,

where the upper, C, sign corresponds to reflected neutrons polarized oppositely to
the field, and the lower, �, sign corresponds to reflected neutrons polarized along
the field. The change in the reflection angle can be found approximately as

Δθ D Δ k?
k
� ˙2B

k2

k
k?
� ˙ B

E θ
,

where θ is the grazing angle, which for thermal neutrons under total reflection
is equal to a few milliradians. Thus, the change in the reflection angle due to a
magnetic field of 1 kG is equal to few tenths of milliradians. At a distance of 1 m
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from the mirror, this angle translates into just a fraction of a millimeter deviation
from the specular reflection.

In summary, the reflection of a nonpolarized neutron beam from a magnetic
mirror, with its magnetization noncollinear to the external field, creates three re-
flected beams. Whereas the specularly reflected beam remains unpolarized, the
adjacent beams are polarized. The beam which is located closer to the interface
is polarized along the magnetic field, and the other beam is polarized against the
magnetic field.

The intensity of the reflected beam polarized along the magnetic field, I(μkB),
is less than the intensity, I(μk � B), of the other polarized beam. Indeed, for the
same normal component k? of the incident neutrons for both polarizations, the
flux kw (C ! �) from the mirror of beam d in Figure 5.1 according to Eq. (5.44)
contains the factor k2

?k?(�2B), whereas that for beam u contains the factor
k2
?k?(2B) < k2

?k?(�2B). In the case of strong external fields and small grazing
angles, the intensity of beam u can be suppressed. Normally, however, the field B is
much less than the kinetic energy k2

?/2, and both beams u and d are approximately
equal in intensity:

Iu,d � I0
�
[B i � b]/ k2

?
�2

,

where I0 is the incident beam intensity. Upon saturation, Bi? is approximately
10 kG and the intensities of the polarized parts of the reflected triple can reach
10% of I0.

Despite the small changes in the reflection angle, the reflected beam splitting has
been observed experimentally [227–231]. These experiments confirmed the theoret-
ical predictions [226] and created opportunities for applying the splitting effect to
study magnetic materials [232].

5.1.3.1 A Fundamental Question
The process of reflection from a magnetic mirror is a coherent process, where
the incident neutron state with a given velocity is transformed into a coherent
superposition of spinor states with different velocities, different in values and in
directions. Upon propagation, the reflected components can separate by a large
distance (beam splitting is very visible in the experiment [227]), which leads to
an important question: when does the coherent state decay? Experimentally, it is
possible to estimate the coherence length of a neutron by placing some sort of
analyzer, orientated perpendicular to the external field, in the reflected beam. The
transmission through the analyzer will oscillate with the distance of the analyzer
from the mirror owing to the spin precession. The amplitude of the oscillations
will decrease with increasing separation of the reflected beam components. This
rate of decrease of the oscillations depends on the difference in the angles and on
the coherence length (or “size”) of the neutron [192]. No experiment has yet been
performed to see this effect.
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5.1.3.2 Scalar Aharonov–Bohm Effect
When a polarized neutron with momentum k propagates along distance L in free
space, its wave function acquires a phase factor exp(i kL) with phase kL. When this
neutron enters magnetic field B parallel to its spin, its momentum k changes to
k 0 D pk2 � 2B, and propagation in this field along distance L will give the phase
factor exp(i k 0L) with phase k0L. The difference Δ' D (k � k0)L depends on k
and B.

If the same neutron propagates in empty space, and the magnetic field is sud-
denly switched on for time T, then the neutron’s speed does not change, but the
neutron’s energy E in the field changes to E 0 D E C B . The field changes the
neutron’s wave function from exp(i kx � i E t) to exp(i kx � i(E C B)t). Therefore,
during time T of the field action the neutron acquires the additional phase fac-
tor exp(�i BT ) with phase �BT , which does not depend on the neutron’s speed.
This phenomenon is called the scalar Aharonov–Bohm effect. The phase �BT
was measured, and its independence of the neutron’s speed was demonstrated
in [233].

5.1.3.3 Comments on Dipole and Current Models of the Neutron Magnetic Moment
In the discussion of the fundamental properties of the neutron, it is worth men-
tioning a question which was discussed some time ago [121]: whether the neutron
magnetic moment is a dipole or a loop current. According to the experiment report-
ed in [121] it should be a current, because reflection from magnetic mirrors shows
that there are two limiting energies for two opposite spin polarizations, whereas for
the dipole mode there should be a single limiting energy. However, this conclusion
is wrong, because quantum mechanics predicts two limiting energies u ˙ B for
both models, so for neutron optics the question is meaningless.

5.2
Algebra of Magnetic Mirrors

Let us generalize the scalar algebra developed in Chapter 4 to spinor particles with
magnetic interactions.

5.2.1
Magnetic Mirror of Finite Thickness

Consider the problem with a rectangular potential barrier (Figure 4.7). This time,
however, let us introduce a homogeneous magnetic field inside and outside the
potential barrier u0. The magnetic fields are different in both magnitude and ori-
entation. Denote B o as the external field, and B i as the field inside the mirror
(barrier) 0 � x � d. The wave with spin state j
 0i is incident from the left. De-
note OX j
 0i as the spinor amplitude of the wave incident on the right interface of
the barrier. Analogously as we did for Eqs. (4.48) and (4.47), we can easily write
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equations for OX and the reflection OR and transmission OT amplitudes,

OX D exp(i Ok i d)Ot C exp(i Ok i d)Or 0 exp(i Ok i d)Or0 OX , (5.45)

OR D Or C Ot0 exp(i Ok i d)Or0 OX , OT D Ot0 OX , (5.46)

where

Or D ( Ok o C Ok i )�1( Ok o � Ok i ) D �Or0 , Ot D I C Or , Ot0 D I � Or . (5.47)

The solution of Eq. (5.45) is

OX D
�

OI � exp(i Ok i d)Or exp(i Ok i d)Or
	�1

exp(i Ok i d)Ot . (5.48)

Substitution of Eqs. (5.48) into (5.46) gives OR and OT ,

OR D Or � Ot0 exp(i Ok i d)Or
�

OI � exp(i Ok i d)Or exp(i Ok i d)Or
	�1

exp(i Ok i d)Ot ,

OT D Ot0
�

OI � exp(i Ok i d)Or exp(i Ok i d)Or
	�1

exp(i Ok i d)Ot . (5.49)

By using the properties of the Pauli matrices given on page 195, we can obtain all
the matrix elements in analytical form, or we can obtain them numerically.

Using OX , we can also explicitly write the matrix wave function inside the mirror,

Θ (0 � x � d)Ψ (x ) D
h

e i Ok i (x�d) C e�i Ok i (x�d) Or 0
i

OX

D
h

e i Ok i (x�d) � e�i Ok i (x�d) Or
i �

OI � e i Ok i d Or e i Ok i d Or
	�1

e i Ok i d [I C Or ] . (5.50)

Multiplying it by an arbitrary spinor j
 i, we can represent it as a superposition
αu(x )j
 uiCαd(x )j
 di of states j
 u,di oriented along and against the internal mag-
netic field B i , and find their amplitudes.

5.2.2
System of Two Magnetic Mirrors

Consider a system of two potential barriers separated by distance l (see Figure 4.8),
and add magnetic fields inside and outside the barriers. The external field is ho-
mogeneous, and the fields inside the mirrors can be arbitrary. Let exp(i Okx )j
 0i be
the arbitrary polarized wave incident on the first potential, and OX j
 0i is the wave
incident on the second potential. The equation for OX is then

OX D exp(i Ok l)Ot1 C exp(i Ok l)Or1 exp(i Ok l)Or2 OX . (5.51)

The solution to this equation is

OX D
�

OI � exp(i Ok l)Or1 exp(i Ok l)Or2

	�1
exp(i Ok l)Ot1 . (5.52)



5.2 Algebra of Magnetic Mirrors 203

The reflection and transmission amplitudes for the full system are given by

OR12 D Or1 C Ot1e i Ok l Or2 OX D Or1 C Ot1e i Ok l Or2

�
OI � e i Ok l Or1e i Ok l Or2

	�1
e i Ok l Ot1 , (5.53)

OT 12 D Ot2 OX D Ot2

�
OI � e i Ok l Or1e i Ok l Or2

	�1
e i Ok l Ot1 . (5.54)

When l ! 0, we obtain a more simplified version,

OR12 D Or1 C Ot1 Or2

�
OI � Or1 Or2

	�1 Ot1 , OT 12 D Ot2

�
OI � Or1 Or2

	�1 Ot1 , (5.55)

which can be obtained from equations

OX D Ot1 C Or1 Or2 OX , OR12 D Or1 C Ot1 Or2 OX , OT 12 D Ot2 OX . (5.56)

5.2.3
Standing Waves

Methods used in the scalar case can be used to treat multiple magnetic mirror sys-
tems. We can then obtain the reflection amplitudes with and without the spin flip,
the transmission amplitudes, and a full wave function. Normally, only the reflec-
tion and transmission coefficients are measured. However, it is also possible to
measure the wave function [231]. In fact, we can easily do it in the case of standing
waves [232, 247].

Standing waves appear because the incident and the reflected waves interfere
with each other. They appear outside the mirror close to the reflecting surface, as
well as inside a multilayered system. Standing waves are especially pronounced at
resonances. Because of the interference, the wave function of a standing wave is a
combination of fixed nodes and antinodes, parallel to the interface.

To measure such a wave function means measuring the location of the nodes and
antinodes. For example, placing a thin slab of a material that captures neutrons in
a node will decrease the neutron beam intensity and increase the products of the
nuclear reaction, which accompanies neutron absorption. On the other hand, such
a slab placed in an antinode is transparent for the beam and the nuclear reaction
is suppressed. If we place a slab made out of polarization-sensitive material in the
node, we will be able to observe the depolarization of the incident beam; and so
on [207].

5.2.4
Periodic System of Mirrors

Just like in the scalar case, separate the first period from the rest of the system
by an infinitesimal gap. The wave incident on the second period is then denoted
by OX . The system of equations for OX and for the reflection amplitude OR for a semi-
infinite potential is then

OX D Ot C Or OR OX , OR D Or C Ot OR OX , (5.57)
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where Or and Ot are the reflection and transmission amplitudes for a single period
(for simplicity, consider symmetrical periods). Solving the first equation for OX and
substituting the solution into the second one, we get

OR D Or C Ot OR(I � Or OR)�1 Ot . (5.58)

This equation can be reduced to a quadratic matrix equation of type

Z AZ � Z B � C Z C D D 0 , (5.59)

where Z D OR, B D Ot�1
, A D Ot�1 Or, C D Or Ot�1 Or � Ot, and D D Or Ot�1

. The last
equation cannot be solved analytically in the general case of noncommuting ma-
trices A, B, C, and D. Solution and analysis of such an equation is a challenge to

mathematicians. It is worth noting that the solution of the matrix equation OX 2 D OI
in the case of 2x2 matrices is OX D σa, where a is an arbitrary 3-dimensional unit
vector. So we see, that the number of solutions of such an equation is infinite. In

more general case OX can be represented as OX D OG OM OG�1
, where OM is a diagonal

matrix with˙1 on the diagonal, and OG is an arbitrary nonsingular matrix18).

5.2.5
A Periodic Potential with Collinear Internal Fields

One particular case when an analytical solution can be obtained is the case where
the magnetic field in the periodic system varies only in magnitude but not in di-
rection, though its direction is not collinear to the external field. In that case it is
possible to introduce an additional field B 00, collinear to the internal field and a vir-
tual interface between fields B0 and B00. Then the matrix reflection amplitude of
the whole system, which includes the additional virtual interface, is given by

OR D Or0 C ( OI � Or0) OR1
�

OI C Or0 OR1
	�1

( OI C Or0) , (5.60)

where OR1 is the matrix

OR1 D
q

( OI C Or)2 � Ot2 �
q

( OI � Or)2 � Ot2q
( OI C Or)2 � Ot2 C

q
( OI � Or)2 � Ot2

, (5.61)

which contains commuting diagonal amplitude matrices Or and Ot of a single period,

Or0 D
�
k(σB0)C k(σB00)

��1 �k(σB0) � k(σB00)
�

, (5.62)

denotes the matrix amplitude of the reflection from the virtual interface between
fields B0 and B00, and B00 is some field collinear to the internal field of the periodic
potential. In particular, we can choose B00 such that jB 00j D jB0j.
18) I am grateful to Rafael Sarkisyan for

discussion of this problem.
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In a similar way, introducing a virtual interface at the other side, we can calculate
the reflection and transmission of a finite number N of periods. Since the potential
with collinear internal fields can be treated as two separate potentials for scalar
particles, we do not continue here and refer the reader to Chapter 4.

5.2.6
Reflection from Helical Systems

A helical periodic system is one where the analytical solution (5.59) exists. In a
helical medium, the magnetization rotates clockwise or counterclockwise in space
around the normal to the interface.

5.2.6.1 Reflection from a Semi-infinite Mirror
Consider first a semi-infinite mirror at z > 0, where the magnetization vector b
rotates counterclockwise in the plane (x , y ). The orientation of the external field B0

is arbitrary. The Schrödinger equation in the medium is

�
d2

dz2 � u0 � 2b[σx cos(2qz C 2')C σ y sin(2qz C 2')]C k2
�
jψ(z)i D 0,

(5.63)

where u0 is the optical potential of the medium, and the parameter π/q defines
the rotational period of the field b. For generality we included the phase 2' of the
field b at the interface, and for convenience singled out the factor 2.

Using

σx cos(2qzC2')Cσ y sin(2qzC2') D exp(�i σz(qzC'))σx exp(i σz(qzC')),

(5.64)

and substituting

jψ(z)i D exp(�i σz(qz C '))jφ(z)i (5.65)

into Eq. (5.63), we get�
d2

dz2 � 2 i qσz
d

dz
� u0 � 2bσx C k2 � q2

�
jφ(z)i D 0 . (5.66)

The equation was solved first by Calvo [234] The solution was represented as

jφ(z)i D exp(i p z)j� pi . (5.67)

Substitution of Eq. (5.67) into (5.66) gives the equation��p 2 C 2q p σz � u0 � 2bσx C k2 � q2� j� p i D 0 , (5.68)

which is satisfied only if j� p i is an eigenspinor of operator 2q p σz � 2bσx with
eigenvalue p 2 � k2 C q2 C u0.
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I am pretty convinced that all results beyond of those previously
obtained by Calvo are incorrect and the paper should not be pub-
lished.

The referee of Physical Review B

To find the reflection even from a single interface at z D 0 with the help of eigen-
states is a boring problem, because it requires solution of a system of four linear
equations with four unknowns. Indeed, a polarized incident wave can be reflected
with and without change of polarization. Therefore, reflection is characterized by
two numbers. Inside the mirror the incident wave creates two eigenstates with am-
plitudes characterized by two other numbers. Matching of the wave function and
its derivative for two outside spin states gives four equations. It is possible to solve
them, but no one will do it without a computer.

Reflection from a mirror of finite thickness becomes an even more terrible prob-
lem, because it involves solution of eight linear equations. We do not like that, and
below we show how to avoid this procedure and to find the solution in a compact
analytical form.

The matrix solution When considering reflection from a single interface we can
represent the neutron moving into matter away from the interface by the wave [235]

jφ(z)i D exp(i [a C�!p 	 σ]z)j�i , (5.69)

with four unknown parameters a and �!p and an arbitrary spinor state j�i at z D 0.
Then, with account of Eq. (5.65), the total internal wave function becomes

jψ(z)i D exp(�i σz(qz C ')) exp(i [a C�!p 	 σ]z)j�i . (5.70)

At z D 0 we have j�i D exp(i σz')jψ(0)i, and therefore (5.70) is representable as

jψ(z)i D exp(�i σz(qz C ')) exp(i [a C�!p 	 σ]z) exp(i σz')jψ(0)i D
exp(�i σz qz) exp(i [a C�!p' σ]z)jψ(0)i , (5.71)

where �!p' 	 σ D exp(�i σz')�!p 	 σ exp(i σz').
Substitution of Eq. (5.69) into Eq. (5.66) gives the equation

h
�a2 � p 2 � 2a�!p 	 σ C 2qσz(a C�!p 	 σ) � u0 � 2bσx C k2 � q2

i
jφ(z)i

D 0 . (5.72)

The authors suggest that the solution to the Schrödinger equation
M jψi D 0 is M D 0, assuming that here jψi is an arbitrary vec-
tor. All their following calculations are based on this assumption.
This assumption, however, is principally wrong. Such a matrix
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equation is nothing but a system of two equations, which enjoys
nontrivial solutions provided that det(M ) D 0. It is principally
wrong to try to force M to be zero.

A referee of Physical Review B

We find no reason to doubt our referees expertise or their ability to
competently review your manuscript.

The editor of Physical Review B after our explanations.

An equation of the type OM jφ(z)i D 0 with a constant matrix OM has three types
of solutions. The first one is trivial: jφ(z)i D 0. We are not interested in it. The
second type is obtained when det M D 0. In that case jφ(z)i is a constant spinor
which does not depend on z. We are not interested in such a solution either. In fact,
we should find the solution of the equation OM jφ(z)i D 0 for an arbitrary z and an
arbitrary state jφ(z)i. It is arbitrary because of the arbitrariness of jφ(0)i and z.

The authors suggest that the solution to the Schrodinger equation
M jφi D 0 is M D 0, assuming that here jφi is an arbitrary
vector. All their following calculations are based on this assump-
tion. This assumption, however, is principally wrong. An equation
M jψi D 0, where jψi is not a wave function but an arbitrary vec-
tor, as the authors assume, is not the Schrodinger equation but
something strange, having no relation to physics. Misinterpreting
the Schrodinger equation makes all further authors’ manipula-
tions with formulas without physical meaning. The manuscript is
basically wrong and has to be rejected.

Anonymous referee of Phys.Rev. B

In that case Eq. (5.72), which is of the form OM jφ(z)i D 0 with a constant ma-
trix OM , can be satisfied only if OM D 0, which gives

�[a2C p 2C u0� k2C q2] OI �2a�!p 	 σC2qσz(aC�!p 	 σ)�2bσx D 0 , (5.73)

where OI is the unit matrix. This is equivalent to a system of four equations for
parameters a and �!p :

�a2 � p 2 C 2q�!pz � u0 C k2 � q2 D 0 , (5.74)

� 2a�!pz C 2qa D 0 , �2a�!px � 2 i q�!p y � 2b D 0 ,

� 2a�!p y C 2 i q�!px D 0 . (5.75)

The three Eqs. (5.75) give

�!pz D q , �!px D ab
q2 � a2 , �!p y D i

qb
q2 � a2 . (5.76)

Substitution of these expressions into Eq. (5.74) gives the equation for a:

�a2 C q2 � b2

a2 � q2
� u0 C k2 � q2 D 0 , (5.77)
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The solution to this equation is

a D
vuutq2 C

 p
K2 C 2b CpK2 � 2b

2

!2

, (5.78)

where K2 D k2 � u0 � q2. The sign inside the root is chosen such that the param-
eter a coincides with k 0 D pk2 � u0 when b D 0.

Let us now find the reflection and refraction amplitudes for the wave exp(i Ok0z)
j�0i incident on the interface from a vacuum z < 0. The full wave function is

jψ(z)i D Θ (z < 0)
�

exp(i Ok0z)C exp(�i Ok0z)Or
	
j�0i

C Θ (z > 0) exp(�i σz qz) exp(i [a C�!p' 	 σ]z)Otj�0i , (5.79)

where Or and Ot are the matrix reflection and transmission amplitudes, Ok0 Dp
k2 � 2B0σ, and j�0i is an arbitrary spin state of the incident wave.
By matching the wave function (5.79) and its derivative at z D 0, we obtain

OI C Or D Ot , Ok0[ OI � Or ] D [a OI � qσz C�!p' 	 σ]Ot 
 (a OI C�!p 0' 	 σ)Ot , (5.80)

where

�!p 0' 	 σ D �!p' 	 σ � qσz D exp(�i σz')(�!px σx C�!p y σ y ) exp(i σz') . (5.81)

The solution to Eq. (5.80) is

Or D ( Ok0 C a OI C�!p 0' 	 σ)�1( Ok0 � a OI ��!p 0' 	 σ) , Ot D OI C Or . (5.82)

At b D 0 the amplitudes are reduced to

Ot D 2 Ok0

Ok0 C k0
, Or D

Ok0 � k0

Ok0 C k0
, k0 D

p
k2 � u0 , (5.83)

Figure 5.2 Wave-vector dependence of (a) the
reflection coefficients without (solid line),
jr��j2, and with (dashed line), jrC�j2,
spin flip for the initial polarization (right
subscript -) in the direction opposite the
z-axis, which is parallel to the inward nor-

mal to the mirror, and (b) the respec-
tive reflection coefficients jrCCj2 (sol-
id line) and jr�Cj2 (dashed line) for the
initial polarization directed along the
z-axis. The external field B o is zero.
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which is expected, since rotation does not matter when b D 019). When q D 0, the
above expressions become the reflection and transmission amplitudes for a mirror
with constant internal field b.

By means of Eq. (5.82), it is easy to obtain the reflection coefficients with and
without spin flip. Figure 5.2 shows the calculation results for the simplest case
B0 D 0. The calculations were performed with a wave-vector length unit equal top

b, and with parameters u0 D 4 � 0.01i , q D 3, and, correspondingly, b D 1.
It is clearly seen that for one polarization there is a resonant reflection with spin
reversal. It is a very important feature of helical systems.

Two referees have attempted to explain to the authors what solving
the Schrodinger equation entails. The authors refuse to accept
these standard arguments. I cannot see any point in continuing
the discussion.
I do not recommend publication.

Nonanonymous referee of the Phys.Rev. B editorial board

5.2.6.2 Reflection from the Interface from within the Mirror
Earlier we considered a wave which travels to the right and falls on the interface
of the mirror from a vacuum. To find the reflection and transmission amplitudes
for a mirror of finite thickness L, we also need to find the amplitudes for a wave
incident on an interface from within the mirror. The wave traveling to the left inside
the medium is

jψ(z)i D exp(�i σz(qzC')) exp
�
�i [a C �p 	 σ]z

	
exp(i σz')jψ(0)i , (5.84)

where �p ¤ �!p . By substituting exp(�i [a C �p 	 σ]z)j�i into Eq. (5.66), we obtain

�[a2C p 2Cu0�k2Cq2] OI�2a �p 	σ�2qσz

�
a C �p 	 σ

	
�2bσx D 0. (5.85)

Notice that this equation differs from Eq. (5.72) only in the sign in front of q. There-
fore, the solutions are

 �pz D �q D ��!pz ,  �px D ab
q2 � a2 D �!px ,  �p y D �i

qb
q2 � a2 D ��!p y .

(5.86)

We can now write the total wave function when the incident wave originates from
inside the mirror as

jψ(z)i D Θ (z < 0)Ot0 exp(�i Ok0z)j�0i
C Θ (z > 0) exp(�i σz qz)

h
exp

�
�i [a C �p' 	 σ]z

	
C exp(i [a C�!p' 	 σ]z)Or 0

i
j�0i . (5.87)

19) In the following we shall frequently replace
the unit matrix OI by 1
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By matching this function and its derivative at the interface, we obtain

Or 0 D
h Ok0 C a C�!p 0' 	 σ

i�1 h
a C �p 0' 	 σ � Ok0

i
, Ot0 D I C Or 0 , (5.88)

where

 �p 0' 	 σ D exp(�i σz')
� �px σx C �p y σ y

	
exp(i σz') .

It is clear that if the internal magnetic field rotates clockwise instead of counter-
clockwise, the parameter q changes its sign, and �!p and �p swap their places in the
equations.

5.2.6.3 Reflection from a Plate of Finite Thickness
Let us find the reflection and transmission amplitudes for a plate of finite thick-
ness L. First, we need to the find reflection and transmission amplitudes at the
second interface. For convenience, let us place the origin at z D L. The wave func-
tion near it is

jψ(z)i D Θ (z < 0)e�i qσz z
�

e i
�

aC�!p' �σ
	

z C e�i(aC�!p' �σ)z Or 00
�
j�0i

C Θ (z > 0)e i Ok0 z Ot00j�0i , (5.89)

where Ot00 ¤ Ot0, Or 00 ¤ Or0, and ' is different from the angle at the first interface. By
matching the function at the interface,

Ot00 D 1C Or 00 , Ok0 Ot00 D �
h

a C �p 0' 	 σ
i

Or 00 C a C�!p 0' 	 σ , (5.90)

we get

Or 00 D
h Ok0 C a C �p 0' 	 σ

i�1 h
a C�!p 0' 	 σ � Ok0

i
. (5.91)

Note that at a distance �L from the second interface the reflected wave is

exp(i qσz L) exp
�

i [a C �p' 	 σ]L
	

Or 00 . (5.92)

We are now ready to consider reflection from a plate. Assume for simplicity that
at the first interface ' D 0, then at the second interface ' D qL. Denote OX the
wave incident on the second interface. For OX we can write down the equation

OX D e�i qσz L e i(aC�!p �σ)L Ot C e�i qσz L e i(aC�!p �σ)L Or 0e i qσz L e i(aC�!pqL �σ)L Or 00 OX .

(5.93)

The solution to the above equation is

OX D
h
1� e�i qσz L e i(aC�!p �σ)L Or 0e i qσz L e i(aC �pqL �σ)L Or 00

i�1

� e�i qσz L e i(aC�!p �σ)L Ot . (5.94)
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Figure 5.3 Wave-vector dependence of (a)
the reflection coefficients without (solid line),
jR��j2, and with (dashed line), jRC�j2,
spin flip for the initial polarization (right sub-
script -) in the direction opposite the z-axis,
which is parallel to the inward normal to the

mirror, and (b) the respective transmission
coefficients jT��j2 (solid line) and jTC�j2
(dashed line) for the initial polarization direct-
ed opposite the z-axis. The external field B o is
zero.

The reflection, OR, and transmission, OT , amplitudes are then

OR D Or C Ot0 exp(i qσz L) exp
�

i [a C ��p qL 	 σ]L
	

Or 00 OX , OT D Ot00 OX . (5.95)

By means of Eq. (5.95), it is easy to obtain the reflection coefficients with and
without spin flip. Figure 5.3 shows the results of the calculation for the simplest
case B0 D 0. The calculations were performed with a wave-vector length unit equal
to
p

b and with the parameters u0 D 4� 0.01i , q D 3, L D 8 and, correspondingly,
b D 1. It is clearly seen that for one polarization there is a resonant reflection
with spin reversal. The transmission coefficient for this polarization is strongly
suppressed.

This manuscript was handled appropriately and professionally.
The editor clearly found competent referees with good publica-
tion and review histories. As is always the case with peer review,
the editor made a well reasoned decision based on the material at
hand. This manuscript did not meet the PRB criteria for publica-
tion and as such was rejected after a number of rounds of review.
You were given opportunities to respond directly to the concerns
of the referees and they remained unconvinced.

Editorial Director of American Physical Society

Everything described in this paragraph is also valid in the case of the presence of
a constant internal field B parallel to z. The main difference will be in the form of
Eq. (5.77), which will become cubic with respect to a2.

We discussed reflection from a helical system. The same approach can be applied
to fanlike systems, where the internal field rotates not in the plane parallel to the
interface, but in a perpendicular plane: B fan(z) D (B0, B1 cos(2qz), B1 sin(2qz)).
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The field B fan(z) which models perpendicular exchange-spring multilayer [236,
237] and can be relevant to a pseudomagnetic field created by spin–spin neutron–
nucleus interaction. The approach is identical to the above one, and the results are
almost identical [238].

Magnets with a rotating field are called spring magnets. They can be prepared
by evaporating a soft magnetic layer with small coercive force upon a hard mag-
netic layer with strong coercive force [241, 242]. After magnetization in a saturated
magnetic field, the external induction is diminished to a small value and changes
its direction. Then magnetization in the soft layer is on one side is tied to the mag-
netization of the hard layer, and near the vacuum it follows the external field. So it
rotates along the depth coordinate. Spring magnets have been studied theoretical-
ly [243] and experimentally with neutron reflectometers [244].

5.2.6.4 Violation of Fundamental Principles in Helical Systems
It is important to notice that with helical systems we meet violation of time-re-
versal symmetry and violation of the detailed-balance principle [238]. Violation of
the time parity is seen in the presence of correlation between neutron spin s and
helicoidal vector qWsq in transmission. On reversal of time, the vector q does not
change notwithstanding that the field b changes its sign. This time parity violation
is not a fundamental one, because we can imagine a change in the preparation of
the mirror on time reversal.

The detailed balance is violated because with the helical mirror submersed in
an isotropic unpolarized neutron gas there appears a cycle in phase space, which
decreases the entropy. Indeed, imagine a vessel subdivided into two parts by a foil
with helicoidal magnetization. The neutrons on the left side polarized parallel to
the z-axis will go through the foil to the right side, and the neutrons with the oppo-
site polarization will be reflected with reversal of their spin. After reflection from
the vessel walls, the neutron with reversed spin return to the foil and this time pass
through it to the right. It seems that all the neutrons from the left side become po-
larized along the z-axis and collect in the right side of the vessel. This, however,
does not happen, because there is an opposite process from right to left. Neverthe-
less, an equilibrium is sustained by a cycle in the phase space. This cycle consists
of reflection and transmission from the left, then reflection and transmission from
the right. There is no detailed equality of the number of neutrons reflected from
one and or the opposite direction. We can say that the presence of the helicoidal
field with only one direction of rotation makes the space be in a nonequilibrium
state.

Detailed balance is violated even in a system of two layers with noncollinear
magnetization and three layers with noncomplanar magnetization. The last system
also exhibits a property of one directional transmission for unpolarized neutron
beam. This can be found in [239, 240]
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5.3
Numerical Matrix Method for Multilayered Magnetic Systems

In addition to the analytical approach, it is important to know about numerical
methods for finding the reflection and transmission effects in complex magnetic
systems. The popular matrix method, applied for scalar particles in Section 4.7.3,
can be generalized for spinorial particles [136].

Consider an arbitrary multilayered system (Figure 5.4) with n interfaces. Assume
that the nuclear potentials and the magnetic fields are different in all layers. The
wave function is

ψ0 D
0
@exp

�
i OkC0 x

	
0

0 exp
�
� i OkC0 x

	
1
A� j
 0i

O�j
 0i
�

, (5.96)

to the left of interface 1 and

ψn D
0
@exp

�
i OkCn (x � xn)

	
0

0 exp
�
� i OkCn (x � xn)

	
1
A� Oτj
 0i

0

�
, (5.97)

to the right of interface n, where j
 0i is an arbitrary spinor and O� and Oτ are the
matrices of the reflection and transmission amplitudes for the full system.

The wave functions (5.96) and (5.97) are related to each other through the block
matrix OM :

�0 D OM �n 

� j
 0i

O�j
 0i
�
D
 OM11 OM12

OM21 OM22

!� Oτj
 0i
0

�
, (5.98)

where OM i j are 2 � 2 matrices. From here,

Oτ D OM
�1
11 , and O� D OM21 OM

�1
11 . (5.99)

It is therefore necessary first to find the 4 � 4 matrix OM , from which O� and Oτ are
found elementarily. The matrix OM can be found by matching the wave function at
all interfaces.

Rewrite the wave function inside the ith rectangle located to the right of the ith
interface at the point ai as�

exp(i Ok i (x � ai )) OA i C exp(�i Ok i (x � ai )) OBi

	
. (5.100)

1 2 3 4 i n

Figure 5.4 Multilayered system with a variety of different nuclear potentials and magnetic fields.
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By matching the wave function and its first derivative at the ith interface, we obtain
a system of two matrix equations:

exp(i Ok i�1di�1) OA i�1C exp(�i Ok i�1di�1) OBi�1 D OA i C OBi ,

Ok i�1

h
exp(i Ok i�1di�1) OA i�1 � exp(�i Ok i�1di�1) OBi�1

i
D Ok i [ OA i � OBi ] ,

where di is the width of the ith layer. From these two equations,

OA i�1 D exp(�i Ok i�1di�1)
�

1
2

h
1C Ok�1

i�1
Ok i

i OA i C 1
2

h
1� Ok�1

i�1
Ok i

i OBi

�
,

(5.101)

OBi�1 D exp(i Ok i�1di�1)
�

1
2

h
1� Ok�1

i�1
Ok i

i OA i C 1
2

h
1C Ok�1

i�1
Ok i

i OBi

�
.

(5.102)

Matrices OA i and OBi can be combined into a super spinor, or a four-dimensional
vector,

�i D
 OA i

OBi

!
.

In this case, the two Eqs. (5.101) and (5.102) can be combined into one,

�i�1 D OQi�1
i �i ,

where

OQi�1
i D OEi�1 OK i�1

i , OK i�1
i D 1

2

 
1C Ok�1

i�1
Ok i 1� Ok�1

i�1
Ok i

1 � Ok�1
i�1

Ok i 1C Ok�1
i�1

Ok i

!
,

OEi D
 

e�i Ok i di 0
0 e i Ok i di

!
.

By matching the wave function sequentially at all interfaces, the complete matrix is

OM D K0
1

nY
iD2

N
h OQi�1

i

i
D K0

1

nY
iD2

N
h OEi�1 OK i�1

i

i
, (5.103)

where the symbol N next to the product sign means that the product elements
should be arranged with increasing i from the left to the right. The approach de-
scribed was used to prepare an original software program [246] for calculation of
different magnetic configurations. I will stop the derivation here, since the reader
has all the tools at his disposal to do this work on his own.
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5.4
Polarizers, Analyzers, and Spin Rotators

This section is devoted to various methods of polarizing neutrons, analyzing them,
and rotating their spin.

5.4.1
Polarizers

There are three ways to polarize thermal neutrons: via reflection from magnetized
mirrors, via transmission through magnetized films, and via transmission through
a polarized gas, 3He. In the first two methods, the interaction between a neutron
and a medium is described by an optical potential u C 2σ 	 B , which contains the
nuclear (u D 4πN0b) and the magnetic (σ 	 B) parts. The potential is higher for
neutrons polarized along the magnetic field (u C 2B) than for neutrons polarized
against the magnetic field u � 2B . The medium reflects all the neutrons polar-
ized along the field and some of the neutrons polarized against the field when the
momentum k? of the motion perpendicular to the interface is within the intervalp

u � 2B � k? �
p

uC 2B . The transmitted neutrons will be completely polar-
ized against the field (external and internal fields are assumed to be collinear).

In many setups, neutrons are polarized inside a special neutron guide, where the
walls totally reflect neutrons polarized along the field, and partially reflect neutrons
with the opposite polarization. After multiple reflections, the number of oppositely
polarized neutrons decays to zero.

The mirrors and films provide a high degree of polarization, but the output in-
tensity in the case of thermal neutrons is low because of very small grazing angles.
Alternatively, magnetic crystals work well for larger grazing angles, but only within
a narrow spectral region and for well-collimated beams.

The spatially and spectrally wide beams can be obtained via transmission
through a polarized gas, 3He; however, a high degree of polarization is accom-
panied with strong losses of the transmitted beam. In this method, a polarized
nucleus absorbs oppositely polarized neutrons and does not absorb the collinearly
polarized ones. The polarization of the gas is achieved by the optical pumping
of rubidium vapor. The polarization of the rubidium atoms is then transmitted
to 3He atoms upon collisions, or through the optical pumping of 3He atoms when
the collision excites helium atoms to a metastable state. The degree of polarization
of the helium atoms can be as high as 30%. The degree of polarization of the
transmitted neutrons depends on their energy – the lower is the energy, the higher
is the degree of polarization. However, the higher is the degree of polarization, the
lower is the intensity. The optimal polarization is about 80%. The polarized helium
can maintain its polarization state for several days at room temperature.
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5.4.2
Analyzers

The basic principle behind the analyzers is the same as for polarizers. An analyz-
er is a filter, which in case of films or mirrors transmits only neutrons polarized
against the field, and reflects neutrons polarized along the field. In the case of
helium, the analyzer transmits only neutrons polarized along the direction of po-
larization of the nuclei. Of course, the word “only” has a limited validity because
analyzers and polarizers are not ideal filters.

5.4.3
Spin Rotators with Direct Current Fields

Spin rotators are the most important tool used in the majority of experiments in-
volving polarized neutrons. Spin rotators are sometimes called spin flippers or sim-
ply flippers. The spin can be turned using a magnetic field constant in time but
rapidly changing in space, a so-called direct current (DC) magnetic field (in fact,
this is a field flipper not a spin flipper). It can also be turned with a combination
of constant and oscillating magnetic fields, so-called radiofrequency (RF) magnetic
fields [248]. The RF field not only changes the direction of the spin arrow, but also
produces a lot of interesting phenomena, which are worth considering separately.
Here we will consider first the DC flippers.

Upon neutron propagation in slowly changing space fields, the neutron spin ar-
row s follows the magnetic field vector, that is, the angle α between B and s is
conserved. This conservation rule is stricter, the lower is the ratio between the an-
gular velocity of the magnetic field rotation, Ω D (1/B)v 	 dB/dr (v is the neutron
velocity) and the precession frequency μB/„ of the spin around the field in the sys-
tem coordinate tied to the moving neutron. The ratio Ω /ω is called the adiabatic
parameter. The smaller is the parameter, the longer is the conservation of s 	 B. If,
in contrast, the angular velocity Ω is large, then the spin arrow s cannot keep up
with B, and nonadiabatically changes its direction with respect to the field.

Two methods are used to obtain the fast magnetic field rotation.

5.4.3.1 Current Foil Method
The spin rotator is a thin metal film with an electric current propagating parallel
to its surface [249, 250]. The field on both sides of the foil has opposite direction.
After the neutron has passed the film, its spin retains its direction in the flipped
field.

5.4.3.2 Zero Field Method
The spin rotator is constructed using two coils with opposite currents. The config-
uration in Figure 5.5a is called a Drabkin flipper [249, 251]. The configuration in
Figure 5.5b is a called Korneev flipper [252–256]. The letter A in figure denotes the
space where the magnetic fields from the two coils cancel each other, and the total
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field is zero. Upon the neutron passing through this region of zero field, its spin is
conserved, whereas the direction of the field changes [253].

These methods are effective in a broad spectrum of neutron energies, which is
their main advantage.

5.4.3.3 Mezei Spin Rotator
There is also a third type of spin rotator, using time-constant fields, first proposed
by Mezei [55, 249]. It can be used to rotate the spin by any amount around any axis.
The Mezei spin flipper is shown in Figure 5.5c. The magnetic field is created by
two oppositely oriented coils. The coils are positioned perpendicular to the neutron
beam. The magnitude of the magnetic field inside the coils is equal to the external
magnetic field, which is oriented perpendicular to both the beam axis and the fields
inside the coils. The external field is marked by “C” in the figure. Suppose that the
external field and the neutron polarization before the flipper are along the z-axis,
and the fields of the coils are along the �x and +x directions, respectively. If in the
first coil the neutron spin is rotated by an angle 2' around the total field, then the
spin state after the first coil is

j�1i D exp(i [σz � σx ]'/
p

2)j�ui , (5.104)

and after the second coil it becomes

j�2i D exp(i [σz C σx ]'/
p

2)j�1i
D exp(i [σz C σx ]'/

p
2) exp(i [σz � σx ]'/

p
2)j�ui

D
�

cos2 ' Cp2i cos ' sin 'σz � i σ y sin2 '
	
j�ui . (5.105)

When ' D π/2, then after the flipper the spinor state is j�2i D �j�di, which means
that the spin is flipped up–down. The fast change in the field direction takes place
in walls of the coils.

By choosing the size of the coils, their orientation, and the relative strength of the
external and internal fields, one can rotate an initially arbitrarily oriented spin by an

B −B

L1 L2

n n
A

(a) (b) (c)

A

+

B

−B

n n

Bz

B −B

Figure 5.5 Three types of nonadiabatic di-
rect current (DC) spin rotators. For simplicity,
the rotators are placed in the same beam n.
The Drabkin spin rotator (a) and the Korneev
rotator (b) consist of two coils with opposite
currents; thus, the field between the coils (in
the space denoted by A) is zero. The Mezei
spin rotator (c) consists of two coils orient-

ed perpendicular to the beam. The fields B in
the coils are equal in magnitude and perpen-
dicular to the external field Bz (denoted by a
cross). The neutron spin rotates a half circle
around the sum of the internal and the exter-
nal fields in each coil, B z C B and B z � B ,
respectively.
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arbitrary angle for neutrons with an arbitrary energy. However, since the amount
of rotation in the coils depends on the time of flight of the neutron through the
coils, and thus on the neutron speed, the Mezei spin rotator is effective only in a
narrow spectral interval.

5.4.4
Resonant Spin Rotators

The review of the systems described above is rather brief. The resonant spin rotator
will be considered in more detail. The distinctive feature of the RF flipper is the
change of the neutron energy because of absorption or emission of RF-field quanta.
In the presence of an RF field, the neutron wave function obeys the nonstationary
Schrödinger equation,

i
@

@t
jΨ (t, x )i D

�
�1

2
@2

@x2 C
u(x )

2
C σ 	 B0(x )C σ 	 B rf(t, x )

�
jΨ (t, x )i ,

(5.106)

where u(x ) is the material potential. The field here is split into two parts. The first
one is the time-constant DC field, B0. The second part is the oscillating in time RF
field, Brf.

Let us consider the ideal conditions, when the fields are confined to a finite space,
0 � x � D , the so-called Krüger configuration (Figure 5.6). So,

B0(x )C Brf(t, x ) D Θ (0 � x � D)[B0 C Brf(t)] . (5.107)

Furthermore, assume for simplicity that u D 0, and set the components of B0

and B rf as (0, 0, B0) and Brf(cos(2ω t), sin(2ω t), 0), that is, the constant field is di-
rected along z, and the RF field vector is rotating counterclockwise with angular

B0

Brf
eikx|ξ0

e−ikxρ̂ |ξ0 eik(x−D)τ̂ |ξ0

D

u

Figure 5.6 The reflection and transmis-
sion of the neutron through the magnetic
field, localized in 0 � x � D. The mag-
netic field contains a constant component,
B0 D (0, 0, B0), and a radiofrequency com-
ponent, B rf D Brf(cos(2ωt), sin(2ωt), 0).

A medium characterized by an optical poten-
tial u may also be present in addition to the
fields. The incident neutron spin (from the
left) has an arbitrary orientation. The polar-
ization of the neutron is described using a
spinor, j
 0i.
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velocity 2ω (2 is chosen for convenience) in the (x , y ) plane. The spin flip with re-
spect to B0 is accompanied by a change in the potential energy by 2B0 or a change
in the total energy by the RF quantum 2ω.

We solve Eq. (5.106) for the incident wave

Θ (x < 0) exp(i k0x � i E0 t)j
 0i , (5.108)

where j
 0i is an arbitrary spinor, and E0 D k2
0/2.

5.4.4.1 The Rabi Formula
Consider the most common case when E0 � B0 � Brf, that is, there is almost no
change in the neutron velocity when it enters B0. Then we can represent the wave
function as

jΨ (x , t)i D exp(i k0x � i E0 t)jΨ (t)i (5.109)

and neglect the reflections at the interfaces. Substitution of Eq. (5.109) into
Eq. (5.106) gives

i djΨ (t)i/d t D [σ 	 B0 C σ 	 Brf(t)]jΨ (t)i (5.110)

with the initial condition jΨ (0)i D j
 0i, where t D 0 is the time when the neutron
enters the area of the fields.

To solve Eq. (5.110), we use an easily verifiable equality (see Section 5.1.2.1)

σ 	 Brf(t) D Brf[σx cos(2ω t)C σ y sin(2ω t)] D Brf e�i ωσz t σx e i ωσz t , (5.111)

and write

jΨ (t)i D e�i ωσz t jφ(t)i . (5.112)

Substitution of Eqs. (5.111), (5.112) into Eq. (5.110) gives

i djφ(t)i/d t D (σ 	 Ω )jφ(t)i , (5.113)

where Ω D (Brf, 0, B0 � ω).
The expression in the brackets on the right-hand side of Eq. (5.113) does not de-

pend on time; thus, the solution jφ(t)i is obvious: jφ(t)i D exp(�i Ω 	 σ t)jφ(0)i.
The initial condition jΨ (0)i D j
 0i is equivalent to jφ(0)i D j
 0i, and by substi-
tuting it into Eq. (5.112), we obtain

jΨ (t)i D e�i ωσz t e�i Ω �σ t j
 (0)i D e�i ωσz t
�

cos Ω t � i
Ω 	 σ

Ω
sin Ω t

�
j
 0i ,

(5.114)

where Ω D jΩ j D
q

B2
rf C (δω)2, δω D B0 � ω.
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Assume that the spin of the incident particle is parallel to the field B0, that is,
j
 0i D j
 ui. The factor σ 	 Ω D Brfσx C δωσz in Eq. (5.114) contains a nondiag-
onal matrix σx , which provides the spin flip. Therefore, the probability of the spin
flip after flight time t D t1 D D/ k0 through the fields is

wfl D
ˇ̌̌
ˇΩx

Ω
sin(Ω t1)

ˇ̌̌
ˇ
2

D B2
rf

B2
rf C (ω � B0)2

sin2
�q

B2
rf C (ω � B0)2 t1

�
.

(5.115)

This expression is the well-known Rabi formula. It shows that wfl D 1 when
ω D B0 and t1Brf D πn C π/2, with integer n.

5.4.4.2 Complete Conversion of an Unpolarized Beam into a Polarized One
According to Eq. (5.115), the probability of the spin flip at ω D B0 is

wfl D sin2 (Brf t1) . (5.116)

It depends on the time of flight through the coil, t1 D l/v0, where l is the coil thick-
ness and v0 is the neutron speed. It is natural to believe that an unpolarized beam
will remain unpolarized after passing through the coil; however, this is true only if
the velocities of the neutrons inside the field B0 do not depend on the polarizations
of the neutrons. This assumption is valid when the kinetic energy v2

0 /2 is much
higher than the magnetic potential energy B0, and this is the assumption which
we used to obtain Eq. (5.115). In the case of low kinetic energy neutrons, such as
ultracold neutrons, the difference in velocities of differently polarized neutrons is
significant. Neutrons polarized parallel to the field slow down (their velocity be-

comes vC D
q

v2
0 � 2B0 < v0). Neutrons polarized oppositely to the field B0 speed

up (v� D
q

v2
0 C 2B0 > v0). Therefore, the time of flight of the oppositely polar-

ized neutrons is different, tC D l/vC and t� D l/v�, respectively.
One can exploit this time difference to completely polarize an unpolarized beam

by passing it through a specially configured resonance RF spin flipper [257, 258]. If
the coil thickness l is such that Brf tC D π and Brf t� D π/2, then the polarization
of neutrons polarized along the field remains unchanged, whereas the polarization
of the oppositely polarized neutrons is flipped. Therefore, all the neutrons become
polarized along the field B0 after exiting the spin flipper.

In the case when the coil thickness is such that Brf tC D 3π/2 and Brf t� D π, the
polarization of neutrons polarized along the field is flipped, whereas it remain un-
changed for the other neutrons. Therefore, all neutrons become polarized against
the field B0.

5.4.4.3 Linear Oscillating Field
Above we considered a rotating RF field,

Brf D Brf(cos(2ω t), sin(2ω t), 0) .
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In practice, a simple linear oscillating field is used, Brf D Brf(cos(2ω t), 0, 0). Such
an oscillating field can be split into a superposition of two fields, rotating in oppo-
site directions,

Brf D Brf(cos(2ω t), 0, 0) D 1
2

Brf(cos(2ω t), sin(2ω t), 0)

C 1
2

Brf(cos(2ω t),� sin(2ω t), 0) . (5.117)

Thus, in addition to the field, which rotates counterclockwise, that is, in the same
direction as the precessing spin, there is another field rotating in the opposite di-
rection.

The effect of the clockwise-rotating field on the spin can be estimated using
Eq. (5.115) and ω D �B0. The probability of the spin flip in such a field is

wfl D
ˇ̌̌
ˇΩx

Ω
sin(Ω t1)

ˇ̌̌
ˇ
2

� B2
rf

16B2
0

sin2(2B0 t) . (5.118)

It is easy to see that the probability of obtaining the opposite polarization is no
larger than B2

rf/16B2
0 � 1. Therefore, the clockwise-rotating field leads to a depo-

larization on the order of δP D B2
rf/16B2

0 � 1. Such a depolarization is usually
very small and can be neglected compared with the deviation of the polarization
from the ideal one because of the nonmonochromaticity of the incident beam.

It is believed that the clockwise-rotating field also shifts the resonant frequency ω
a little, which is known as Bloch–Siegert shift. This shift can be estimated as fol-
lows. We have seen that a counterclockwise field can give a probability of spin flip
equal to unity. The clockwise field also gives a probability of spin flip Eq. (5.118).
The total probability cannot be larger than unity; therefore, at ω D B0 the proba-
bility of spin flip is not unity and the factor before the sine function in Eq. (5.115)
should be replaced by

B2
rf/4

B2
rf/4C (ω � B0)2 C δ2

. (5.119)

In this form it is not unity at resonance.20) The value of δ is estimated from the
requirement

B2
rf/4

B2
rf/4C (ω � B0)2 C δ2

C B2
rf/4

B2
rf/4C (ω C B0)2

D 1 , (5.120)

which at resonance ω D B0 gives

� 1� 4δ2

B2
rf

C B2
rf

16B2
0
D 1 , (5.121)

or δ/B0 D B2
rf/8B2

0 .

20) The factor 1/4 at B2
rf appears because of the

factor 1/2 in Eq. (5.117)
21) Note that the sine factors are not important

because by appropriate choice of t1 and B0

they can both be made equal to unity.
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We see that the Bloch–Siegert shift is not a shift of the resonant frequency but
an increase of the width of the resonance. If it were a shift ω � Δω, then at ω D
B0 C Δω the counterclockwise-rotating component would give unit probability of
spin flip and unitarity would be violated.21)

5.4.4.4 Broadband Adiabatic Spin Flippers
Resonant spin rotators are very sensitive to the spectrum of the incident neutrons.
They are effective only for those neutrons which stay in the flipper (see Eq. (5.115))
during time t D π/2Brf. Now we consider a so-called adiabatic spin flipper, which
is effective for the broad spectrum of the incident neutrons [259].

Suppose that the neutron propagates along the x-axis in the system of two fields
similar to those in a resonant spin flipper. The initial neutron spin is parallel to the
stationary field Bz directed along the z-axis. However, the field Bz now changes
along the neutron path according to the law Bz(x ) D B0C b cos(2p x ). The rotating
RF field, Brf(t, x ), is perpendicular to the z-axis and it also varies along the x-axis
but according to a different law: Brf D �b(cos(2ω t), sin(2ω t), 0) sin(2p x ). The
Schrödinger equation (5.106) for the neutron wave function is now

i
@

@t
jΨ (t, x )i D



� 1

2
@2

@x2 C σz [B0 C b cos(2p x )]

� b[σx cos(2ω t)C σ y sin(2ω t)] sin(2p x )
�
jΨ (t, x )i .

(5.122)

To exclude the time dependence we use the relation (5.111), represent the wave
function as

jΨ (t)i D e�i ωσz t�i E tjφ(x )i , (5.123)

where E is the total energy of the neutron, and suppose that ω D B0. Substitution
of Eqs. (5.111) and (5.123) into Eq. (5.122) gives

�
d2

dx2 � 2σz b cos(2p x )C 2bσx sin(2p x )C k2
�
jφ(x )i D 0 , (5.124)

where k2 D 2E . To exclude the dependence on x in this equation we use the repre-
sentations

σz cos(2p x )� σx sin(2p x ) D exp(i σ y p x )σz exp(�i σ y p x ) ,

jφ(x )i D exp(i σ y p x )j� (x )i , (5.125)

and reduce Eq. (5.124) to the form

�
d2

dx2
C 2 i σ y p

d
dx
� 2bσz C k2 � p 2

�
j� (x )i D 0 . (5.126)
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The solution of this equation is representable as

j� (x )i D exp(i qx C i σ 	 �x )j�0i . (5.127)

Substitution into Eq. (5.126) shows that the equation is satisfied for an arbitrary
initial spin state, j�0i, if

�(q C σ 	 �)2 � 2σ y p (q C σ 	 �)� 2bσz C k2 � p 2 D 0 . (5.128)

This is equivalent to a system of four equations for four unknowns (the scalar q
and the vector �):

�2q�x � 2 i p�z D 0 , �2q�y � 2p q D 0 , �2q�z C 2 i p�x � 2b D 0 ,

(5.129)

�q2 � �2 � 2p�y C k2 � p 2 D 0 . (5.130)

From Eq. (5.129) it follows

�z D bq
p 2 � q2

, �x D �i
b p

p 2 � q2
, �y D �p . (5.131)

Substitution into Eq. (5.130) gives the equation �q2 � b2/(q2 � p 2)C k2 D 0 for q,
which has a solution

q2 D 1
2

�
k2 C p 2 C

q
(k2 � p 2)2 � 4b2

�
� k2 � b2

k2 � p 2
. (5.132)

The approximation is valid when k2 � p 2, k2 � 2b, and p 2 � b2/ k2, which is
assumed.

If at the entrance point of the spin flipper the neutron spin state is j�ui, then
after the path L in the flipper the state becomes

exp(i σ 	 �L)j�ui D
�

cos �LC i
σ 	 �

�
sin �L

�
j�ui , (5.133)

where

� D
s

b2

q2 � p 2 C p 2 � p C b2

2p (k2 � p 2)
. (5.134)

The probability amplitude f for spin flip is determined by the Pauli matrices σx ,y ,
and from Eq. (5.133) we immediately find

f D i
�x C i�y

�
sin(�L) D p

q2 � p 2 � b
(q2 � p 2)�

sin(�L)

�
�

1� b
k2 � p 2

�
sin

�
p L � b2L

2p (k2 � p 2)

�
.

(5.135)
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From this expression it follows that for a wide spectrum of neutrons, up to the
lowest kl , for which the inequality p 2(k2

l � p 2) � b2 is violated, the probability of
spin flip is

w D sin2(p L) D 1 , (5.136)

if p D π/2L. We see that this probability does not depend on the neutron speed;
therefore, the flipper is really a broadband one.

5.5
The Berry Phase

A lot of papers in the literature have been devoted to the Berry phase, θB , which
is defined as follows. Let us look at the neutron spin dynamics in the DC field B
directed along the z-axis. It is determined by the Schrödinger equation:

i djΨ (t)i/d t D σz BjΨ (t)i . (5.137)

Its solution is

jΨ (t)i D exp(�i σz B t)jΨ (0)i . (5.138)

If jΨ (0)i D j�Bi, that is, the neutron is polarized along B, then

jΨ (t)i D exp(�i B t)j�Bi 
 exp(�i φd(t))j�Bi . (5.139)

The value φd (t) D B t is called the “dynamical phase”.
If the field B itself rotates with small angular speed 2ω � B , as shown in Fig-

ure 5.7, then the spin state jΨ (t)i after one revolution, that is, after the period
T D 2π/2ω becomes

jΨ (T )i D exp(�i φd(T )� i θB)j�Bi , (5.140)

that is, the phase factor acquires an additional term θB called the Berry phase.
Berry proved a general theorem that this phase is equal to half of the solid angle
subtended by the field B during its own motion. This solid angle, according to
Figure 5.7, is equal to πb2/B2, where b D pB2 � B2

z , where Bz is the z-component
of the field B.

To understand how the Berry phase appears, it is sufficient to consider the dy-
namics of the neutron spin in the standard coil of an RF spin flipper [260], as shown
on page 219. In this case we have a homogeneous DC field Bz directed along the z-
axis and perpendicular to the RF field B rf(t) rotating with angular speed 2ω. This
RF field plays the role of the component b of the field B in Figure 5.7. The exact
solution shows that the Berry phase is not a fundamental or a “mystical” entity,
but rather the result of a linear approximation in terms of ω of the total phase φ,
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ω
S

b

Bs

Figure 5.7 The definition of the Berry phase. The neutron spin
arrow s precesses with the Larmor frequency ωL D 2B around
magnetic field B, which slowly rotates around the z-axis with
angular speed 2ω. After period T D 2π/2ω the magnetic
field returns to its initial direction. The angle of the spin-arrow
precession φ is 2('d C θB ) D 2(BT C S/2B2). The first
term, BT , is the dynamical phase, which is related to the spin
precession around standing field B. The second term, θB D
S/2B2 , is the Berry phase. The ratio S/B2, where S D πb2,
where b D p

B2 � B2
z , is the solid angle subtended by the

field B during one revolution.

which can be found in this case absolutely rigorously. Below we shall find the pre-
cise phase φ, and show that its linear term in expansion in powers of ω gives the
Berry phase.

The dynamics of the spin state for an arbitrary initial state j�0i is given by
Eq. (5.114)

j� (t)i D e�i ωσz t e�i Ω0�σ t j�0i , (5.141)

where Ω 0 D (Brf, 0, Bz � ω) is the vector of the effective field in the reference
frame rotating with angular speed ω. The RF field in this reference frame is per-
manently directed along thex-axis, and the DC field Bz is partly compensated by
the magnetic-like field ω.

For the derivation of the precise angle of rotation of the spin arrow in the rotat-
ing field, we suppose that initially the neutron is polarized along an arbitrary unit
vector a, that is, its state can be represented as

j�0i 
 ja(0)i D I C σ 	 ap
2(1C a 	 o)

joi , (5.142)

where

joi D I C σ 	 op
2(1C oz )

j�ui , (5.143)

o D Ω/Ω , j�ui is the eigenvector of the matrix σz : σz j�ui D j�ui, and joi is
the eigenvector of the matrix σ 	 Ω with eigen value Ω : σ 	 Ω joi D Ω joi. After
substitution of Eq. (5.142) into Eq. (5.141) we obtain

j� (t)i D e�i ωσz t e�i σ�Ω (0)tja(0)i
D e�i ωσz t e�i σ�Ω (0)t I C σ 	 ap

2(1C a 	 o)
e i σ�Ω (0)t e�i σ�Ω (0)tjoi

D e�i Ω t e�i ωσz t I C σ 	 aσ(t)p
2(1C a 	 o)

e i ωσz t e�i ωσz t

I C σ 	 op
2(1C oz )

e i ωσz t e�i ωσz t j�ui

D e�i Ω t�ω t I C σ 	 aσ(t )(t)p
2(1C a 	 o)

I C σ 	 o(t)p
2(1C oz )

j�ui D e�i φ(t )ja(t)i , (5.144)
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where o(t) D
�

b cos(2ω t), b sin(3ω t), Bz � ω
	

is vector of the effective field Ω
rotating around z-axis with angular speed 2ω. The state ja(t)i corresponds to the
spin arrow which rotates with angular speed 2Ω around vector Ω and together
with it around z-axis with the angular speed 2ω. During the time t the total rotation
angle of a(t) around Ω (t) and around z-axis is 2φ(t), where

φ(t) D (ω C Ω )t (5.145)

is the total numerical phase of the spinor state (5.144) at time t.
The phase φ(t) can be expanded in powers of the small parameter ω, and in a

linear approximation we obtain

ω C Ω � B C ω
B

(B � Bz ) � B C B2
rf

2B2 ω , (5.146)

where B D
q

B2
z C B2

rf, and in the last term we assumed B2
rf/B2 � 1, so Bz Dq

B2 � B2
rf � B � B2

rf/2B . Therefore,

'(t) �
 

B C B2
rf

2B2
ω

!
t D 'd (t)C 'g(t) , (5.147)

where the second term 'g(t) D B2
rfω t/2B2 is called the “geometrical phase” or the

“topological phase”. After the time of one cycle, t D T D 2π/2ω, the geometrical
phase becomes the Berry phase,

θB D 'g (T ) D 1
2

πB2
rf

B2 . (5.148)

It is equal to the solid angle subtended by the magnetic field during one cycle and
multiplied by the spin quantum number 1/2.

If ω � Bz (we call it the “counteradiabatic” case), the phase '(t) can be expanded
in powers of Bz . For Brf � Bz in the linear approximation over 1/ω we get

'(t) � 2ω t � Bz t C B2
rf

2ω
t . (5.149)

Thus we see that in the above example we do not need such a notion as the Berry
phase, because we can find the phase of the neutron wave function and the angle
of rotation of its spin arrow absolutely precisely. However in the cases in which we
cannot obtain a rigorous solution, we must use some approximation, and in such
cases the notion of the Berry phase as a correction to the approximate dynamical
phase and precession angle can be useful.

The Berry phase was found to be important, for instance, in experiments [261]
with ultracold neutrons searching for the neutron electric dipole moment. It gives
a false effect; therefore, it must be excluded. An exciting story about how it is ex-
cluded and how the rotation of Earth becomes involved in this exclusion can be
found in [260].
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5.6
Inelastic Interaction of Neutrons with an RF Field

Equation (5.115), though describing the spin flip, does not say anything about the
changes in the energy and momentum of the neutron when it interacts with the
field (which is expected, as we neglected the changes in the speed of the neutron
when it enters and exits the fields). When we want think about what happens to
the neutron energy upon the interaction with the fields, the following uncertainty
arises. On one hand, we can assume that the neutron absorbs or emits an RF quan-
tum, and the energy of the neutron changes by ˙2ω. On the other hand, we can
assume that the kinetic energy remains unchanged upon the spin flip in the field
B0, and that the potential energy changes by ˙2B0; therefore, the total interaction
energy changes by ˙2B0. In the resonant conditions, ω D B0, both assumptions
lead to the same result. However, if ω ¤ B0, the results are different. Below, I will
show that the change in the total energy is defined entirely by the energy of the RF
quantum, and not by B0.

5.6.1
Presumable Form of the Wave Function

To prove the statement in the previous sentence, we need to study the complete
dynamics of the interactions of neutron with fields, that is, we need to solve the
Schrödinger equation (5.106) using the incident wave Eq. (5.108) with an arbitrary
polarization j
 0i. Before we start solving the complete equation, we can use some
simple arguments to guess the final form of the wave function after the neutron
exits the resonant spin flipper.

If initially the neutron with energy E0 is polarized along the constant internal
field, its incident wave function exp(i k0x � i E0 t)j
 ui can be written as

exp(i Okx � i E0 t � i ω(σz � 1)t)j
 ui , (5.150)

where Ok D
q

k2
0 C 2ω(σz � 1). The extra term / ω(σz � 1) does not matter, since

σz j
 ui D 1.
After the neutron has passed the rotator, the wave function becomes

jΨ (x , t)i D exp
�

i Okx � i E0t � i ω(σz � 1)t
	

Oτj
 ui . (5.151)

The transmission matrix may be nondiagonal; therefore, in Eq. (5.151) we can
find the state τd uj
 di with matrix element τd u. For this part of the wave function
σz D �1, and the extra term ω(σz �1) becomes �2ω. Therefore, the energy of the

state after the spin flip is E0 � 2ω, and its momentum is kd D
q

k2
0 � 4ω, which

means that after the spin flip the neutron becomes slower, that is, during the spin
flip it emits an RF photon.

As follows from the Rabi formula, where Ω D (Brf, 0, B0 � ω), and T is the time
of flight through the rotator, in the case of resonance, the transmission amplitude
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matrix can be represented as

Oτ D exp(�i σx φ) , (5.152)

where φ D Brf T , and it converts j
 ui into a superposition of two states, Oτj
 ui D
cos φj
 ui � i sin φj
 di. Substituting (5.152) into Eq. (5.151) shows that the wave
function is transformed to

jΨ (x , t)i D cos φ exp(i k0x� i E0 t)j
 ui� i sin φ exp(i k 0x� i(E0�2ω)t)j
 di,
(5.153)

where k0 D
q

k2
0 � 4ω.

One can see that after the rotator the neutron with probability cos2 φ retains its
initial polarization and energy, and with probability sin2 φ, its spin is flipped and
the energy is reduced to E0 � 2ω.

If initially the neutron is polarized against the field, its incident wave function is

exp(i k0x � i E0 t)j
 di 
 exp(i Okx � i E0 t � i ω(σz C 1)t)j
 di ,

where Ok D
q

k2
0 C 2ω(σz C 1), and the extra term ω(σzC1) again does not matter,

because in the j
 di state σz D �1. After the neutron has passed the rotator, its wave
function becomes

jΨ (x , t)i D exp(i Okx � i E0t � i ω(σz C 1)t) Oτj
 di , (5.154)

and with the same transmission matrix, Oτ (5.152), this wave function is represented
by the superposition of two states

jΨ (x , t)i D cos φ exp(i k0x�i E0 t)j
 di�i sin φ exp(i k 0x�i(E0C2ω)t)j
 ui,
(5.155)

where in the up-state the extra term ω(σz C 1) was replaced by 2ω, which leads
to an increase of the energy by 2ω and an increase of the momentum from k0 to

k0 D
q

k2
0 C 4ω.

Thus, the neutron retains the same polarization and energy with probability
cos2 φ, and its spin is flipped with a probability sin2 φ. In the flipped state the
neutron energy and velocity increase, which means that during the spin flip the
neutron absorbs an RF photon.

When the incident neutron is arbitrarily polarized,

j
 0i D αuj
 ui C αd j
 di
it is logical to assume that after the rotator the neutron becomes a superposition
of three states. With probability cos2 φ the neutron passes the flipper without a
change of energy, with probability jαu sin φj2 its state becomes j
 di with energy
E0�2ω, and with probability jαd sin φj2 its state becomes j
 uiwith energy E0C2ω

and speed k0d D
q

k2
0 � 4ω.
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5.6.2
The Krüger Problem

Above we guessed the wave function using the assumption that the RF field
changes the neutron energy by ˙2ω upon the spin flip in the rotator. Now we
can verify that our guess was correct by solving the nonstationary Schrödinger
equation (5.108) with B0 and Brf localized in the volume of the spin flipper.

Krüger [262] considered the problem with magnetic fields Eq. (5.107) to show
that the RF field can be used to accelerate the neutron. The idea is the following.
Imagine that the incident neutron is polarized oppositely to B0. Inside the fields,
0 � x � D , the velocity of the neutron is increased, because the magnetic interac-
tion for such a neutron is attractive. The RF field flips the spin, but does not affect
the speed. Upon the spin flip, the interaction becomes repulsive. Thus, when the
neutron exits the fields, its speed increases, that is, after the flipper the neutron
is accelerated. Notice that according to this logic the energy of the neutron is in-
creased by 2B0.

If the incident neutron is polarized along the constant field, then it is decelerated.
Such deceleration was proposed 20 years before Krüger by Drabkin and Zjitnikov
as a way to generate ultracold neutrons [263].

To find the probability of acceleration or deceleration for an arbitrary polarization
of the incident neutron, we need to find the total wave function inside and outside
the magnetic fields and to match it at the interfaces. For such an incident neutron,
we obtain four reflected and four transmitted waves (total of eight unknown coef-
ficients describing waves with different energies and polarizations). Two reflected
and two transmitted waves have the same polarization as the incident wave, and
the other two reflected and transmitted waves have their polarization flipped. One
reflected and one transmitted waves correspond to the accelerated neutrons (they
absorbed an RF quantum) and the other two correspond to the decelerated neutron
(they emitted an RF quantum).

The wave function inside the volume 0 � x � D consists in total of eight waves
propagating to the right or to the left. Upon matching this wave function at the
interfaces, one obtains a system of 16 linear equations with 16 unknowns. There is
no principal difficulty in solving such a system, but the analytical solution is quite
cumbersome. Krüger himself found only an approximate solution, which helped
him to prove that acceleration does really take place. Later, several authors tried to
tackle this problem [264, 265], but they also limited themselves to some kind of an
approximation.

Here we show how to find the rigorous analytical solution to the Krüger problem
without cumbersome calculations. The solution will contain all the information
about the transmitted and reflected waves, and we will have to use the Pauli matrix
algebra (see Section 5.1.2.1) to find all the desired coefficients.
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5.6.2.1 Solution to the Krüger Problem
Let us consider the Schrödinger equation again:

i
@

@t
jΨ (x , t)i D



�1

2
@2

@x2 C
h u

2
C σ 	 B0 C σ 	 Brf(t)

i
Θ (0 � x � D)

�
jΨ (x , t)i ,

(5.156)

where B0 D (0, 0, B0) and Brf(t) D Brf(cos(2ω t), sin(2ω t), 0) are localized inside
0 � x � D , and u is the optical potential. Outside x 2 [0, D ] there is an empty
field-free space.

The solution to Eq. (5.156) is complicated by the time dependence of the field.
This time dependence can be eliminated by the already-known transformation

σ 	 B rf(t) D Brf[σx cos(2ω t)C σ y sin(2ω t)] D Brfe�i ωσz t σx e i ωσz t , (5.157)

and substitution

jΨ (x , t)i D e�i ωσz t jφ(x , t)i . (5.158)

As a result, Eq. (5.156) becomes

i
@

@t
jφ(x , t)i D



�1

2
@2

@x2 � ωσz C
h u

2
C σz B0 C σx Brf

i
Θ (0 � x � D)

�
jφ(x , t)i .

(5.159)

The above equation contains no time dependence; however, our manipulations in-
troduced in the whole space an additional field �ω, antiparallel to B0. The solu-
tion to Eq. (5.159) is equivalent to the solution to the problem with reflection and
transmission by a magnetized mirror, with its magnetization noncollinear to the
external field (Section 5.2.1).

The stationary solution to Eq. (5.159) for the incident plane wave with an arbitrary
spinor j
 0i is

jφ(x , t, E )i D e�i E t
n

Θ (x < 0)
h

e i Okx C e�i Okx O�
i
C Θ (x > D)e i Ok(x�D ) Oτ

o
j
 0i ,

(5.160)

where E is the energy parameter (not the energy itself yet), Ok D p
2(E C σz ω),

and O�, and Oτ are the matrix reflection and transmission amplitudes for a layer D
containing the matter and the fields. We only included the solution outside the
fields as we are not interested in the solution inside the fields for now.
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Substitution of Eq. (5.160) into Eq. (5.158) gives

jΨ (x , t, E )i D e�i E t�i ωσzt



Θ (x < 0)
h

e i Okx C e�i Okx O�
i

C Θ (x > D)e i Ok(x�D ) Oτ
�
j
 0i . (5.161)

Let us analyze the solution obtained in the case of an arbitrary spinor:

j
 0i D αuj
 ui C αd j
 di . (5.162)

By substituting Eq. (5.162) into Eq. (5.161), we see that the incident wave in
Eq. (5.161),

jΨ 0(x , t, E )i D e�i E t�i ωσzt Θ (x < 0)e i Okx j
 0i , (5.163)

is a superposition of two plane waves with opposite polarizations j
 u,di and differ-
ent energies,

jΨ 0(x , t, E )i D αu e�i(ECω)t e i kCx j
 ui C αd e�i(E�ω)t e i k�x j
 di . (5.164)

The energy and the momentum of the component j
 ui are E C ω and kC Dp
2(E C ω), respectively, and for j
 d i they are E � ω and k� D

p
2(E � ω). To

find a solution for a neutron with a fixed energy E0 and an arbitrary polarization
Eq. (5.162), we need to take a superposition of the two waves Eq. (5.160) with E D
E0 � ω for j
 ui and with E D E0 C ω for j
 di. Let us rewrite the solution to
Eq. (5.159) as

jφ(x , t)i D αu e�i(E0�ω)t



Θ (x < 0)
h

e i Oku x C e�i Oku x O�u

i

C Θ (x > D)e i Oku(x�D ) Oτu

�
j
 ui

ad e�i(E0Cω)t



Θ (x < 0)
h

e i Okd x C e�i Okd x O�d

i

C Θ (x > D)e i Okd (x�D ) Oτd

�
j
 di , (5.165)

where Ok u,d D
q

k2
0 C 2ω(σz � 1), k2

0 D 2E0, and substitute it into Eq. (5.158).
Then,

jΨ (x , t)i D αu e�i E0 t�i ω(σz�1)t



Θ (x < 0)
h

e i Oku x C e�i Oku x O�u

i

C Θ (x > D)e i Oku (x�D ) Oτu

�
j
 ui

C αd e�i E0 t�i ω(σzC1)t



Θ (x < 0)
h

e i Okd x C e�i Okd x O�d

i

C Θ (x > D)e i Okd (x�D ) Oτd

�
j
 di . (5.166)
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This solution fixes the energy E0 and the velocity k0 for an arbitrary polariza-
tion j
 0i of the incident wave:

jΨ 0(x , t)i D αu e�i E0 t�i ω(σz�1)t e i Oku x j
 ui C αd e�i E0 t�i ω(σzC1)t e i Okd x 
 d

D e i k0x�i E0 t j
 0i . (5.167)

Note that the change in the neutron energy upon the polarization flip is 2ω, not
the expected 2B0. In addition, we guessed correctly the form of the outgoing wave
function after the interaction with the spin rotator.

5.6.2.2 Angular Splitting of Reflected and Transmitted Neutrons
Here we show that if the space with fields is a plate, the reflection and transmis-
sion of an unpolarized neutron beam is accompanied by triple splitting [270] of the
beam like in the case of reflection from a magnetic mirror with magnetization non-
collinear to the external field. Indeed, the normal component, k?, of the neutron

wave vector after spin flip d ! u increases from k0? to
q

k2
0? C 4ω; therefore, the

neutrons after such a spin flip will go at an angle closer to the normal to the inter-
face, and they will be completely polarized along the internal field B0, as shown in
Figure 5.8.

On the other side, after spin flip u ! d the normal component of the neutron

wave vector decreases to
q

k2
0? � 4ω. Therefore, the neutrons after such a spin

flip will go at an angle closer to the surface, and they will be completely polarized
against the internal field B0.

Between these two beams there will be an unpolarized one consisting of the
neutrons which passed the flipper without a spin flip.

d

s

u

n

d

t

u

B0

Brf

Figure 5.8 Triple splitting of the neutron
beam n after interaction with a radiofrequen-
cy (RF) spin flipper. The normal component
k? of the wave vector k of the incident beam

will transform to ku? D
q

k2
? C 4ω af-

ter spin flip d ! u, and will transform to

kd? D
q

k2
? � 4ω after spin flip u ! d.

The beam components denoted by u, d are
completely polarized along and opposite inter-
nal field B0 of the spin flipper. The specularly
reflected, s, and directly transmitted, t, com-
ponents contain those neutrons which did not
change their polarization after interaction with
RF field B rf.
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The spin flip is a coherent process; therefore, the neutron initially polarized along
B0 after transmission will be in general in a superposition of states going along
paths d and t in Figure 5.8. What the real distribution of neutrons after such a spin
flipper will be is a fundamental question, which has not yet been tackled by an
experiment.

5.6.2.3 Reflection and Transmission Matrices
The wave function (5.166) contains matrices with reflection, O�u,d , and transmis-
sion, Oτu,d , amplitudes. We already derived them in Section 5.2.1 for an arbitrary
polarization and fixed energy of the incident neutron. Currently, we need to derive
these matrices separately for the two opposite polarizations of the incident neu-
tron. We denote them O�u and Oτu for initial polarization along B0, and O�d and Oτd

for initial polarization along �B0. Following the logic of Section 5.2.1, we obtain

O�u,d D O�u,d
b0 C Oτu,d

0b

exp
�

i Ok0u,d D
	

O�u,d
0b

1�
h
exp

�
i Ok0u,d D

	
O�u,d

0b

i2 exp
�

i Ok0u,d D
	

Oτu,d
b0 , (5.168)

Oτu,d D Oτu,d
0b

1

1 �
h
exp

�
i Ok0u,d D

	
O�u,d

0b

i2 exp
�

i Ok0u,d D
	

Oτu,d
b0 , (5.169)

where

O�u,d
b0 D

� Ok u,d C Ok0u,d

	�1� Ok u,d � Ok0u,d

	
D � O�u,d

0b , (5.170)

Oτu,d
b0 D I C O�u,d

b0 , Oτu,d
0b D I C O�u,d

0b , (5.171)

Ok u,d D
q

k2
0 C 2ω(σz � 1) , Ok0u,d D

q
k2

0 � 2ω � 2σ 	 Ω � u , (5.172)

and indices b0, 0b correspond to the interface between the vacuum and the bar-
rier from the vacuum and from the barrier (right index), respectively. Using the
algebra of Pauli matrices, we can find all the matrix elements O�u,d and Oτu,d . The di-
agonal matrix elements define the probabilities of the reflection and transmissions
without the spin flip, whereas the nondiagonal ones are for flipped spin states.

Any 2 � 2 matrix M can be written as M D a OI C b 	 σ, where OI is the unit
matrix, and a and b are parameters. Transitions without the slip flip are described
by a OI C bz σz , and the transitions with the spin flip are described by bx σx C b y σ y .

Consider the structure of the reflected waves when the incident wave is
Eq. (5.167) with polarization Eq. (5.162). The reflected wave, which corresponds to
the elastic scattering (i. e., without the spin flip), contains the spinor

j
 el
r i D αu�uuj
 ui C αd�d d j
 d i , (5.173)

where

�uu D h
 uj O�uj
 ui , �d d D h
 d j O�d j
 di .
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The spinor Eq. (5.173) is different from the incident spinor j
 0i, and thus the po-
larization of the reflected wave (without the spin flip) is different from the incident
polarization, but the reflected wave propagates with the same energy and speed as
the incident one:

jΨ el
r (x )i D �uu αu e�i E0 t�i ω(σz�1)t e�i Oku x j
 ui

C �d d αd e�i E0 t�i ω(σzC1)t e�i Okd x 
 d

D e�i k0x�i E0 t j
 el
r i . (5.174)

The other part of the wave corresponds to inelastic scattering, that is, to scattering
with spin flip,

jΨ i n
r (x )i D �d u αu e�i E0 t�i ω(σz�1)t e�i Oku x j
 di C �ud αd e�i E0 t�i ω(σzC1)t

� e�i Okd x j
 ui
D �d u αu e�i(E0�2ω)t�i k�x j
 di C �ud αd e�i(E0C2ω)t�i kCx j
 ui ,

(5.175)

where

�d u D h
 d j O�uj
 ui , �ud D h
 uj O�d j
 di ,

k˙ D
p

2(E0 ˙ 2ω), E0 D k2
0/2. The first term in (5.175) corresponds to the spin

flip j
 ui ! j
 di, accompanied by emission of the RF quantum. Thus, the output
neutron slows down. The second term corresponds to the spin flip j
 di ! j
 ui
and to absorption of the RF quantum.

The wave function of the transmitted neutron has a similar structure. Note that
the change in energy after emission or absorption of the RF quantum is equal
to 2ω, that is, it does not depend on B0. Only the probability of absorption and
emission depends on B0, but not the energy of the neutron spin components. This
result resolves the problem which appears during the derivation of the Rabi formu-
la (5.115).

5.6.2.4 Approximate Expressions for the Transmission Matrix Eq. (5.169)
We leave the explicit derivation of the matrix elements of Eqs. (5.168) and (5.169)
to those who want to learn how to use the algebra of Pauli matrices and to those
who need it for an experiment. We will limit ourselves to the simplest case, when
the potential u is equal to zero, reflections can be neglected, and Brf � k2

0 � 2ω.
In this case Oτu,d

b0 D Oτu,d
0b D OI and expression (5.169) becomes

Oτu,d � exp
�

i Ok0u,d (σ 	 Ω )D
	

, (5.176)

where Ok0u,d (σ 	 Ω ) D
q

k2
0 � 2ω � 2Ω 	 σ. Using Eq. (5.26),

Ok0u(σ 	 Ω ) D KCu,d C (Ω 	 σ/Ω )K�u,d ,
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where Ω D
q

B2
rf C (ω � B0)2,

K˙u,d D
1
2



k0u,d (Ω )˙ k0u,d (�Ω )

�
,

k0u(˙Ω ) D
q

k2
0 � 2ω � 2Ω , k0d (˙Ω ) D

q
k2

0 C 2ω � 2Ω , (5.177)

we represent the matrix Oτu,d as

Oτu,d D exp
�

i Ok0u,d (σ 	 Ω )D
	
D exp

�
i KCu,d D

	
exp

�
i K�u,d D

σ 	 Ω
Ω

�
. (5.178)

The phase factor exp(i KCu,d D) can be neglected because it does not affect probabili-
ties, and at resonance ω D B0 the transmission matrix becomes

Oτu,d D exp(�i'u,d σx ) , (5.179)

where

'u,d D �K�u,d D, K�u,d �
�Brfq

k2
0 � 2ω

.

From Eq. (5.178) it is easy to derive the Rabi formula and to find that the flight time
through the flipper is Tu,d D D/hku,d i, where

hku,di D
q

k2
0 � 2ω C 2Brf C

q
k2

0 � 2ω � 2Brf

2
�
q

k2
0 � 2ω (5.180)

is the speed of each spin component inside the rotator.

5.7
Games with Polarized Neutrons

Now we can consider experiments with polarized neutrons, some of which are so
nice that it is tempting to call them “games.” They are useful not only for con-
densed matter research, but also as an illustration of some quantum mechanical
phenomena. Moreover, they help to shed light on some quantum effects which are
worth further research.

5.7.1
Spin Wave and Intensity Modulated Wave after a π/2-Spin Flipper

Let us look at the wave function after a π/2-flipper if before it the initial spinor state
was j
 ui. The π/2-flipper is one for which 'u D π/4. According to Eq. (5.179), the
transmitted wave function is

ψt (t, x ) D e�i E0 t�i ω(σz�1)t e i Oku(x�D ) j
 ui � ij
 dip
2

D 1p
2

�
e i k0(x�D )�i E0t j
 ui � i e i k�(x�D )�i E�t j
 di

	
, (5.181)
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where k� D
q

k2
0 � 4ω and E� D E0 � 2ω. The direction of the spin arrow s(x , t)

at any time t at an arbitrary point x is

s(x , t) D hψt (x , t)jσjψt (x , t)i
D �(sin(ks(x � D)� ω s t), cos(ks(x � D)� ω s t), 0) , (5.182)

where ks D k0 � k� and ω s D 2ω. We see that at any point x the spin arrow
rotates in the plane perpendicular to the z-axis with angular frequency ω s , and at
any moment t the direction of the spin arrow periodically changes in the x , y -plane
with the distance along the x-axis. Note that there are no fields after the spin rotator;
nevertheless we have a wavelike precession of the neutron spin arrow after it. This
wave has all the attributes of a wave: frequency ω s and wave vector ks . The wave is
a result of the superposition of two spin states j
 ui, and j
 di, having two different
energies.

The superposition can be used to prepare a neutron beam with periodically
changing intensity. Indeed, if at some point x1 on the beam path after the π/2-
flipper we put an analyzer, which transmits only neutrons polarized along the y-
axis, the wave function at the point x1 after the analyzer will have polarization �Cy

with amplitude

ψy (t, x1) D 1
2

�
e i k0(x1�D )�i E0t � e i k�(x1�D )�i E�t

	
. (5.183)

To see this one needs only to expand spinors j
 u,di over eigenspinors j
˙y i of the
matrix σ y W σ y j
˙y i D ˙j
˙y i:

j
˙y i D
1p
2

�
1
˙i

�
,

j
 ui D
1p
2

(j
Cy i C j
�y i) , j
 di D
1

i
p

2
(j
Cy i � j
�y i) . (5.184)

According to Eq. (5.183) the intensity of the transmitted neutrons

I D jψy (t, x1)j2 D 1
2

[1� cos(φ1 � ω s t)] D sin2(φ1/2 � ω t)] ,

φ1 D ks (x1 � D) , (5.185)

oscillates in time, and we obtain the beam with modulated intensity, which can be
used in all optical investigations, including holography.

5.7.1.1 Classical Explanation of the Spin Wave. Wave–Particle Duality
We found that the RF π/2-spin rotator puts the spin arrow into the plane perpen-
dicular to the DC field B0 and creates a superposition of two states with different
energies. As a result, a spin precession wave (SPW) is generated. In this wave, the
phase speed

vph D ω s

ks
D 2ω

k0 �
q

k2
0 � 4ω

D
k0 C

q
k2

0 � 4ω

2
D hvi



5.7 Games with Polarized Neutrons 237

φ
2ω t1

Br f (tent)
Br f (tex)

s(tex)

x − y-plane

x

Figure 5.9 Direction of the neutron spin arrow
s(tex) at the moment tex of its exit from the
π/2-flipper. RF field Brf rotates counterclock-
wise in the page plane, and at the moment
tent , when the neutron enters the magnetic
field area, the field Brf has an angle φ with
the x-axis. The permanent field B0 and the
spin arrow of the entering neutron are per-
pendicular to the page plane and directed

toward the reader. During the flight time t1 of
the neutron through the flipper of thickness D
the RF field B rf turns to the position Brf(tex),
where tex D tent C t1. At this moment the
neutron spin arrow s(tex) is perpendicular
to Brf(tex). Therefore, the direction of the
neutron spin arrow at the exit moment is de-
termined by the direction of field B rf at the
neutron entrance moment tent .

is identical to the average speed of the two spin components, which at small
ω � k2

0 is equal to the neutron velocity k0. So, if we follow the single neutron
moving with speed hvi, we see that the spin arrow attached to it does not precess,
because there is no magnetic field. But then, what does SPW mean?

The explanation is very simple, and to find it one needs to follow the neutron
spin precession inside the flipper. When the neutron polarized along the DC field
B0 enters the flipper, its spin arrow starts to precess counterclockwise around RF
field Brf, looking down the arrow tip. After the spin arrow has deviated from the
direction B0, it starts to precess counterclockwise also around B0. At resonance
the angular precession speed around B0 coincides with the angular speed of B rf

rotation. Therefore, the spin arrow remains perpendicular to Brf, and when the
spin falls into the plane perpendicular to B0, in this plane it is also perpendicu-
lar to Brf, as shown in Figure 5.9. Since the direction of the neutron spin arrow
at the exit moment tex is determined by the position of B rf(tex), it is determined
also by the position of Brf(tent) at the neutron entrance moment tent into the spin
flipper. Different neutrons have different entrance moments tent; therefore, their
spin arrows after exiting will also be different, as if the spin flipper were putting a
mark on every neutron, which shows its time of its entrance into the flipper. The
direction of the spin arrow of every neutron is fixed, but spin arrows of different
neutrons are different. In fact, we do not have a wave, we have a periodic distribu-
tion of spin arrows of different neutrons. This can be illustrated in the following
way [265].
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5.7.1.2 The First Miracle of St. Mark Street
Let us imagine that at the beginning of St. Mark Street in a town N there is a gate.
At the gate there is a clock with a single arm, which rotates with frequency ν. A
miracle happens to every person entering the gate: a dim halo appears over his/her
head with a bright spot on the halo’s circumference at the place which is pointed
out by the gate clock at the moment of entrance.

The people enter the street randomly, but go along it with the same speed v. If we
look at the street from above, we can see the bright spots scattered along a sinusoid-
like trajectory. We will call it the “bright-spot wave”. The length of the wave is v/ν.
Its amplitude is the radius of the halo. If we stay at some point on the street and
glance at the halos of the passers-by, we will see that the bright spot (of different
people) rotates with frequency ν equal to the clock’s frequency, and this result does
not depend on the people’s speed (as long as the speed is the same for all the people
going down the street). This example of the bright-spot wave illustrates the spin–
wave property of the neutron beam after the π/2-flipper.

5.7.1.3 The Second Miracle of St. Mark Street
In the middle of St. Mark Street there is another gate with a clock, with single
arm which points permanently at 12 o’clock. The gate opens only for those people
whose bright spot in the halo is between 0 and 6 hours. The people with the bright
spot between 6 and 12 hours are asked to go another way. If we look from above at
the street, we will find that after the second gate the people would go in periodic
bunches. These bunches are analogues of the intensity-modulated neutron beam
wave after the analyzer. The superposition of two states here is the mutual action
of the permanent direction of the clock hand at the middle gate and the periodic
rotation of the clock hand at the first gate.

These examples illustrate not only SPW and intensity-modulated wave phenom-
ena, but also the wave–particle duality in quantum mechanics. The main point is
that there is no wave when you look at a single particle. To see a wave you need an
experiment with many particles. A periodic process affects the neutron flux inde-
pendently of how long an individual neutron is in the experimental device.

This illustration does not solve all the problems of quantum mechanics. It would
be nice if the neutron speed were really equal to the average of the speeds of the
two spin components. However, these components have different speeds and the
question arises, what does it mean? Can the two components separate with time?
If yes, how does it happen? What is the neutron with separated spin components?
Moreover, we solved the Schrödinger equation for a single particle. How can we
interpret the wave function of a single particle as an ensemble of many parti-
cles?

One more question makes all this system an enigmatic one. According to quan-
tum mechanics, the neutron during the passage through the spin flipper can ab-
sorb or emit an RF photon. If the neutron wave function after the exit of the flipper
is in a superposition of two states with different energies, what happened to the
photon? Is it created in the RF coil, or not? We have some kind of entangled neu-
tron–photon state. If we measure a neutron in a superposition, can we tell what



5.7 Games with Polarized Neutrons 239

happened to the photon? Or we should abandon the notion of the photon in such
a case? We do not have answers to all these interesting questions.

5.7.2
π-Flipper

Let us go back to the transmission amplitude matrix (5.179) and suppose that ' D
π/2. In this case the transmitted spin state is

� D τuj
 ui D �ij
 di , (5.186)

which means a spin flip by 180ı. It is necessary to note that the energy also
changes. It becomes less by 2ω compared with previous one.

5.7.2.1 The Ramsey Separated Fields Method
Any π-flipper can be thought of as a combination of two consecutive π/2-flippers.
Its transmission can be represented as22)

Oτ(π) D Oτ(π/2) Oτ(π/2) . (5.187)

Let us separate two π/2-flippers by a distance L and find how the transmission will
change. This separation is the main feature of the Ramsey separated fields (RSF)
method. Before writing down the mathematics, let us think about what we can
expect from such a separation. If no field is present between the two coils, then
the spin of a neutron does not change its direction during the flight between the
two flippers. The RF field inside the second coil, however, is rotating in phase with
the first one with frequency 2ω during the neutron’s flight. If during the time of
flight T, the RF field turns by 2Tω D 2πn degrees, where n is an integer, then the
neutron entering the second π/2-flipper encounters the magnetic field Brf identical
to the magnetic field in the first flipper at the time, tex, the neutron exited the first
flipper. Thus, the second flipper works as if there is no separation, and both flippers
act together as a single π-flipper.

If 2ωT ¤ 2πn, the neutron spin arrow s(T C tex) (which is identical to s(tex)) is
not perpendicular to Brf(T C tex). If 2ωT D 2πn� α, the neutron spinor is turned
with respect to it by the operator exp(�i σz α/2) and becomes

� D e�i σz α/2 1p
2

(j
 ui � ij
 di) D e�i α/2 1p
2

�j
 ui � i e i αj
 di
�

. (5.188)

The action of the second π/2-flipper, which is represented by the operator
exp(�i σx π/4), transforms Eq. (5.188) to

exp(�i σx π/4)� D �i(sin(α/2)j
 ui C cos(α/2)j
 di) . (5.189)

22) In the following, for simplicity we omit
index u when we consider only a single up-
component of the incident wave.
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This means that the second π/2-flipper flips the neutron spin only with probability
cos2(α/2). If α D 0, then both π/2-flippers act synchronously as a single π-flipper.
If α D π, then the second π/2-flipper completely cancels the effect of the first one.

The transmission operator of the entire system23) is

Oτ(π/2, L, π/2) D Oτ(π/2) exp(i OkL) Oτ(π/2)

� exp(�i σx ω1 t1/2) exp[i(σz � 1)ωT ] exp(�i σx ω1 t1/2) ,

(5.190)

where T D L/ k0. The common phase factor exp(i k0[D C L]) is excluded from this
expression. We can exclude also the phase factor exp(�i ωT ). As a result, (5.190) is
reduced to

Oτu(π/2, L, π/2) D exp(i aσx ) exp(i bσz) exp(i aσx ) ,

where b D ωT . With the help of Eqs. (5.27) and (5.39) we get the state of the
transmitted neutron:

exp(�i σx ω1 t1/2) exp(i σz ωT ) exp(�i σx ω1 t1/2)j
 ui
D [exp(�i σx ω1 t1) cos(ωT )C i σz sin(ωT )]j
 ui
D [cos(ω1 t1) cos(ωT )C i sin(ωT )]j
 ui � i cos(ωT ) sin(ω1 t1)j
 di .

(5.191)

At ω1 t1 D π/2 Eq. (5.191) is transformed to sin(ωT )j
 ui � cos(ωT )j
 di, where
we excluded the phase factor i.

We now see that if 2ωT D 2πn or ωT D πn (with integer n), the initial j
 ui
is flipped to j
 di. If 2ωT D π(2n C 1), the action of the second π/2-flipper com-
pensates the action of the first one, and the initial polarization j
 ui remains un-
changed.

For arbitrary ωT , the intensity of an up-polarized neutron beam after two flip-
pers is proportional to sin2(ωL/v ), where T is replaced by the neutron time of
flight, L/v , between the two separated coils. This means that the separated coils
can be used for spectrometry. For large L/v , just a small variation of ω gives a large
variation of the intensity, and thus L/v can be found very precisely. Because the
value of L is usually well known and is large, the value of v can be found with high
precision.

The RSF method is used in experiments to search for the neutron electric dipole
moment (see, e. g., textbook [G], Chapter 8). In these experiments, a magnetic field
B0 is added between the two coils, and thus the neutron’s spin precesses along
the flight path with frequency 2ω0. To take this precession into account, we must
replace exp(i ωσz T ) in Eq. (5.191) by exp(i(ω�ω0)σz T ). If ω D ω0, then exp(i(ω�
23) Note there is no time, because the

transmission and reflection amplitudes are
defined for stationary states.
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ω0)σz T ) D 1, and both π/2-flippers work together as a π-flipper. The RSF method
is a very sensitive method for searching for the electric dipole moment, because for
a large T, we can see the effect even for a very small change in ω0 � ω.

5.7.2.2 Tuner
We have seen that if 2ωT D 2πn, the two halves of the π-flipper act as if they were
not separated. Suppose that 2ωT is not exactly 2πn. In this case, an additional coil
of length l with a tunable magnetic field, Bt , parallel to the z-axis is placed between
the two π/2-flippers. Such a coil is called a “tuner”, because by variation of the field
B t it is possible to change the direction of the spin arrow in such a way that at
the entrance of the second flipper it is perpendicular to RF field Brf. Indeed, the
magnetic field B r f turns the spin by the angle 2ω t l/ k0, where ω t D Bt .

With the tuner, the transmission amplitude τ(L) of the space L between the two
π/2-flippers is exp(i ko L) exp(i σz [ωT � ω t t2]), where t2 D l/ ko . If ωT ¤ 2πn, ω t

can be tuned so that ωT � ω t t2 D 2πn. The tuner serves also as a detector of the
change of ω�ω0. Every change can be compensated by the tuner, and the required
current is the measured signal.

5.7.2.3 Echo
If we split the distance L into two parts, L1 and L2, and place another π-flipper in-
between, the transmission τ(L) of all the system becomes

τ(L1, π, L2) D τ(L1)τ(π)τ(L2) D exp(i σz ωT1) exp(�i σx π/2) exp(i σz ωT2)

D �i exp(i σz ω[T1 � T2])σx . (5.192)

If L1 D L2, then the first exponential becomes equal to 1. This means that the
phase accumulated along the first part of the path is canceled after the transmission
through the second part; thus, the transmission through the full system of the
flippers is τ(π/2)τ(π)τ(π/2) D �1, as if all the flippers were absent. (A common
phase factor of �1 in the wave function is not counted.) This phase cancellation is
the main element in “echo” experiments.

Let us discuss why the two phases annihilate each other even if they are not equal
to 2πn, as in the RSF method. The role of the π-flipper here is crucial. Suppose that
L1 D L2 D L. During the time T of flight through L1, the RF field in all the coils
turns by � D 2ωT . If � D 2πn � α, the angle between s and Brf is � D π/2 � α
(see Figure 5.10). In the π-flipper the neutron spin is reflected with respect to B π

(D B rf). The neutron proceeds to the second π/2-flipper with the same speed as
after the first one. At the moment the neutron enters the second π/2-flipper, the
RF field will turn again by 2πn � α. This time, however, the angle between the
RF field and the neutron spin becomes � C α D π/2, and the counterclockwise
rotation around Brf in the second π/2-flipper brings the spin back to the initial
state j
 ui. Thus, the system of three flippers with arbitrary L1 D L2 is equivalent
to free space.
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Br f (tent)Br f (tex)
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Br f (tex + T)

Br f (tex + T + tπ )
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Figure 5.10 Phase compensation. s(tex) and
B rf(tex) are the directions of spin arrow s
and RF field B rf at the moment tex when the
neutron leaves the first π/2-flipper (see Fig-
ure 5.9). s(tex) and B rf(tex C T ) are the di-
rections of the same vectors at the moment
tex C T when the neutron enters the π-flipper.
The vector s does not change its direction, but
B rf turns by the angle 2π � α. In the π-flip-
per the spin arrow is reflected with respect to

Brf and turns with it by angle ωtπ , where tπ
is the flight time through the π-flipper. After
the flight time T to the second π/2-flipper, the
field B rf turns again by 2π � α and points in
direction B rf(tex C2T C tπ ), which is now per-
pendicular to the arrow s. The spin arrow after
counterclockwise rotation around B rf in the
third flipper by angle π/2 around B rf returns
to the initial position perpendicular to the
figure plane and directed toward the reader.

5.7.2.4 The Third Miracle of St. Mark Street
The echo phenomenon can be illustrated in the following way. Let us imagine that
there are three gates in the street: at the beginning, in the middle, and at the end.
All these gates have identical clocks with a single arm in each clock rotating syn-
chronously with the same speed ν. The effect of the first gate was described on
page 238. When people enter the middle gate, the bright spot in their halos changes
its position. The new position is obtained by reflecting the spot with respect to the
direction of the clock arm at the entrance moment. At the end gate the halo disap-
pears if the position of the spot coincides with the position of the clock arm. It is
easy to see that all the halos disappear.

Suppose that the people go with such a speed that the positions of their halos
coincide with the position of the clock arm when they arrive at the middle gate. This
means that the clock arm turned by 2πn during the travel time T between the first
two gates. In this case nothing happens with the bright spots at the middle gate.
Because the people’s speed does not change and the distances between the gates
are equal, the people arrive at the end gate just when the third clock arm position
coincides with the positions of their bright spots. So the halos will be removed.

If the speed of the people is slower, then at the moment they arrive at the middle
gate the clock arm turns by 2πnC α > 2πn. Thus, the people’s bright spot will be
behind the clock arm by the angle α. In that case the spot is reflected with respect
to the clock arm and positioned before the clock arm by the same angle α. If the
people’s speed after the second gate is the same as before, they arrive at the end
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gate when the clock arm turns by the angle 2πnC α, and again it points just to the
position of the spot, and the halo is extinguished. The same happens with people
going faster.

The only way to save the halo is to change the people’s speed after the middle
gate. Many experiments with neutrons are aimed at measuring the change of the
neutron’s speed due to the interaction with a sample placed in the second half of
the “echo” system.

Some details of spin echo experiments There are two types of echo methods. If the
intervals L/2 are empty, the method is called neutron resonance spin echo [212]. If
the intervals L/2 contain DC magnetic fields B0 in opposite directions, the method
is called neutron spin echo [55].

In the experiments using the effect of echo (see, e. g., [267]), two parts of the
path L are first tuned with the tuner (in [267] it is called an accelerator), which is
placed in one of the parts to achieve the phase cancellation. A sample is then placed
in the second part. If there is a change in the neutron velocity v ! v C δv (or in
the length of the path δL), the time the neutron spends in the second part also
changes:

L
2v
! L

2v

�
1� δv

v

�
. (5.193)

After this change the phases do not match any longer, and the tuner is used to can-
cel the phase difference again. The change of the current in the tuner characterizes
the change in the neutron speed δv .

5.7.2.5 Combination of Frequencies. The MIEZE Spectrometer
Consider again an up-polarized neutron beam and the two π/2-spin flippers (it is
unimportant whether they are close to each other or not). Now, however, assume
that the DC fields B0 and therefore the resonant frequencies of the RF fields are
different: ω in the first flipper, and ω0 ¤ ω in the second one. A spectrometer with
different flipper frequencies is called a MIEZE24) spectrometer [212].

The wave function of the neutron transmitted through the first flipper is

ψ1 D 1p
2

[exp(i k0x � i E0 t)j
 ui � i exp(i k�x � i E� t)j
 d i] , (5.194)

where E� D E0 � 2ω, k� D
p

2E�. The wave function of the same neutron
after transmission through the second π/2-flipper (with different frequency ω0)
becomes

ψ2 D 1p
2

h
ψ1 � ip

2
fexp(i k0�x � i E 0� t)j
 d i � i exp(i k00x � i E 00t)j
 uig

i
,

(5.195)

24) Note that “Mieze” is obtained by changing the
position of letter i in the name Mezei, who
was inventor of the spin echo spectrometer.
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where E 00 D E0 � 2ω C 2ω0, E 0� D E0 � 2ω0, and k00,� D
q

2E 00,�. The first term,

ψ1, in Eq. (5.194) is related to elastic transmission through the second flipper. The
other terms describe inelastic transmission. When the up-polarization analyzer is
placed after the two spin flippers, the intensity of the transmitted neutrons is

I(x , t) D
ˇ̌̌
ˇ12
�

e i k0x�i E0 t � e i k 00x�i E 00 t
	ˇ̌̌ˇ

2

� sin2([ω � ω0][t � x/v ]) . (5.196)

So, at any point x, the intensity oscillates with frequency ω � ω0. We have again
created a beam with modulated intensity, which can be considered as a coherent
wave with wavelength λ D 2πv/(ω � ω0).

Such oscillations were first observed in [272]. The modulation frequency δω D
2�10�5 Hz was clearly seen. The observation of such a small frequency modulation
seems remarkable because this frequency corresponds to a period of 12 h, while the
frequencies ω and ω0 of the flippers are on the order of 32 kHz, and the neutrons
spend only a few milliseconds in the instrument. However, this observation was
absolutely correct.

The oscillations characterize not the neutron properties, but properties of RF
coils and the stability of their frequencies. The neutron was only a tool for checking
the properties of the setup. However, the fact they are such good tool means that
the experimenters understand their properties very well.

Considerably higher frequency modulations on the order of 200–400 kHz were
reported in [273], and the observation was also in good agreement with the theoret-
ical expectations and the equations above.

5.7.2.6 The Fourth Miracle of the St. Mark Street
The effect of low-frequency beating can also be illustrated with the help of the St.
Mark Street gates. Let us imagine that the clock arm in the middle gate rotates with
frequency ν0 ¤ ν. This gate opens only if the bright spot in the halo of the passers-
by is inside angle α about the direction of the clock arm. If the frequency ν0 is
the same as ν, and νT is inside the interval [2πn � α, 2πn C α], then all the peo-
ple are permitted to pass the middle gate, and no beating is observed. If, however,
νT is outside the interval, no one is permitted to go through the middle gate, and
the intensity-modulated wave again cannot be observed. Only at ν0 ¤ ν does the
stream of people behind the middle gate consist of periodic bunches with frequen-
cy jν � ν0j, which illustrates the intensity-modulated wave, as discussed above.

5.7.2.7 Transformation of a Continuous Polarized Beam into a Pulsed One
We saw above how to generate a SPW with an RF flipper and how to form an
intensity-modulated wave with an analyzer. However, in this process because of
elimination of one spin component, the intensity of the intensity-modulated wave
is less than that of the incident one. Let us show how to transform a continuous
polarized beam into a pulsed one without loss of intensity [274].

Let the continuous beam of neutrons with energy E0 and polarization along the
x-axis propagate along the y-axis. The wave function of such neutrons is

jψ0(r)i D exp(i k0 y � i E0 t)j
 x ui , (5.197)
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where k0 D
p

2E0, and j
 x ui is the eigenvector of matrix σx W σx j
 x ui D j
 x ui.
Let us put on the beam path a π-spin flipper with internal DC field B1 parallel to

the z-axis as shown in Figure 5.11a. Since

j
 x ui D
1p
2

[j
 z ui C j
 z di] ,

where j
 z u,di are eigenspinors of the matrix σz :

σz j
 z u,di D ˙j
 z u,di ,

the neutrons after the RF flipper will become a superposition of the states j
 z u,di
with energies E0 ˙ ω1, respectively, as shown in Figure 5.11b, where ω1 D 2B1.
Their wave function is

jψ1(r)i D exp
�

i Ok0 y � i(E0 C ω1σz)t
	 �ip

2
[j
 z ui C j
 z di]

D �ip
2

�
exp

�
i k1Cy � i(E0 C ω1)t

�j
 z ui
C exp(i k1�y � i(E0 � ω1)t)j
 z di

�
, (5.198)

where Ok0 D
q

k2
0 C 2ω1σz , k1˙ D

q
k2

0 ˙ 2ω1 and ω1 D 2B1.
Immediately after the first π-flipper let us put the second one with DC magnetic

field B2 parallel to the x-axis. Since j
 z u,di are representable as a superposition of
states j
 x u,di with quantization axis along B2,

j
 z ui D
1p
2

[j
 x ui C j
 x di] , j
 z di D
1p
2

[j
 x ui � j
 x di] ,

then after transmission through the second π-flipper the neutron beam becomes
a superposition of four states with different energies E0 ˙ ω1 ˙ ω2, as shown in
Figure 5.11b.

The wave function after the second flipper becomes

jψ2(r)i D �1
2

�
exp(i Ok1Cy � i(E0 C ω1 C ω2σx )t)[j
 x ui C j
 x di]

� exp(i Ok1�y � i(E0 � ω1 C ω2σx )t)[j
 x ui � j
 x di]
	

, (5.199)

where Ok1˙ D
q

k2
0 ˙ 2ω1 C 2ω2σx , or it can be represented as

jψ2(r)i D �1
2

�
[exp (i kCCy � i(E0 C ω1 C ω2)t)

� exp (i k�Cy � i(E0 � ω1 C ω2)t)]j
 x ui
C [exp(i kC�y � i(E0 C ω1 � ω2)t)

C exp(i k��y � i(E0 � ω1 � ω2)t)]j
 x di
	

, (5.200)

where k˙,˙ D
q

k2
0 ˙ 2ω1 ˙ 2ω2.
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Figure 5.11 Principle of an experiment for
total transformation of a continuous polarized
beam into a nonpolarized pulsed one (a). Af-
ter the first π-flipper with resonant frequency
ω1 D 2B1, where B1 is a DC field parallel to
the z-axis, the neutron becomes a superposi-
tion of two states with opposite polarizations
on the z-axis and energies differing by 2ω1
(b). After the second π-flipper with DC field
B2 parallel to the x-axis, the neutron becomes
a superposition of two spin states with op-

posite polarization along field B2, and every
state is split in energy by 2ω2. Because of
this splitting, the intensity of every spin state
oscillates in time, and the oscillation phase
depends on the distance after the second flip-
per. At some distance L the oscillations of
both spin components have identical phases.
It is at this point that the previously continu-
ous beam becomes completely transformed to
a pulsed one.

The total intensity corresponding to this wave function at some distance L after
the second flipper is equal to the sum of the intensities of the two spin components:

I(L) D sin2(KCL � ω1 t)C cos2(K�L � ω1 t)

D 1C sin([KC C K�]L � 2ω1 t) sin([KC � K�]L) , (5.201)

where

KC D 1
2

�q
k2

0 C 2ω1 C 2ω2 �
q

k2
0 � 2ω1 C 2ω2

�
� ω1q

k2
0 C 2ω2

,

(5.202)

K� D 1
2

�q
k2

0 C 2ω1 � 2ω2 �
q

k2
0 � 2ω1 � 2ω2

�
� ω1q

k2
0 � 2ω2

.

(5.203)

Since KC�K� � �ω1ω2/ k3
0 , we have sin([KC�K�]L) D �1, when Lω1ω2/ k3

0 D
π/2. At the point L D πk3

0/(2ω1 ω2), the neutron intensity is

I(L) D 2 sin2 �ω1 t C π
�
k2

0/2ω2 C 1/4
��

.
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Therefore, at the point L the previously continuous beam of polarized neutrons
without any chopper is transformed into a pulsed beam of nonpolarized neutrons.

If B1 � 1 kG, then ω1 � 3 MHz. The distance L, where transformation is
achieved, is determined by

L D λ
E 2

0

4B1B2
.

If B2 D 2 kG and E0 D 1 meV, then L � 1 m.
On page 220, we discussed the method of transformation of a nonpolarized beam

into a polarized one without loss of intensity. With this method it is possible to
transform a nonpolarized continuous beam into a pulsed one without loss of in-
tensity. However, that method is applicable only to very slow neutrons. At higher
energies it is not feasible.

5.8
Neutron Holography

Here we shall discuss some ideas of the neutron holography [268], but first let
us remind the main principles of the optical one and show some elements which
distinguish our approach from the common one.

5.8.1
General Principles of Holography

If a plane wave exp(k r � i ω t) illuminates an object, then the set of elastically scat-
tered waves

ψs(r , t) D
Z

d3r 0N0(r 0)b(r0) exp(k 	 r 0) exp(i kjr � r 0j � i ω t)
jr � r 0j , (5.204)

focused on the retina gives a photo image of the object. Here N0(r0) and b(r0) are
the atomic density and the scattering amplitude of atoms at the point r 0 inside or
on the surface of the object.

If the field ψ is focused onto a photo plate (focusing means concentration into a
point of the field scattered by some point of the object), then the distribution of the
intensities gives a photo image on the photo plate.

5.8.1.1 A Distinguishing Feature of Our Approach
Below we shall replace all spherical waves by a superposition of plane waves.

The spherical wave can be represented by a two-dimensional Fourier expansion

exp(i k r)
r

D i
2π

Z
d2 pkq
k2 � p 2

k
exp

�
i pk 	 rk C i

q
k2 � p 2

kjr?j
	

,

where pk are wave vector components parallel to some plane with coordinates rk,
and r? is the coordinate normal to this plane (Figure 5.12). The integration range
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S

r
┴ r||

r

Figure 5.12 Geometry of the two-dimensional Fourier represen-
tation of a spherical wave: S is the scattering center radiating
the spherical wave. At the observation point at a distance r?
from S draw a plane perpendicular to r? . Coordinates rk de-
note points in the plane in the vicinity of r? .

of d2 pk includes all pk and in-between them are such pk that are larger than k;
therefore, k2

? D k2 � p 2
k < 0. These components belong to the waves which decay

exponentially along r?, and these waves can be neglected. As a result, the integral
can be approximated by

exp(i k r)
r

� i
2π

Z
p 2
k<k2

d2 pkq
k2 � p 2

k
exp

�
i pk 	 rk C i

q
k2 � p 2

kjr?j
	

D i
π

Z
d3 p δ(k2 � p 2) exp(i p 	 r)Θ (p?r? > 0)

D i k
2π

Z
dΩ exp(i kΩ 	 r)Θ (kΩ 	 r > 0) , (5.205)

where jk Ω j D k, and we used the easily checked relation

d2 pk
2
q

k2 � p 2
k

Θ (p 2
k < k2) D d3 p δ(k2 � p 2)Θ (p? > 0) .

Therefore, the scattered field is represented by

ψs(r , t) D i
Z

d3r 0N0(r0)k b(r0) exp(k 	r 0)
Z

dΩ
2π

exp
�
i kΩ 	 (r � r 0)� i ω t

�
.

(5.206)

5.8.1.2 Holographic Image
The holographic image is obtained by registration of superposition of the scattered
field ψs (r, t) with the field of a reference plane wave ψ0(r, t) D exp(i k0 	 r � i ω t)
(jk0j D k) from the same coherent source, which also illuminates the object. The
intensity I(r) at a point r of the photo plate averaged over time,

I(r) D lim
τ!1

1
τ

τZ
0

jψ0(r, t)C ψs(r, t)j2 d t ,
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contains an interference term

Ii(r) D
Z

d3r 0 N0(r0)k b(r0) exp(k 	 r 0)

�
Z

dΩ
π

sin
�
(k � k Ω ) 	 r 0 C (k Ω � k0) 	 r� . (5.207)

This part of intensity creates the hologram.

5.8.1.3 Reproduction of the Scattered Field from the Hologram
To see the object we need to restore the scattered field (5.206) created by the object.
For that the hologram, which is a transparency with transmission T(rk) � Ii(r) at
points r D (rk, r? D 0), is illuminated by a reproducing wave exp(i q 	 r � i ωq t),
which is not necessary identical to the reference one. As a result, at the points R
there appears the field transmitted through the transparency, which is calculated
according to the Fresnel–Kirchhoff principle:

ψt (R, t) D 1
4π

Z
d2rk

exp(i kjR � rj)
jR � rj

  ���
d

dr?
�
���!

d
dr?

!
r?D0

� exp(i q 	 r � i ωq t)T(rk) , (5.208)

where the arrow over a derivative shows which factor has to be differentiated along
the normal to the hologram plane. For a spherical wave, after substitution of its
two-dimensional Fourier representation (5.205) we obtain

ψt (R, t) D 1
4π2

Z
d2rk

Z
d2 pk

p? C q?
2p?

exp(i p 	(R�rk)Ci q	rk�i ωq t)T(rk),

(5.209)

where p D (pk, p?) and p? D
q

q2 � p 2
k. It is easy to check that at T(rk) D 1 the

field (5.209) completely reproduces the incident plane wave exp(i q 	 R � i ωq t).
Assume that T(rk) D Ii (rk), substitute Eq. (5.207) into Eq. (5.209), and take into

account that sin x D (1/2 i)[exp(i x )�exp(�i x )]. The first exponent after integration
over the hologram plane (it is supposed to be infinite) gives

ψt1(R, t) D
Z

d3r 0 N0(r0)k b(r0)
Z

dΩ
kΩ? C k0?

2kΩ?
� exp

�
i(k � k Ω ) 	 r0 C i(kΩ � k0 C q)k 	 Rk C i p?R?

�
,

(5.210)

where p? D
q

q2 � (kΩ � k0 C q)2
k. (From now on we shall omit the temporal

factor exp(�i ωq t).) At q D k0, that is, when the reproducing wave is identical to
the reference one, the field (5.210) is identical to the field scattered by the object
and observed at the point R. It is called a virtual image and is seen visually if the
frequency ωq of the field is in the visible range of electromagnetic radiation.
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If q ¤ k0, the virtual image is shifted with respect to the object and becomes
distorted, as if the object were in a medium with refractive index

n2(Ω ) D k2 � k2
Ωk C (kΩ � k0 C q)2

k
q2 ,

and were illuminated by the wave with wave vector k � (k0 � q)k.
The second exponent exp(�i x ) of sin x after integration over the hologram plane

gives the field which at some distance forms a real image. We shall not discuss it
here.

5.8.2
Spin Precession Wave

Everything said above about electromagnetic waves is valid for neutron waves too.
However, in neutron optics we do not have coherent sources of neutron radiation
and the de Broglie wavelength is very small compared with the wavelength of visi-
ble light. Therefore, neutron holography seems to be impossible.

Nevertheless, the situation is not so hopeless, because with neutrons it is possible
to generate waves with wavelengths considerably longer than the usual de Broglie
wavelengths [275–277].

Let us consider the system of two π-spin flippers shown in Figure 5.13.
If the incident neutron is polarized along the x-axis, then its wave function is

jψ2(r, t)i D exp(i k 	 r � i E t)j�x ui , (5.211)

where E D k2/2 is the neutron kinetic energy and j�x ui is its spin state with polar-
ization along the x-axis. It is the eigenstate of the Pauli matrix σx : σx j�x ui D j�x ui.
The state j�x ui is a superposition of states with polarizations along and opposite

S||x

B0||z B0||z

S

L

S S

E 2ω

(a)

(b)

L

Figure 5.13 The generation of a spin preces-
sion wave (SPW) between two identical spin
flippers with internal DC field B0kjz-axis (a).
The incident neutron is polarized along the x-
axis. Outside the magnetic field is zero. After
the first flipper every neutron is a superposi-

tion of two states with polarizations along and
opposite the z-axis and with the two different
energies shown in (b). After the second flipper
the energies of the two components return
back to the previous value E. A SPW exists
between the two spin flippers.
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the z-axis: j�x ui D [j�z ui C j�z di]/
p

2, where j�z u,di are eigenstates of the Pauli
matrix σz : σz j�z u,di D ˙j�z u,di.

In the incident wave the states j�z u,di have the same momentum k and energy E.
After the first RF π-spin flipper the neutron wave function becomes

jψ1(r , t)i D exp
�
�i(E C σz ω)t C i Ok 	 r

	
j�x ui

D �ip
2

exp
�
�i(E C σz ω)t C i Ok 	 r

	
(j�z ui C j�z di) , (5.212)

where Ok D
p

k2 C 2ωσz k/ k, and ω is the RF frequency of the flipper, which we
take to be equal to 2B0. The two states j�z u,di are seen to now have different ener-
gies. Their difference is 2ω, as shown in Figure 5.13 (b). They also have different
speeds. The difference leads to the wavelike variation of the neutron spin arrow in
space and time, as discussed on page <?xmltex 235. Such a variation can be con-
sidered as a coherent SPW. Its coherence is provided by the RF field of the spin
flipper.

After the second spin flipper the neutron state is described by the wave function

jψ2(r , t)i D �1p
2

exp(�i E t C i k(y � L))

� (exp(i kCL)j�z ui C exp(i k�L)j�z di) , (5.213)

where k˙ D
p

k2 ˙ 2ω. It follows that after the second spin flipper the neutron
has the same momentum and energy as before the first one, but the states j�z u,di
have different phases. The phase difference can be observed in the experiment
depicted in Figure 5.14. If we put an analyzer after the second spin flipper, which
transmits only neutrons polarized along the x-axis, the intensity of the transmitted
neutrons will be

I(L) D 1
4
j exp(i kCL)C exp(i k�L)j2 D cos2(K�L) D 1

2
[1C cos(2πL/Λ)] ,

S||x

B0||z
z

x

y
l

PSD

A||xB0||z

L0

− χ

α

ππ

Figure 5.14 An experiment to observe the interference pattern
produced by a SPW. The second spin flipper is turned in the
plane (x , y) by the angle α with respect to the first one. After
it there is an analyzer A, which transmits neutrons parallel to
the x-axis, and a position-sensitive detector (PSD). The depen-
dence of the count rate on the coordinate l along the PSD varies
in a cosine-like manner as shown in Eq. (5.215).
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(5.214)

where K� D (kC � k�)/2 � ω/ k, Λ D λE/„ω, and λ D 2π/ k is the de Broglie
wavelength. If the beam is wide enough along the x-axis, and the second spin flip-
per with magnetic field B0kz is turned with respect to the second one by the an-
gle α in the (x , y )-plane, then the dependence of the intensity on the coordinate l
along the position-sensitive detector (PSD) (Figure 5.14) will vary as

I(l) D 1
2



1Ccos(2πfL0Cl sin αg/Λ)

� D 1
2



1C cos(φ C 2π l/Λ0)

�
, (5.215)

where φ D 2πL0/Λ and Λ0 D Λ/ sin α.
For neutrons of low energy (approximately 1 meV) with wavelength approximate-

ly 9 Å and magnetic field B0 � 2 T, the wavelength is Λ � 10μ.

5.8.3
Hologram of a Scattered SPW without a Reference Wave

Let us now investigate neutron scattering in a sample placed between two spin
flippers as shown in Figure 5.15. The wave function of scattered neutrons before
the second flipper is

jψs(r, t)i D exp(�i(E C ωσz)t)

�
Z

d3r 0 N0(r0)
b(r0)
jr � r0j exp(i Okjr � r0j) exp(i Okr 0)j�x ui , (5.216)

where N0(r 0) and b(r0) are the atomic density and the scattering amplitude
at the point r 0 inside the sample, respectively, Ok D

p
k2 C 2ωσz , and Ok Dp

k2 C 2ωσz k/ k. Substitute Eq. (5.205) for the spherical wave. Then the scat-
tered field (5.216) transforms to

jψs(r, t)i D i
Z

d3r 0 N0(r0) Ok b(r0)

�
Z

dΩ
2π

exp
�

i OkΩ 	 (r � r0) � i(E C ωσz)t
	

exp( Ok 	 r 0)j�x ui ,

(5.217)

where Ok Ω D
p

k2 C 2ωσz Ω , Ω is a unit vector in the direction Ω .
After the second flipper identical to the first one, and the analyzer, transmitting

only neutrons polarized along the x-axis, the wave function (5.217) becomes

h�x ujjψs(r , t)i � exp(�i E0t)

�
Z

d3r 0N(r0)k b(r0) exp
�
i k 	 r 0 C k Ω 	 (r � r 0)

�
cos

�
q 	 r0 C qΩ 	 (r � r0)

�
,

(5.218)

where q D (ω/ k2)k, qΩ D (ω/ k)Ω , and everywhere, where it is possible, we
neglected ω with respect to k.
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Figure 5.15 Experimental arrangement for recording of neutron
hologram for incoherent scatterers. The coherent SPW created
after the first π-spin flipper is scattered in a sample. After the
second spin flipper and an analyzer, the hologram is registered
by a PSD.

Assume that the scattering is incoherent. This means that according to wave
function (5.218) the intensity of scattered neutrons at the PSD averaged over ele-
ments, isotopes, and spins is representable as

I(r) D ˝˝ jh�x ujjψs(r , t)ij2 ˛˛ D Z d3 r 0 N(r0)jkb(r0)j2 cos2 �q 	 r 0 C qΩ (r � r 0)
�

D C C 1
2

Z
d3r 0 N(r0)jk b(r0)j2 cos

�
2q 	 r0 C 2qΩ 	 (r � r 0)

�
,

(5.219)

where C D R
d3r 0 N(r0)jk b(r0)j2/2. We see that the intensity depends on the coor-

dinates r on the PSD, and it contains information about the distance between the
point r on the PSD and the point r0 of the scatterer.

If we put a photo plate on the PSD, we will get a hologram. After illumination of
this hologram with a restoring light wave, we can get a visible image of the internal
structure of the nontransparent object. However, for that it is necessary to over-
come some difficulties related to the difference between Λ and the wavelengths of
visible light. If the de Broglie neutron wavelength is too short, the SPW wavelength
is too long.

5.8.4
Magnetic Scattering of a SPW with Spin Flip

Above we considered nonmagnetic scattering. In the case of magnetic samples,
some scattering accompanies spin flip. In that case the state j�z ui before scattering
with higher energy ECω transforms to the state j�z diwith the same energy ECω
(we consider here only elastic scattering), and the state j�z di with lower energy
E � ω transforms to the state j�z ui with the same energy E � ω. After the second
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spin flipper, identical to the first one, the spin components, which after the first
flipper have energy difference 2ω, will interchange again, but their energies will
not return to the previous E0 but will separate apart again by 2ω. So, their energy
difference will be 4ω, and this energy difference will make the intensity of the
neutrons after the analyzer oscillate in time,

I(r, t) D
Z

d3r 0N(r0)jk b(r0)j2 cos2 �2q 	 r 0 C 2qΩ 	 (r � r 0)� 2ω t
�

D C C 1
2

Z
d3r 0 N(r0)jk b(r0)j2 cos

�
4q 	 r 0 C 4qΩ 	 (r � r0) � 4ω t

�
,

(5.220)

and without special time analysis this oscillation will produce a homogeneous back-
ground on a photo plate.

To avoid further splitting of energy, it is necessary to change the sign of the DC
magnetic field in the second π-flipper. Then the intensity scattered without spin
flip will oscillate and average to a homogeneous background, whereas the scatter-
ing with spin flip will create a steady-state interference pattern on the hologram.
Illumination of this hologram with visible light will give a visual image of the mag-
netic structure of the sample, which gives scattering with spin flip. In this way we
can separate scattering with and without spin flip.

5.8.5
Entangled States. A Fundamental Question of Quantum Mechanics

We found that after a spin flipper the neutron can occur as a coherent superposi-
tion of two states with different kinetic energies. However these states are related
to the number of photons in the flipper. Suppose that initially the neutron is po-
larized perpendicular to the field B0 in the π-flipper, as shown in Figure 5.13, and
the neutron enters the flipper at an angle, as shown in Figure 5.8. Then the trans-
mitted neutron will be a superposition of two states. One of them corresponds to
absorption of a photon, and the other one corresponds to emission of a photon.
These two states constitute an entangled state with photons:

Φ (k, n) D 1p
2


jn � 1ij�ui exp(i kC r � i EC t)C

Cjn C 1ij�d i exp(i k�r � i E�t)
�

, (5.221)

where jn ˙ 1i means the flipper state with one photon more or less and E˙ D
E0 ˙ 2ω and k˙ D

p
2E˙ are the neutron energy and momentum after absorp-

tion or emission of a photon. The two components of the wave function propagate
with speeds different in magnitude and direction. If we had a pulsed source and
registered neutrons with a PSD, could we see two separate peaks coming with an
appropriate time difference? Or would we see something different? In the first case
we should conclude that after the flipper every neutron goes along a single path.
Then what does coherent superposition mean? In the second case we should ask
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ourselves what process really takes place in the flipper: absorption or emission of
a photon? We are inclined to expect the first version in a thought experiment, be-
cause it is similar to the Stern–Gerlach one. This means that every single neutron
has a wave function equal to a single value of the two terms in the sum (5.221).
Then, what meaning does superposition of the neutron states and their interfer-
ence have? It is the most intriguing question of quantum mechanics.

5.9
Conclusion

Application of the theoretical methods presented here gives us an opportunity to
investigate many phenomena observed in polarized neutron reflectometry, and not
only phenomena related to condensed matter, but also ones related to the neutron
itself. One of them is the problem of neutron speed, formulated on page 238: is
the neutron speed really equal to the average speed of the two spin components, or
can the spin components separate? If they separate, how does this happen? How
does the coherence of two components then disappear? If these questions are be
answered, our understanding of quantum mechanics will become one step better.

In this chapter we considered mainly uniform fields or fields with interfaces. We
can also consider fields uniform along the interface, but changing along the normal
to it. However, in all cases this external field is classical, that is, the particle does
not change it, and we are not interested in the origin of this field. It is interesting
when the field appears because of external electrical field E . According to special
relativity theory, in the neutron reference frame an external electrical field creates a
magnetic one B D [v�E ]/c, where v is the neutron speed and c is the speed of light.
In reflectometry of thermal neutrons, relativistic effects are very small because of
the smallness of the ratio v/c; however, in some special cases this effect can be the
most important.

We only briefly discussed neutron holography with SPW. These waves have wave-
lengths much larger than light waves and can be used for imaging the macroscopic
structure of matter. However, there is a holographic method where short wave-
lengths are used and atomic-size resolution is achieved. In this method a refer-
ence spherical wave bRf exp(i k r)/r is generated by scattering on some reference
atoms with scattering amplitude bRf. This reference wave is further scattered on
surrounding atoms, and the interference of it with the scattered oneˇ̌̌

ˇψ0(k0, R)bRf
exp(i kjR � rj)
jR � rj

Cψ0(k0, R)bRf

Z
exp(i kjR � r 0j)
jR � r 0j d3r 0bs(r 0)

exp(i kjr � r 0j)
jr � r0j

ˇ̌̌
ˇ
2

(5.222)

is registered. Here R is the position of the reference atom, ψ0(k0, R) is the wave of
the incident beam with wave vector k0, which illuminates the reference atom, and
bs(r 0) is the scattering density of nearby atoms.
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Usually experiments are performed on crystals, with one reference atom per el-
ementary cell, and the interference pattern Eq. (5.222) is measured at different
orientations of the crystal, which is equivalent to different orientations of the vec-
tor k0 of the incident beam with respect to it. The interference pattern is extracted
from the full diffraction pattern of the crystal and numerical processing of the da-
ta obtained helps to extract the structure of the elementary cell. So this technique
is similar to crystallography. We cannot dwell on this point, but for the interested
reader we can recommend the papers [278, 279] and references therein.

The end of song is not the end of story,
The thought returns and wakes the brain to worry.
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6
Optical Phenomena in Neutron Diffraction and Scattering

6.1
Diffraction on Regular Lattices

The foundation of the principles of the diffraction of waves by regular lattices was
established in the 1910s through experiments on and analyses of X-ray diffraction.
The framework can be classified into two categories as follows:

1. kinematical theory
2. dynamical theory

The fundamental difference between these two approaches lies in the treatment of
multiple scattering, that is, in the former theory the effects of multiple scattering of
waves are neglected, whereas in the latter they are taken into consideration. There-
fore, the latter might become significantly complicated in a certain situation. The
difference can also be expressed in the terminology usually used in scattering the-
ory as the kinematical theory uses the Born approximation, whereas the dynamical
theory does not use it.

The kinematical theory was established by Laue et al. [280], and their experiments
on X-ray diffraction opened up the new research field to investigate material struc-
tures at the atomic level. On the other hand, the dynamical theory was initiated by
Darwin [194, 281], and further refined by Ewald into a consistent diffraction theo-
ry [282, 283]. Some details of the differences between these two approaches will be
introduced in the following subsections.

6.1.1
Borrmann Effect

As mentioned in Section 1.2, Bragg’s law, Eq. (1.10), defines the angle between the
directions of scattered waves and the incident waves in the phenomenon of coher-
ent scattering of neutrons by a crystal. In such a phenomenon, two geometrical
situations can be supposed relating to the emergence of diffracted and transmitted
waves, as illustrated in Figure 6.1. One is the case shown in Figure 6.1a, where
the diffracted waves emerge from the same side as the incident waves of the sur-
faces on a crystalline sample. The other case is shown in Figure 6.1b, where both
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Copyright © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Figure 6.1 Two kinds of geometrical situations in Bragg scatter-
ing by a crystal: (a) Bragg case; (b) Laue case.

the diffracted and the transmitted waves exit from the opposite side of the sample
against the incident surface. The former type of reflection geometry is called the
Bragg case and the latter type of transmission geometry is called the Laue case.

As expected from the fundamental difference between the kinematical theory
and the dynamical one mentioned above, both theories lead to essentially similar
results in the case of a thin crystal, but for a thick crystal an important difference is
possible between the results from the two theories. One of the most distinguished
effects derived from the dynamical theory was shown for the first time in the 1940s
by Borrmann [284, 285] as the anomalous behavior of X-ray diffraction for the Laue
case, which is now called the Borrmann effect.

The effect is illustrated in Figure 6.2 according to the review by Batterman on the
dynamical diffraction of X-rays [286]. In the case of Laue diffraction by a thin crystal
as shown in Figure 6.2a, the angular scan of the intensity transmitted through the
crystal indicates a decrease of the forward transmitted intensity around the Bragg
angle as drawn by the upper curve in Figure 6.2c. In contrast, in the case of a thick
crystal as shown in Figure 6.2b, an anomalous intensity increase should be ob-
served in the direction of forward transmission as the lower curve in Figure 6.2c.
If the details of these phenomena are analyzed for a X-ray-sensitive film insert-
ed in the geometry as given in Figure 6.2d, an additional transmitted component
should be recorded as indicating the energy flow due to multiple Bragg reflections
different from the direct transmission of the incident beam. Such a flow of wave
propagations due to multiple Bragg reflections forms a fan-shaped region of the
diffracted beam which is called the Borrmann fan, and the intensity distribution
in the region becomes the interference pattern named Pendellösung illustrated in
Figure 1.6.

The first measurement with neutrons on the present anomalous transmission
was performed by Knowles [287], and a little later a higher-resolution measurement
was carried out by Sippel [288]. The experimental results obtained by Sippel et al.
on the rocking curve as the angular distribution of neutron intensity are shown in
Figure 6.3.

They used a double-crystal spectrometer with a neutron wavelength of 1.18 Å.
For this wavelength, the InSb sample considered in Figure 6.3a has normal linear
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Figure 6.2 Anomalous transmission due
to the Borrmann effect in X-ray diffraction
by a crystal: (a) thin-crystal Laue diffraction;
(b) thick-crystal Laue diffraction; (c) angular
scans on the transmitted intensity, where the
upper curve is the thin-crystal case and the

lower curve is the thick-crystal case; (d) ray di-
agram explaining the spots on the film; (e) the
diffracted beam (1) and the forward diffracted
beam (2) on the film indicate the energy ap-
parently flowed along the atomic planes in the
crystal (Batterman [286]).

Figure 6.3 Rocking curves of Bragg-reflected and transmitted
neutron beam intensities in a symmetrical Laue geometry from
(a) InSb and (b) Ge crystal (Sippel et al. [288]).

absorption coefficient μInSb D 1.95 cm�1 and thickness 7.2 mm, whereas the Ge
sample considered in Figure 6.3b has μGe D 0.08 cm�1 and thickness 0.91 mm. As
observed in the figure, the transmission curve of the InSb sample indicates obvious
asymmetry, and the summation of reflected and transmitted intensities reveals an
anomalous intensity increase, that is, the effect of an anomalous decrease of neu-
tron absorption. In contrast, the transmission curve for the weakly absorbing Ge
sample is as expected nearly symmetrical.
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6.1.2
Darwin Table

As expected from the fundamental difference already mentioned between the
kinematical and dynamical theories, the reflectivity R for a thin crystal (thickness
d � Δh) derived from the latter theory is similar to that derived from the former
theory as

R(y , α) D
�

sin α y
y

�2

, (6.1)

where

α D πd/Δh � 1 ,

Δh D π[sin(θB C θS ) sin(θB � θS )]1/2

bc e�W jFhk ljN λ
, (6.2)

where θB is the Bragg angle and θS is the angle between the Bragg plane and the
crystal surface. (Refer to, e. g., textbook [I], Eq. (6.2.21)).

In contrast, in a thick crystal (d � Δh , i. e., α � 1), the reflectivity from the
dynamical theory, the so-called Ewald formula, leads to different equations for the
Bragg case and the Laue case. In particular, for the Bragg case the formula of the
Darwin table [194, 283] with saturated reflectivity as unity is derived as

R(y ) D
8<
:

1 y 2 < 1

1�
q

1� 1
y 2 y 2 > 1

(6.3)

(refer to, e. g., textbook [I], Eq. (6.2.23)), which illustrates an important difference
from the kinematical theory.

The variable in these equations is the normalized deviation angle y D (θ �
θB )/ΔθB , and ΔθB is the Darwin width defined by

ΔθB D bc e�W jFhk ljN λ2

2π
p

fas sin(2θB )
, (6.4)

where e�W is the Debye–Waller factor, jFhk lj is the crystal structure factor for the
indices h, k, l , N is the number of unit cells per unit volume in the crystal, and the
asymmetry factor fas D sin(θB � θS )/ sin(θB C θS ).

Equation (6.3) gives a silk-hat type of reflectivity distribution, the plateau region,
that is, the Darwin region, of which agrees qualitatively with the approximate result
derived by Darwin [194]. This plateau shape of the reflectivity is called the Darwin
table.

By making use of a specially arranged configuration of the double-crystal spec-
trometer shown in Figure 6.4a with the Laue case for the first crystal and the Bragg
case for the second crystal, Kikuta et al. [289] obtained a very precisely parallel
beam of thermal neutrons by the selection of the central portion as explained in
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Figure 6.4 Intensity distribution studies on
dyanamical diffraction of a precisely parallel
thermal neutron beam: (a) double-crystal type
of experimental arrangement with Laue-case
(1) and Bragg-case (2) crystals, where crystal
2 is provided with a mechanism to rotate it
through small angles, where b is a thin bend-
ing bridge, s is a plate spring, m is a microm-

eter, and p is a shielding plate to cut off the
beam reflected from the backside of the sec-
ond crystal; (b) detail explaining the method
to obtain the precisely parallel beam by the se-
lection of the central portion of the diffraction
fan; (c) observed rocking curve of the intensity
for Si(111) symmetrical Bragg-case diffraction
(Kikuta et al. [289]).

Figure 6.4b of the diffraction fan through the first crystal. The parallel beam was
further reflected by the second crystal in the setup of symmetrical Bragg-case diffrac-
tion (i. e., fas D 1 in Eq. (6.4)), and thus they observed the silk-hat type of intensity
distribution given in Figure 6.4c. The experiment was performed at the JRR-2 re-
actor at the Japan Atomic Energy Research Institute, Tokai, with a beam of thermal
neutrons monochromatized at wavelength λ D 0.86 Å with a graphite crystal. In
their experiment, therefore, (111) reflection of a silicon single crystal (θB D 7ı510)
was used with crystal thickness t of 13 mm and slit width s of 0.45 mm. In this sit-
uation, the angular divergence of the precisely parallel beam in the arrangement
shown in Figure 6.4b, given by Δθs D ΔθB Δys , where the selected angular width
with the fine slit in the Laue-case diffraction is Δys D s/(t tan θB ), was estimat-
ed as Δθs D 0.06500, this being sufficiently narrower than the broadening of the
silk-hat curve. In this way, the observed intensity distribution illustrated in Fig-
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ure 6.4c is considered to be very near to the intrinsic distribution in the Bragg-case
diffraction.

Actually, the measured intensity distribution agreed well with the expected dis-
tribution from the incident intensity Ii indicated in the figure and the convolution
of the angular distribution of the exploring beam and the silk-hat type intrinsic
distribution in the Bragg-case diffraction, Eq. (6.3), except for a slight rounding on
the Darwin table and a slight increase in the half width. This slight increase was
considered to be due to the possible effect of geometrical instability in the experi-
mental arrangement during the measuring time of 8 h. From these investigations,
the experimental result of neutron diffraction from a Bragg-case crystal is consid-
ered to be well explained by the Darwin table formula derived from the dynamical
diffraction theory.

After the clarification of the neutron reflectivity characteristics represented by
the Darwin curve, neutron spectroscopy developed in two directions. One is the
exploration of the reflected intensity increase by making use of a larger wavelength
width or angular width with respect to the Darwin width defined by the crystalline
parameters. The other is the approach to a higher resolution by realizing a narrow-
er reflection width for neutrons. As the first category in these two directions, we
introduce first, in Figure 6.5, the experiment by Klein et al. [290] on the neutron
reflection in a wider wavelength region from crystalline lattices deformed locally in
a thin vibrating crystal plate, and with subsequent local shift of the Bragg reflection
wavelength.

A quartz bar with the dimensions indicated in Figure 6.5a vibrates at a frequency
of 40 kHz with a peak strain amplitude close to 10�4 in the fundamental compo-
nent of the modulation based on the known piezoelectric relationships. On account
of the displacement-dependent strain gradient as shown in Figure 6.5b, more neu-
trons in a wider wavelength region Δλ for an angular spread Δθ in the incident
range can be accepted compared with the intrinsic Darwin width from an unper-
turbed crystal. The diffractive reflection is indicated by the ellipse for three slightly
different lattice constants in Figure 6.5c.

The experiment was carried out with the thermal neutron beam monochroma-
tized and collimated for a wavelength of 1.09 ˙ 0.01 Å and an angular divergence
of 1.5ı with a crystal with the dimensions shown in Figure 6.5a in the diffractome-
ter at the high-flux reactor HIFAR, Australia. The experimental result obtained
from the vibrating quartz crystal under these conditions gave a maximum diffract-
ed beam intensity about 10 times higher than that from the nonvibrating crystal.

Further, Mikula et al. performed the observation and analyses of the intensity
increase of a diffracted neutron beam according to the increase of the vibration
amplitude of the crystal [291, 292]. Furthermore, as mentioned in Section 1.2, the
backscattering spectrometer [11] with an especially high wavelength resolution was
developed by making use of the combination of the complete backscattering con-
dition with an extremely high wavelength resolution at the Bragg angle satisfying
θB D π/2 [293] and the shift of the Bragg wavelength with a vibrating crystal.

Another category of the studies relating to the Darwin region is the utilization
of an assembly of crystals with slightly different Darwin regions and this results
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Figure 6.5 Neutron diffraction experiment on a vibrating quartz
crystal: (a) dimensions and support; (b) distribution of the local
strain gradient depending on the displacement; (c) the region
satisfying the Bragg condition for three slightly different lattice
constants in λ, θ space; (d) time variation of the neutron beam
intensity diffracted by the (200) planes vibrating with a peak
strain amplitude of 10�4 (Klein et al. [290]).

in a much narrower effective Darwin width to apply to ultra-small-angle neutron
scattering and neutron optical experiments.

As an example, Treimer et al. [294] prepared two sets of sevenfold reflecting chan-
nel cut crystals (7CCC) cut out from a silicon single crystal, each set consisting
of successive threefold and fourfold reflecting crystals, as shown in Figure 6.6a.
They carried out a series of double-crystal diffractometer experiments by replacing
the monochromator and the analyzer crystals in the diffractometer with the sets of
7CCC. Their arrangement of the double-crystal diffractometer corresponds essen-
tially to that shown in Figure 1.2, but the sample in the figure is replaced by the
analyzer crystal. Thus, in their configuration the first 7CCC were in the position of
the monochromator and the second 7CCC were in the position of the sample work-
ing as the analyzer. (In the general configuration of a double-crystal diffractometer
to study the structure, a sample with unknown structure is inserted between the
monochromater and the analyzer.)

The reflectivity RE (y ) in the case without the wedge in Figure 6.6a is given by
[R(y )]7 from Eq. (6.3), and then the Darwin width does not vary but the slope be-
comes much steeper. In contrast, in the case with the wedge inserted, the neu-
tron waves are refracted by a small angle δ through the wedge, and then the re-
flectivity results as RE (y ) D R3

Shift(y )R4(y ), the Darwin width being reduced to
θB � δ [294, 295]. In this way, the rocking curve in the double-crystal diffractome-
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Figure 6.6 Experiment on the channel cut
crystal for a tunable Darwin region: (a) seven-
fold reflecting channel cut crystal (7CCC), to
be used as a monochromator and as an an-
alyzer in a double-crystal diffractometer; (b)
measured rocking curves with a silicon wedge

inserted in either of the 7CCC; (c) similar re-
sults but for the wedges inserted in both of
the 7CCC with different Darwin shifts, where
the full width at half maximum (FWHM) is in-
dicated in seconds of arc (Treimer et al. [294]).

ter with same wedges inserted in both the monochromator and the analyzer is
given by the next convolution:

I(y )D
Z

RE,Monochromator(y 0)RE,Analyzer(y � y 0)d y 0

D
1Z
�1

R4(y 0)R3
Shift(y 0)R3

Shift(y � y 0)R4(y � y 0)d y 0 , (6.5)

where we must be careful that, in the case where R4 is shifted with regard to R3,
R4 and R3 are exchanged in the equation, and a different result will be obtained.

They carried out the experiment with the double-crystal diffractometer V12b at
the Hahn–Meitner Institute, Berlin, and obtained the results shown in Figure 6.6b
for the case of the wedge inserted in either the monochromator or the analyzer. The
corresponding Darwin width was sufficiently narrow, and the convolution resulted
in essentially the Darwin curve for the other unit. For the wedges inserted in both
units, the experimental result was a sharp triangle as shown in Figure 6.6c, and the
full width at half maximum of the rocking curve could be varied by changing the
refraction angle δ depending on the rotation angle of the wedge.

As an example of experiments in high-precision neutron optics applying the
present tunable channel cut double-crystal diffractometer, Treimer et al. observed
the interference pattern from a silicon phase grating with a periodicity of 16 or
32 μm inserted as the sample in the diffractometer, and compared the result with
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the theoretical calculations [296]. The comparison indicated the coherence length
of a neutron in the experiment to be about 100 μm, assuming the theoretical mod-
el of a Gaussian distribution for the coherence of neutron waves with full width
at half maximum Λ. The best correspondence with the experimental results was
obtained for the case Λ D 50 μm. (Refer to the previous experimental result giv-
ing the neutron coherence length to be larger than 0.3 μm reported by Shull as
described in Section 1.3, and also to the experimental result giving the neutron co-
herence length to be 100 μm or larger obtained by Scheckenhofer and Steyerl with
the ultracold neutron gravity diffractometer shown in Figure 2.3a.)

6.2
Inhomogeneity Scattering

6.2.1
Reflection and Transmission Formulas for a Thick Sample

As a contrast to the previous section on the diffraction by regular lattices, neutron
transmission and the scattering on a sample with an irregular spatial distribution
of scattering nuclei will be introduced in this and the next sections, respectively.

We have already studied the formula for the neutron transmission coefficient on
a single layer, Eq. (2.7). However, if we proceed to analyze a thick sample where the
attenuation of the wave amplitude in transmission cannot be neglected but should
be taken into consideration with the complex potential introduced in Section 2.2,
then the wave number k0 inside the sample must be replaced by a complex quantity
k0r C i k00. Then, we will arrive at the next equation including k00 by making use of
Eqs. (1.11), (1.19), and (2.12)

k0r C i k00 D
q

k2 � 4πN(bcoh � i b00) Š
p

k2 � 4πN bcoh C i
ΣT

2
, (6.6)

and thus obtain the relations k 0r D
p

k2 � 4πN bcoh, and k00 D ΣT /2, where ΣT D
Σa C Σie with the approximation σ c Š σa (σa is the absorption cross section).

The reflectivity R at the interface, that is, at the sample surface, is given by the
formula for the reflectivity on a potential step, Eq. (2.4), and the transmission ra-
tio T for the potential step similarly becomes T D 1 � R D 4kk0r/jk � k0j2. Such
reflections and transmissions will take place in a sample with a finite thickness not
only on the first arrival of the incident wave at the front surface, but also every time
the transmitted waves arrive at the backside of the sample after passing through
the sample, and also when the waves reflected by the backside arrive again at the
front surface from inside, and so on to be continued repeatedly. Since the equa-
tions for R and T are the same for the exchange of k and k 0 with each other, and
also for k and k0r in the numerator of T, the values for R and T at the backside sur-
face of the sample are the same as those at the front surface. In the case of a thick
sample, the effects of these repeated phenomena of reflections and transmissions
must be summed up incoherently. As the final result, the general formula for the
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total reflectivity � and the total transmission ratio τ can be obtained as follows:

� D R
1C α2(T � R)

1 � α2R2 , τ D αT 2

1 � α2R2 , (6.7)

where

α D exp(�ΣT d) D exp(�σT A v w/A w ) , (6.8)

and d is the sample thickness, A v is the Avogadro number, A w is the atomic weight,
and w D d� is the mass thickness for specific density �.25)

In the present incoherent treatment, in addition to the attenuation due to the
incoherent elastic scattering, in a thick sample with some inhomogeneity, coherent
elastic scattering also induces attenuation of the wave being transmitted through
the sample. Therefore, the formula for ΣT includes the contributions from all these
processes.

Solving Eq. (6.7) for α � 0 leads to the result

α D �� C
q

�2 C 1/R2 , (6.9)

where � D T 2/(2τR2). Further, in the case of the neutron energy E sufficiently
larger than the optical potential U defined in Section 1.2, that is, in the case of
k � kl D mvl/„, with the limiting velocity of total reflection vl , we can use the
approximation R Š 0, T Š 1, then it reduces to α Š τ. On the other hand, in the
case of the velocity region in which the employment of the exact solution, Eq. (6.9),
is required, the experimental result must be plotted in relation to the exact neutron

velocity inside the sample, v 0 D
q

v2 � v2
l .

6.2.2
Measurements of Inhomogeneity Scattering in the Long-Wavelength Region

In the case of a sample including inhomogeneity on the order of several tens of
angstroms, the effects of the inhomogeneity scattering will be observed most typi-
cally in an experiment using neutrons with wavelength of magnitude similar to the
inhomogeneity size, that is, in very cold neutron scattering experiments. Steyerl
et al. carried out transmission experiments for neutrons in the velocity region of
about 5–500 m/s by preparing the experimental setup for very slow neutron spec-
trometry [297] shown in Figure 6.7a at the research reactor of the Technical Univer-
sity of Munich, and analyzed the results in view of the inhomogeneity scattering.

The very slow neutrons were extracted from the converter near the reactor core
through a vertical guide tube, in which there was a chopper specially designed for
very slow neutrons. The pulsed neutrons after the chopper were guided by gravita-
tional deceleration up to the sample and detector assembly at the top of the guide

25) In the completely opposite case in which
these multiple reflections and transmissions
at the interfaces and also the transmissions
through the sample occur completely

coherently, that is, when we analyze by
putting k0 as a complex in Eq. (2.7), we arrive
at the result τ D αT 2/(1 C α2 R2), where
α D exp(�2k00d) D exp[�(Σa C Σie)].
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Figure 6.7 Time-of-flight spectroscopy experiment with very
slow neutrons at the Technical University of Munich: (a) config-
uration of the vertical time-of-flight spectrometer (Steyerl [297]);
(b) experimental results on the total cross section of a homo-
geneous aluminum sample; and (c) experimental results on the
total cross section of two copper samples (Steyerl et al. [298]).

tube with a total length of about 13 m. The velocity resolution of neutrons at the
sample position was about 10%, and the velocity-dependent transmission ratio was
analyzed with the time-of-flight method taking the effect of the gravitational deceler-
ation into consideration.

Prior to the investigation on the inhomogeneity scattering, an aluminum sam-
ple as a typical example without serious inhomogeneity was studied. The results



268 6 Optical Phenomena in Neutron Diffraction and Scattering

are shown in Figure 6.7b [298] for sample temperatures of 33, 95.5, and 298 K. The
sample size was 6 � 6 cm2, with mass thickness w D 1.340 g/cm2 ˙ 0.1% and pu-
rity 99.999%. The detector looks at the sample with a solid angle of Ω D 0.53 sr
suspended for the detector window 2.5 cm from the sample, which reduces the ad-
ditional correction due to the possible isotropic inelastic scattering smaller than
1% to obtain the exact magnitude for the total cross section σT . The experimen-
tal results on the transmission ratio τ were analyzed by making use of Eqs. (6.8)
and (6.9), and the results derived for σT are plotted in Figure 6.7b with regard to the
neutron velocity v 0, wavelength λ0, and kinetic energy E 0 D mv 02/2 in the sample
with the limiting velocity for aluminum of vl D 3.21 m/s.

The velocity dependences shown in Figure 6.7b agree well for all of the sam-
ple temperatures studied with the respective straight lines proportional to 1/v 0.
The possible contribution from inelastic scattering at a temperature of 33 K was
theoretically estimated to be within the experimental errors, and therefore the ex-
trapolation to the neutron velocity of 2200 m/s assuming σT D σa, where σa is the
absorption cross section, gave the value σa,2200 D 227˙ 6 mb, which is consistent
with the reported value 230˙ 5 at BNL-325 [299]. In this way, it was confirmed that
the velocity dependence of the total cross section for a homogeneous sample in the
very slow neutron region can be well approximated by a straight line proportional
to 1/v 0.

The next study was carried out on two kinds of thin copper plates of 99.99% pu-
rity which were prepared by reducing the thickness by cold-rolling from 1.8 g/cm2

to 0.261 g/cm2 ˙ 3% and to 0.101 g/cm2 ˙ 20%, respectively. The transmission
measurements were performed at 80 and 300 K, and the experimental results were
analyzed in the same way as in the previous study on aluminum but with the lim-
iting velocity for copper of vl D 5.62 m/s. The results for σT at 80 K are plotted in
Figure 6.7c for both samples for comparison. Although the velocity dependences
seem to hold proportionality of σT to 1/v 0 except below v 0 Š 20 m/s, obvious devi-
ations from the straight lines were observed below about 10 m/s for both samples.
Furthermore, 1/v 0 fits in the velocity range 20 < v 0 < 90 m/s yielded the values for
the total cross section at v D 10 m/s as σT,10 D 831 ˙ 30 b for the thicker sample
and 876˙ 30 b for the thinner sample.

The observed higher σT,10 for the more strongly deformed sample as well as the
deviations from 1/v 0 lay outside the statistical error and were assumed to be caused
by large inhomogeneities possibly due to surface impurities or large vacancies and
dislocations produced by the rolling treatment.

Further studies on typical cases of inhomogeneity scattering with long-wave-
length neutrons will be described in the next section and also in Section 11.3.

6.3
Small-Angle Scattering

Thermal and cold neutrons with a wavelength of 1�10 Å are scattered or diffracted
by spatial structures much larger than a crystalline lattice cell or a simple molecule
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into small angles of a few degrees or below 1ı. Such experimental investigations to
observe the angular distribution of scattered neutrons in small angles named small-
angle neutron scattering (SANS) have been used in recent years for structure studies
on polymers and other macromolecules, metallic alloys, compounds, and other
complex materials. Prior to the development of SANS, the experimental method of
small-angle scattering was introduced and applied in the field of X-rays as small-
angle X-ray scattering (SAXS). There are therefore many common theoretical ap-
proaches and subjects to be studied for these two fields of SANS and SAXS. For
example, concerning the inhomogeneity studies mentioned in the previous sec-
tion, various analytical approaches have been presented in addition to Rayleigh’s
formula for spherical zones [300], Eq. (6.10), described in the following, and most
of the studies were started in the field of SAXS. as introduced in textbooks on X-ray
scattering [300–304].

The earliest observation of small-angle scattering of neutrons was performed in
neutron transmission through a nonmagnetized iron block. The effect observed
was attributed to the small-angle scattering by magnetic domain walls, and was con-
sidered to be an undesirable problem complicating neutron polarization and ex-
periments with polarized neutrons. In this viewpoint, Hughes et al. carried out
an experiment to investigate in detail the effects occurring in neutron transmis-
sion through an iron block [305]. Their experimental arrangement is given in Fig-
ure 6.8a; a beam of thermal neutrons extracted from the thermal column of the
heavy water reactor at Argonne National Laboratory was used. Prior to the sample
measurements, the angular distribution of the direct beam without a sample was
ensured to be proportional to the solid line shown in Figure 6.8b, and the distribu-
tion observed was well explained by the slit geometry in the experimental arrange-
ment. Next, the measurement with a sample of a magnetized iron block with a
thickness of 0.57 cm was carried out and the result is given by the open circles in
Figure 6.8b. The distribution for the magnetized iron essentially agreed with that
of the direct beam except for a constant attenuation factor of the transmission ratio
due to the coherent scattering in the iron block. In contrast, in the case of a non-
magnetized iron block, the result observed as shown by solid circles in the figure in-
dicated obvious dispersion of the angular distribution of the transmitted neutrons.

They analyzed the experimental results with the theoretical model for neutrons
in a well-collimated beam experiencing broadening of the Gaussian angular distri-
bution with the width increasing by σ0 on average owing to the effect of small-angle
refractive scattering for every transmission through the magnetic domain. The ef-
fects will be accumulated for the multiple transmissions through many domains
contained in the nonmagnetized iron sample, leading to a final beam divergence
σ D σ0(d/δ)1/2 for the transmission of a sample with thickness d, where δ denotes
the average size of the magnetic domain. Applying the present model to the distri-
bution given by the solid circles in Figure 6.8b, and employing the known value
for the domain size in nonmagnetized iron, δ D 3.4 � 10�3 cm, leads to the es-
timation σ0 D 0.0270 . On the other hand, assuming a random distribution of the
geometrical direction of the domain walls and also a randomly oriented magnetiza-
tion direction in both sides of the walls, the theoretical value for σ0 estimated from
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Figure 6.8 First experimental report on magnetic small-angle
neutron scattering: (a) experimental setup with a combination
of slits; (b) experimental results of transmitted neutrons com-
pared for magnetized and nonmagnetized iron blocks, the fitted
curve being proportional to the distribution of the direct beam
(Hughes et al. [305]).

the refraction formula, Eq. (3.6), becomes σ0 D 0.0290 , in reasonable agreement
with the result estimated from the observed effect of small-angle scattering in the
nonmagnetized iron block.

Since the neutron scattering experiment is one of the most advantageous meth-
ods to study matter consisting of elements with similar atomic numbers or iso-
topes, but with very different neutron scattering amplitudes, or magnetic materi-
als, the experimental methods of SANS and also of very cold neutron transmis-
sion (VCNT) introduced in the previous section are very powerful approaches to
investigate macromolecular or inhomogeneity structures in solid matter, alloys,
polymers, biological substances, and other complicated compounds. Actually, in
recent years large-scale spectrometers dedicated uniquely to SANS studies have
been developed and provided for user experiments in various research fields. In
such SANS spectrometers, fundamentally similar configurations are employed as
in Figure 6.8a for the first SANS experiments, but the incident neutrons are more
precisely monochromatized to make high-resolution structure analyses possible.
In addition, a one-dimensional or two-dimensional position-sensitive detector system
is used for storing all the angular distribution of scattered neutrons at once, instead
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of the successive counting with slit scanning only in the direction in the arrange-
ment shown in Figure 6.8a. Furthermore, it is worthwhile laboriously changing
the distance between the sample and the position-sensitive detector defining the
maximum range of the scattering angle θ, that is, the measuring range in the wave
vector transfer for a given detector size, according to the requirements for the sam-
ple structures to be studied.

In the case of the VCNT method, on the other hand, the experimental apparatus
is much simpler at the cost of only integrated information on the structure factor
S(Q) being obtained as indicated in Eq. (11.7).

In the following, some fundamental principles and examples of developments
in SANS experiments will be described. Some typical results of SANS experiment
applications will be given in Section 11.4.

6.3.1
Analysis of the Guinier–Preston Zone

First, one of the standard procedures of SANS experimental studies will be de-
scribed in this subsection by introducing a typical case of material study on a bi-
nary alloy. Understanding the mixing procedure and the possible phase decom-
position in binary alloys is a very important task for material science, and it also
provides a typical example of the process for SANS experimental studies. Actually,
in many cases of binary alloys, phenomena such as the creation of dense regions
on one component, that is, precipitation, and the formation of highly concentrat-
ed zones on the component, the so-called Guinier–Preston zone (G–P zone), are
observed [306]. As for the characterizing parameter on a G–P zone, the radius of
gyration inertia, or simply the gyration radius, for the G–P zone, defined as the
mean squared distance from the center of the scattering amplitude density distri-
bution, can be derived from the distribution of the neutron scattering intensity, and
is named the Guinier radius26) [304].

The mechanical properties of alloys such as the strength and hardness vary
depending on whether the material was quenched or gradually cooled down from
a high temperature, and also on the aging time after the cooling. This suggests
that the microscopic structure of materials such as the size and the constituent
concentrations of the precipitated inhomogeneity regions should be different for
different conditions during the treatments. Such a phenomenon depending on
the time after cooling down is named aging [306], and investigations on the aging
effects on the material properties and the related mechanism are important not
only from the viewpoint of practical use of materials, but also from the viewpoint
of scientific interest in nonlinear and nonequilibrium processes in a cooperative
macrosystem being related.

26) The Guinier radius RG can be obtained
by applying the Guinier approximation
I(Q) Š I(0) exp(�R2

G Q2/3) to the scattering
intensity I(Q) dependent on the wave
vector transfer Q. Then, for spherical zones

with radius R, R2
G D 3R2/5, for ellipsoids

of revolution with radii R, R, and νR,
R2

G D (2 C ν2)R2/3, and for cylinders of
revolution with diameter d and height L,
R2

G D d2/8 C L2/12.
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Figure 6.9 Comparison between the results
of very cold neutron transmission (VCNT)
and small angle neutron scattering (SANS)
experiments on Al–5.5 at% Zn alloy; points
1 are the results after aging for several days
at room temperature on a slowly quenched
sample, and points 2 those after aging for
7 h on a rapidly quenched sample. (a) VCNT
results (squares and triangles); the solid lines
are from theoretical calculations on noncor-
related spherical precipitates, the dashed line

indicates the asymptotic behavior of curve 1,
whereas the interparticle interference was tak-
en into consideration in the dash-dotted curve
for points 2. (b) SANS results (symbols); the
solid curves are for theoretical calculations
considering interparticle interference effects in
the hard-sphere model, where the wave vector
transfer at the peak, OQ, gives an estimation
of the interparticle interference parameter
(Engelmann et al. [307]).

The comparison between the experimental methods of VCNT and SANS applied
to same samples including G–P zones was performed by Engelmann et al., the
results of which are shown in Figure 6.9. The sample consisting of four electropol-
ished discs of Al–5.5 at% Zn alloy was quenched from a homogenization temper-
ature of 250–350ıC, either rapidly in ice or slowly by N2 vapor at 50ıC/min. For
such aging conditions, the phase separation in Al–Zn is known to be character-
ized by the growth of spherical G–P zones with a zinc concentration of 65–69%
(depending only on aging temperature). The neutron experiments were carried out
with the very cold neutron facility PN5-VCN and the small angle scattering spec-
trometer D11-SANS, at the Grenoble high-flux reactor.

The arrangement for the VCNT experiment consists of a very cold neutron guide,
a chopper disc, and a 5.5-m-long time-of-flight path, with wavelength resolution
Δλ D 2.4 Å for very cold neutrons of 10 < λ < 300 Å, and an incident neu-
tron divergence angle of 2θ0 D 3.2ı, with detector aperture θ1 D 15.2ı . The
sample was maintained at liquid N2 temperature for a measuring time of 0.5–1
day.

On the other hand, the SANS spectrometer consists of a helical slot velocity se-
lector for cold neutrons with wavelength λ D (6.6˙ 0.6) Å and a two-dimensional
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position-sensitive detector with 64 � 64 elements of 1 cm2 each. A measuring run
had a duration of about 15 min.

For the analytical procedure for this kind of diffractive scattering of waves in an
inhomogeneous sample, various models have been presented since the early years
of the field of X-ray scattering. For the simplest case to be analyzed theoretically,
spherical particles with radius r distributed in space sufficiently apart from each
other, we obtain the angular distribution of the scattering per particle in the Born
approximation given by Rayleigh’s formula [300]:

dσ
dΩ
D j f (θ )j2 D V 2�2

d
9π
2

�
J3/2(� r)
(� r)3/2

�2

D (4πr3�d )2
�

j1(� r)
� r

�2

, (6.10)

where V is the volume of the sphere, �d D �z ��m is the coherent scattering power of
the spheres (�z D hN bcohizone) immersed in the liquid-like homogeneous medium
(�m D hN bcohimatrix), � D 2k sin θ /2 is the wave vector transfer, JnC 1

2
(z) is the

Bessel function of half-odd order, and j n(z) is the spherical Bessel function of the
first kind.

The macroscopic cross section for a sample is given by

dΣ
dΩ
D ν

dσ
dΩ

, (6.11)

where ν is the number of zones (regions or particles) per unit volume in the sample
and η (packing volume ratio) regarding the packing density of the inhomogeneity
zones is defined as the fraction of the total volume occupied by the regions or
particles and is given by η D 4πr3ν/3. In the present equations, the packing ratio
was assumed to be so low that the zones are sufficiently far apart from each other.
In contrast, in the case of a high packing ratio, interference effects between zones
must be taken into consideration.

Applying the simplest model of spherical zones without interferences to the
experimental results of VCNT in Figure 6.9a, one derives the zone radius r D
(22.7˙1.0) Å, the packing ratio η D (0.056˙0.005), and the zone number per unit
volume ν D (1.2˙0.2)�1018 cm�3 for sample 1. On the other hand, the analytical
result for sample 2 was improved as shown by the dash-dotted line by consider-
ing the interzone interference effect with the value for the average hard-sphere
radius R consistent with the SANS experimental results, although the numerical
results converged in the analyses and gave somewhat different values according to
the wavelength region applied.

With regard to the SANS results in Figure 6.9b, the next formula was applied as
the product of the interzone interference term F(η0, QR) and the Rayleigh formula,
Eq. (6.10), that is,

dΣ
dΩ
D 12πη�2

d r3
�

j1(Qr)
Qr

�2

F(η0, QR) , (6.12)

and the Percus–Yevick correlation function for hard spheres [308, 309] was employed
for the interzone interference structure factor F(η0, QR), where R is the sphere
radius and the packing density η0 D (R/r)3η.
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Such analyses of the SANS results for sample 1 gave the values as r D (24.5 ˙
1.0) Å, R D (44 ˙ 4) Å, η D (0.038 ˙ 0.005), �d D (1.24 ˙ 0.11) � 10�6 Å�2, and
ν D (6.5˙2.0)�1017 cm�3. However, for sample 2, similar analyses did not give sat-
isfactory agreement with the SANS experiment for a single set of the parameter val-
ues over the whole Q region with the present analytical model. As indicated in the
figure, the values r D 39 Å and R D 83 Å were obtained in the low-Q region, where-
as r D 32 Å and R D 60 Å were obtained in the intermediate-Q region. Such a situ-
ation was supposed to be caused by the zone size distribution or the zone shape de-
formed from spherical. An approximate measure for the average interzone distance
could be derived from the wavenumber OQ corresponding to the peak in Figure 6.9b.

As illustrated by the present comparison between the both experimental ap-
proaches and the analytical procedures, the very cold neutron transmission method
and the cold neutron small angle scattering method give essentially same indica-
tions on the properties of G–P zones formed by the precipitation in binary alloys
except the case in which the interzone interference effect plays an important role.

6.3.2
Separation of Nuclear and Magnetic Structures

A different situation regarding the precipitation of an inhomogeneous region will
be possible in the case of alloys with a more complicated combination of elements.
For example, in the case of ternary or quarternary alloys with a combination of
magnetic and nonmagnetic elements, both the nuclear and the magnetic scatter-
ing processes occur, and thus there is such a possibility to derive two different
inhomogeneity features from the experiments on a sample. The SANS experiment
will become one of the most powerful approaches to study the precipitation phe-
nomena and the analyses of the Guinier radius in such multielement alloys if we
can separate the nuclear and magnetic scattering contributions in the analyses of
SANS data.

Practically, as indicated in the textbook of Kunitomi et al. [310, 311], the possible
approach to separate the nuclear and the magnetic components in the neutron
scattering data is given by the next formula by making use of the very characteristic
but simple angular dependence of the magnetic scattering amplitude, that is, its
proportionality to sin α, where α is the angle between the wave vector transfer Q
and the magnetization direction H in the sample:
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A typical example of such a SANS experiment and the analyses performed by
applying the present formula will be given in Section 11.4.
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6.3.3
Developments of Small Angle Scattering Spectrometers

To end this section, a few examples of the development and experiments for ad-
vanced approaches in SANS will be briefly introduced. One is a new approach to
develop three-dimensional SANS by Suzuki et al. [312], which is intended to obtain
the anisotropic description on inhomogeneities surveyed from various directions
in space, in contrast to the principal difficulty in deriving such a description with
conventional SANS experiments already mentioned. The experimental principle
is shown in Figure 6.10a. The SANS data are accumulated by successively chang-
ing the setting angle of a sample ω s with regard to the two-dimensional detector.
Although the amount of data to be stored will be huge, a three-dimensional de-
scription of inhomogeneity regions can be obtained. The detector at a higher angle
is used to investigate the possible anisotropy on the inhomogeneous regions in the
reciprocal lattice space in the case of a sample with regular lattices as a crystalline
material. An experimental apparatus with the present configuration was installed
in the SANS-J spectrometer at the JRR-3M reactor, Tokai.

The experimental result for a single crystal sample at room temperature of the
superconductive compound CeRu2 obtained by setting the h100i-axis in the ver-
tical direction is shown in Figure 6.10b for incident neutrons with wavelength
λ D 0.63 nm, resolution Δλ/λ D 0.14, and a divergence angle of 0.17ı. The two-di-
mensional detector at a position 10 m from the sample consists of 128 � 128 pixels
in a diameter of 58 cm and accumulates the 360ı data on a sample with an angular
step of 3ı. The corrected intensity distribution is displayed after the analyses by the
data visualization software as the isosurface with equivalent intensity as illustrated
in Figure 6.10b after being converted from the wave vector transfer q in the labora-
tory coordinates to the wave vector transfer q0 in the single crystal lattice space. In

Figure 6.10 A three-dimensional SANS spectrometer and the
experimental result. (a) Three-dimensional SANS configuration
for a single crystal sample. (b) Profile measured with a three-
dimensional SANS spectrometer on a superconductive single
crystal of CeRu2; intense diffuse streaks were obviously detected
along symmetry directions of the crystalline lattices (Suzuki
et al. [312]).
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the figure, the region where qi > 0, i D 1–3, is partly cut out to show the intensity
distribution inside the isosurface.

The profile indicates the typical anisotropic distributions along the directions of
h100i, h110i, and h111i as well as the distinct diffuse features of the scattered in-
tensity. Furthermore, the radial profile as the q0 dependence averaged around the
respective symmetry direction revealed the (q0)�4 dependence in the region some-
what distant from the peak, as already mentioned for the inhomogeneity formula
in the present section. Therefore, the Guinier fitting was applied with an analytical
model of the planar defects with the direction correlated to the crystalline struc-
tures. They arrived at the result [312] that the average thickness of the defects was
30 nm along the h111i direction, this being about 1.5 times thicker than that along
the h100i and h110i directions, 20 nm.

In this way, the experimental method of three-dimensional SANS and the analyt-
ical illustration become very powerful approaches to investigate such material with
both inhomogeneity and anisotropy. A similar concept of three-dimensional SAXS
was presented by Fratzl et al. for the study of anisotropic particles in a single crystal
of an alloy [313].

Another important direction of SANS developments is the combination with the
spin-echo method. Such a development of spin-echo SANS (SESANS) was carried
out by Bouwman et al. [314]. The characteristic feature of SESANS spectroscopy is
well understood from the analogy with the characteristic feature of neutron spin-
echo (NSE) spectroscopy mentioned in Section 1.5, which directly gives the time
correlation function on the dynamics in the sample studied [55]. The space correla-
tion function QS (x ) can be derived directly from SESANS as the next equation from
the single scattered NSE profile on the wave vector transfer with a one-dimensional
detector (x-direction) in a SANS configuration:

Px /P0 D 1C σd[ QS(x ) � 1] ,

QS (x ) D 1
σk2

0

Z
det

dQ x dQ y S(Q x , Q y ) cos(Q x x ) , (6.16)

where σ D R
det dQ x dQ y S(Q x , Q y )/ k2

0 , d is the sample thickness, x D c/ k2, k is
the neutron wave number, and c is a constant determined by the configuration and
strength of the guide field.

Bouwman et al. carried out an evaluation experiment on the proposed SESANS
spectroscopy by applying the method to a sample of colloidal silica particles under
hard-sphere interactions [314].

As an end to this section, a few words are devoted to the development of a minia-
turized SANS spectrometer (micro-focusing SANS) by Furusaka at Hokkaido Uni-
versity, in which there is scope to align a number of SANS spectrometers along a
beamline exclusively oriented for time-consuming experimental studies.
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6.4
Diffraction in Time

6.4.1
Quantum Shutter Analysis

The first situation which was analyzed as belonging to a diffraction in time was
the shutter problem [315], that is, Moshinsky considered the geometry as shown in
Figure 6.11, in which monochromatic neutrons propagate in the direction of the
x-axis and the shutter at x D 0 interrupting the neutrons is opened at time t D 0.
What will be observed by a detector at position x? This is the so-called the shutter
problem.

For simplicity, the shutter is assumed to be a complete absorber of neutrons.
Then, the wave function Φ for a neutron at time t > 0 is obtained by solving the
time-dependent Schrödinger equation,

�i(@Φ /@t) D („/2m)(@2Φ /@x2) , (6.17)

for the initial condition

Φ (x , 0) D
(

exp (i kx ) x < 0 ,

0 x > 0 .
(6.18)

This kind of problem corresponds to the situation in which the stationary slit
(or a stationary edge) in the simplest case of the Fresnel diffraction explained in
Section 1.2 is replaced by a shutter according to the exchange of the space (z) for
the time (t). Therefore, he wrote the solution for Eq. (6.17) as

Φ (x , t) D 1
2

�(x , k, t) (6.19)

Figure 6.11 Geometry for a shutter problem (Moshinsky [315]).
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by making use of

�(x , k, t) D exp i
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where erfc(y ) is defined by
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with the complex variable
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and belongs to the confluent hypergeometrical functions [316–318] for the complex
variable y by extending the Gauss error function erfc(x ) for a real variable x [319–
322]. In particular, the complex values for the integral erfc(y ) can be obtained from
the Fresnel integral [323–325]:
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Since the asymptotic value of erfc(y ) for jy j ! 1 approaches 0 at x > 0, and to
2 at x < 0, the solution, Eq. (6.19), satisfies the initial condition, Eq. (6.18). Further,
it can be easily proven by substitution that this solution also satisfies Eq. (6.17).

The exact numerical solutions for C(τ) and S(τ) obtained by numerical calcula-
tions were given by graphs [323] and tables [325]. The property of the present solu-
tion can also be observed to indicate an oscillatory behavior due to the diffraction
effect in time, in contrast to the simple delayed stepwise response as the classical
solution to the shutter problem, through the method of the Cornu spiral [326] by
tracing the Fresnel integral on the two-dimensional C(τ)-S(τ) plane.

However, the solution derived by Moshinsky is not sufficiently instructive for a
comparison with neutron experiments on the shutter problem for the following
reasons. First, the space was assumed to be one-dimensional, whereas for compar-
ison with experiments the analysis must be extended to the geometry with a shutter
with a finite width. Next, the shutter motion program should also be considered so
as to make it possible to observe the diffraction effects in time for a practical con-
dition of the neutron intensity. Gähler et al. performed these improvements and
further carried out an optical experiment in the time domain.

As the starting point, Gähler and Golub [328] extended the space to two dimen-
sions in (x , z). Further, in their analyses to obtain the solution Φ (L, d, v0, t) at
the observation point (x D L, z D d) for the neutron velocity v0 (or the wave-
length λ0), by assuming the case of a shutter motion with a finite opening width
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z D (Ca0)�(�a0), they solved the time-dependent Schrödinger equation with the
Green function method. Furthermore, assuming the experimental conditions con-
stitute the Fraunhofer limit, a2

0/2L � λ0I d � L, they used the method of station-
ary phase27) to approximate the integral in the solution by expansion of the phase
factor with the time dependence (similar to y in the previous Eq. (6.22)) around
t D t˙ D (L2 ˙ 2a0 d)1/2/v0 Š L/v0 D t0, and kept terms up to second order in
(t � t0)2.

The solution obtained had the structure represented by the formula [328, 329]

Φ (L, d, v0, t) D �i
�

L
πk0

�1/2

	 exp i(k0L � ω0 t)
d

	 φx t (L, d, v0, t) , (6.24)

where ω0 D „k2
0 /2m and φx t consists of the Fraunhofer diffraction in space and

the Fresnel diffraction in time. In the case of square-pulse shutter openings (shut-
ter opening and closing with infinite velocity), the diffractions in space and in time
can be decomposed as

φx t (L, d, v0, t) D φx (L, d) 	 φ t (L, t) ,

φx (L, d) D sin
�

k0a0d
L

�
, (6.25)

where φ t is given as follows according to shutter motion programs 1 and 2,
whereas for case 3, with a triangular pulse opening to be programmed as z D
(Ca(t))�(�a(t)) at time t, the solution indicated a slightly complicated diffraction
structure:

1. A single square pulse shutter opening;
In this case, putting the time duration of opening as T,

a(t) D α0 I 0 < t < T

D 0 otherwise , (6.26)

then the solution becomes

φ t (L, t) D fF [γ (t � t0)] � F [γ (t � t0 � T )]g , (6.27)

where γ D „k0/m
p

k0/πL, and F [γ (t � ti )] is the Fresnel integral.
2. Double square pulse shutter opening;

Putting the shutter period T2 as shown in Figure 6.12a,

a(t) D α0 I 0 < t < T T2 < t < T2 C T

D 0 otherwise , (6.28)

27) The method used for finding an approximate
value of the integral on a rapidly oscillating
function, due to Stokes and Kelvin,
who argued that in a wave problem the
contribution from the parts of the range of
integration near a point of a stationary phase

will be nearly in the same phase and add up,
whereas those from other parts will interfere.
This method is used especially in the theory
of dispersion of waves and the theory of
probability, including statistical mechanics.
For mathematical details refer to [327].
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Figure 6.12 Double square pulse shutter opening; the opening
function (a) and the calculated result for the neutron intensity
(b) (Felber et al. [329]).

then the solution becomes

φ t (L, t) D fF [γ (t � t0)] � F [γ (t � t0 � T )]

C F [γ (t � t0 � T2)] � F [γ (t � t0 � T2 � T )]g . (6.29)

3. A triangular pulse shutter opening;
In this case

a(t) D α t I 0 < t < T

D α(2T � t) I T < t < 2T

D 0 t < 0 or t > 2T , (6.30)

then the solution is written as

φx t (L, d, v0, t) D [sin ωα (t � t0)W(t � t0)

� sin ωα(t � t0 � 2T )W(t � t0 � T )] , (6.31)

where ωα D k0αd/L and W(t � t0) D F [γ (t � t0)] � F [γ (t � t0 � T )].

The result calculated by Felber et al. according to Eq. (6.29) for the case 2 in the
conditions of λ D 30 Å, L D 1.5 m, T D 2 � 10�8 s, and T2 Š 6 � 10�8 s is shown
in Figure 6.12b.

The oscillatory behavior around the central peak of the intensity includes the
effect of interference between two successive openings, or in other words double-
slit interference in time, and the distance tD in time from the central maximum
to the first minimum can be estimated as tD D 1/(γ 2T2). They expect to realize
T2 Š 6 � 10�8 s in their experimental apparatus, and then get 2tD Š 6 μs, which
was thought to be observable.

6.4.2
Fame-Overlapping Time-of-Flight Quantum-Chopper Spectrometer

On the basis of the analyses and calculations described in the previous subsec-
tion, Felber et al. prepared the frame-overlapping time-of-flight (FOTOF) quantum-
chopper spectrometer as shown in Figure 6.13 for studying the time diffraction
phenomena, and carried out the experiments at the GKSS research reactor, FRG-I,
Geesthacht [330, 331].
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Figure 6.13 Arrangement on the experimental apparatus of the
frame-overlapping time-of-flight (FOTOF) spectrometer; the
symbols indicating the components are explained in the text
(Hils et al. [330]).

In the experiment, very cold neutrons with a wavelength of about 34 Å extracted
from an extension guide with a cross section of 30 � 3 mm2, a radius of curvature
of 5 m, and a characteristic wavelength 15 Å connected to the cold guide NL-1 were
reflected by the monochromatizing mirror M with wavelength λ0 D 33.9 Å and
wavelength width Δλ/λ D 7%. Then, the neutron beam was pulsed by the first
chopper (Ch1) and the second chopper (Ch2) with a diameter of 270 mm rotating
with a nominal speed of 347 Hz at the mutual distance l1, in which Ch1 (Ch2) had
effective slit widths of 0.6 mm (0.38 mm) and produced an effective pulse length of
2.0 μs (1.2 μs) full width at half maximum.

The low count rate of detected neutrons due to the severe selection of incident
neutrons with long wavelength and in a very short time required special precau-
tions to improve neutron efficiency. First, a neutron guide was used to enlarge the
vertical divergent angle to about ˙2ı for neutrons perpendicular to the plane of

Figure 6.14 FOTOF operation principle: a wide-wavelength
region indicated by a number of different gradients of neutron
trajectories is focused on the detector, and the quantum chop-
per causes a characteristic defocusing (Hils et al. [330]).



282 6 Optical Phenomena in Neutron Diffraction and Scattering

Figure 6.13. Next, in the horizontal direction, two cylindrical mirror lenses L1 and
L2 focus neutrons on chopper Ch2 and the detector, respectively, as shown in Fig-
ure 6.13. Furthermore, as illustrated in Figure 6.14 by the distance vs. time-of-flight
diagram, the very precisely arranged FOTOF setup results in most of the transmit-
ted neutrons being focused on the detector.

The quantum chopper QCh immediately after the second chopper corresponds to
the diffraction sample in the usual diffraction experiments, and diffracts neutrons
by the time lattices instead of the spatial lattices as in a crystal in the usual ex-
periments. It consists of a couple of 150-mm-diameter, 3-mm-thick silicon crystal
discs with a gap of about 1 mm, with 16 000 radial slits on a 157Gd coating, with
a mean distance of 24.9 μm with a width of 8.8 μm and a length of 20 mm. This
produces an opening time of 33 ns full width at half maximum and a full peri-
od of T D 186 ns at the nominal rotation speed of 345 Hz. The operation of time
diffraction by the quantum chopper is described by gray zones in Figure 6.14.

Figure 6.15 Examples of experimental re-
sults for time diffraction patterns: (a) FOTOF
spectrometer resolution in the measured time
(energy) spectrum; (b) neutron count distribu-
tion of the time diffraction pattern in quantum
chopper QCh operated with both discs ro-
tating in opposite directions, arrows indicate
the expected position of sidebands; (c) time–
space lattice structure of the transmission

function in opposite direction mode, dark gray
full transmission, light gray absorption by one
grating, unshaded double absorption; (d) allo-
cation of the respective Fourier components,
the numbers denote the indices of recipro-
cal lattice points in the spatial wave number
(momentum) � and the time wave number
(energy) Ω plane (Hils et al. [330]).
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The experimental results and the analyses are shown in Figure 6.15. Figure 6.15,
panel a indicates the resolution of the spectrometer in the measured time (energy)
spectrum. For the operation of QCh, three kinds of rotation modes are possible,
that is, only one disc rotating, both discs rotating in the same direction, and the
discs rotating in the opposite directions. The result is given in Figure 6.15, panel b
for the case of rotation in opposite directions. The effect of time diffraction con-
voluted with the spectrometer resolution can be recognized at the position of the
expected sidebands (ΔEsb D 22.2 neV, tsb D 4.82 μs). As help to understand the
effect, Figure 6.15, panel c illustrates the lattice structure in the time–space plane, and
Figure 6.15, panel d illustrates the lattice points and the indices of time diffraction
in the reciprocal space, of the transmission function of QCh in the opposite direc-
tion operational mode. As shown in this figures, the time diffraction experiment
with the FOTOF spectrometer gave results consistent with the theoretical expecta-
tion based on the time-dependent Schrödinger equation. In other words, an effect
similar to the momentum transfer in the diffraction by regular spatial lattices was
observed in the time domain. At the same time, the experiment achieved an en-
ergy resolution of 20 neV, a new limit for a time-of-flight experiment with slow
neutrons.

6.5
Neutron Holography Experiment

6.5.1
Discovery of the Basic Idea of Holography

The basic idea of holography was discovered by Gabor28) in 1948 as published in
his articles on a new principle for the electron microscope by wave-front reconstruc-
tion [332–334]. Thereafter, the principle of holography was extensively developed
and applied to such wide fields of image reproduction including not only elec-
tron and light optics, but also acoustics and gas dynamics, not only plane images,
but also three-dimensional images, and not only a single focused image, but also
successive multiple focused images on a single hologram. All these applications
realized up to 1971 were reported in his Nobel lecture in 1971 [335].

His idea of holography originated from his consideration of the resolution restric-
tion of the electron microscope. It was already known that the spherical aberration
of electron lenses sets a limit on the resolving power of the electron microscope
at about 5 Å. The prospects for the correction for the objectives are aggravated by
the fact that the resolution limit is proportional to the fourth root of the spherical
aberration. Thus, an improvement of the resolution by one decimal would require
a correction of the objective to four decimals, a practically hopeless task.

28) Gabor called the interference pattern between
the object beam and the coherent background
(reference beam) produced by an electron

microscope a “hologram”, from the Greek
word holo (“the whole”), because it contained
the whole information.



284 6 Optical Phenomena in Neutron Diffraction and Scattering

Figure 6.16 Basic idea of holography (Gabor [335]).

Gabor, however, was confident that such a diffraction diagram of an object, if
it was taken with coherent illumination and then a coherent background (coherent
reference wave) was added to the diffracted wave, would contain the full information
on the modification which the illuminating wave had suffered in traversing the
object, apart from an ambiguity of sign. To realize his confidence, he employed a
two-step process to obtain a micrograph, by electronic analysis, followed by optical
synthesis. His basic idea of holography is illustrated in Figure 6.16.

His idea was that, rather than take a bad electron picture, one would take a pic-
ture which contains the whole information, and correct it by optical means. It was
clear to him that this could be done, if at all, only with coherent electron beams,
with electron waves which have a definite phase. In contrast, an ordinary photo-
graph loses the phase, since it records only the intensity. Of course, we lose the
phase if there is nothing to compare it with. His argument is that, as illustrated
in Figure 6.16 for the simplest case when there is only one object point, the in-
terference of the object wave and of the coherent background or “reference wave"
will produce interference fringes, with maxima whenever the phases of the two
waves are identical. Now, let us make a hard positive record, so that it transmits
only at the maxima, and illuminate it with the reference source alone. The phas-
es are, of course, right for reference source A, but as at the slits the phases are
identical, they must also be right for B; therefore, the wave of B must also appear
reconstructed.
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6.5.2
Theoretical Principle of Wave Front Reconstruction

Now, we deal with the wave-theoretical verification of the above-mentioned new
method of wave front reconstruction [333, 334]. Consider a coherent monochromatic
wave with a complex amplitude U striking a photographic plate. We write U D
A expi' , where A and ' are real. U may be decomposed into a “background wave”
U0 D A 0 expi'0 and a remainder U1 D A 1 exp i'1, which is due to the disturbance
created by the object and may be called the secondary wave. Thus, the complex
amplitude at the photographic plate is

U D U0CU1 D A 0 expi'0 CA 1 expi'1 D expi'0 [A 0CA 1 expi('1�'0)] , (6.32)

and its absolute value is A D [A2
0 C A2

1 C 2A 0A 1 cos('1 � '0)]1/2.
The density of photographic plates plotted against the logarithm of exposure is an

S-shaped curve, with an approximately straight branch between the two knees. In
this region, the transmission of intensity is a power �Γ of the exposure. The word
“transmission” and the symbol t denote in this section the amplitude transmission,
which is in general complex. For pure absorption, without a phase change, t is
real number, the square root of the intensity transmission. Thus, we write for the
negative process

tn D (Kn A)�Γn , (6.33)

where Kn is proportional to the time of exposure. In the printing of the negative,
the exposure is proportional to tn ; hence, the transmission of the positive print
becomes

tp D [Kp (Kn A)�Γn ]�Γp D K A�Γ , (6.34)

where Γ D Γn Γp is the “overall gamma” of the negative–positive processes. The
same type of law applies if reversal development is used.

If now in the reconstruction process we illuminate the positive hologram with
the background U0 alone, a “substituted wave” Us will be transmitted, which is
given by, apart from a constant factor

Us D U0 tp D A 0 expi'0 [A2
0 C A2

1 C 2A 0A 1 cos('1 � '0)]Γ /2 . (6.35)

The simplest, and also the most advantageous choice, is Γ D 2, which gives

Us D U0A2 D A 0 expi'0


A2

0 C A2
1 C 2A 0A 1 cos('1 � '0)

�
D A2

0 expi'0

�
A 0 C A2

1

A2
0
C A 1 expi('1�'0)CA 1 exp�i('1�'0)

�
. (6.36)

Comparing Eq. (6.36) with Eq. (6.32), one sees that if A 0 D const., that is, if the
background is uniform, the substituted wave contains a component proportional
to the original wave U (the first and third terms). This is not in itself a proof of
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the principle of reconstruction as any wave can be split into a given wave and a
remainder. It remains to be shown that the remainder, that is, the spurious part of
Us , does not constitute a serious disturbance.

This remainder consists of two terms. One of these has the same phase as the
background, with an amplitude (A 1/A 0)2 times the amplitude of the background.
This term can be made very small if the background is relatively strong, which
does not mean that the contrast in the hologram must be poor. The contrast will
fall below the observable limit of about 4% only for (A 1/A 0)2 � 0.0001, that is, only
if the flux scattered by the object into the area of the diagram is less than 0.01% of
the illuminating flux.

The second term of the remainder has the same amplitude A 1A2
0 as the recon-

struction of the original secondary wave, but it has a phase shift of opposite sign
relative to the background. This wave produces a serious disturbance only in rather
exceptional arrangements; in most cases the twin waves can be effectively separat-
ed. To make this plausible, one may think of Fresnel-zone plates. Zone plates act
simultaneously as positive and negative lenses, producing two focal points, one at
each side of the plate, at equal distance, which can be separately observed.

In Gabor’s article [333], further possible approaches to eliminate, or at least effec-
tively suppress, the spurious term and the distortion due to the remainder terms
by a modification of the photographic process are described. It will be sufficient
here to show an example of the practical success of the first holographic recon-
struction he presented in his article [333], which is illustrated in Figure 6.17. In
this figure, the original is a microphotograph of 1.5-mm diameter, and illumi-
nated with radiation of λ D 4358 Å through a pinhole of 0.2-mm diameter, re-
duced by a microscope objective to 5-μm nominal diameter, at 50 mm from the
object. The geometrical magnification is 12. The reconstruction was made with
lens with an effective numerical aperture of 0.025, then the resolution limit was
0.6 � 0.436/0.025 D 10 μm, where 0.6 is the more accurate numerical factor. The
noisy background in the reconstruction is chiefly due to imperfections of the illu-
minating objective.

The successful reconstruction with the holographic technique mentioned above
and that became well known with the resolution in visible light region has been
extended for images providing atomic resolution with electron waves and X-rays.
There are two possible concepts for the generation of a reference wave and detec-
tion of interferences in such a holography approach with atomic resolution; that is,
an “internal-source concept” [336] and an “internal-detector concept” [337].

In 1974 Bartell and Ritz produced atomic images of the electron cloud of rare-gas
atoms by solving the requirement of coherent superposition of a strong reference
wave and the weaker object wave by using strong scattering by atomic nuclei and
weak scattering by individual atomic electrons in a gaseous sample for electron
waves in holography [338]. Tonomura et al. developed a highly bright field emis-
sion electron beam realizing coherent illumination for imaging an atomic-resolu-
tion hologram in an electron microscope. In 1979 they presented a reconstructed
image from the hologram of an evaporated gold particle generated with an exter-
nal coherent source arrangement resulting in a magnification of 140 000 times by
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Figure 6.17 First holographic reconstruction in 1948 (Gabor [333]).

illumination with He–Ne laser light [339]. Harp et al. reported in 1990 the first suc-
cessful experimental reconstruction of a three-dimensional crystal structure with
atomic resolution from the Kikuchi pattern by electron holography with atomical-
ly localized incoherent electron sources [340]. X-ray holography with atomic res-
olution was demonstrated in 1996 by Tegze and Faigel on a single crystal platelet
with hard X-ray photons based on the internal-source concept and two-dimensional
holography measurement with a solid-state detector [341].

Recently, neutron holography was also demonstrated successfully on samples of
an oxide mineral [342] and a single crystal [278, 343] by using thermal neutrons
with a wavelength in the range of interatomic distance in solids. This will be de-
scribed in the next subsection.

6.5.3
Neutron Holography Experiment

Neutrons have the capability to serve often as a unique probe among various scat-
tering waves and particles in their interaction with materials because of the relative
visibility of hydrogen and its isotopes, and this fact is a great advantage especially in
the study of polymers and biological materials. The possibility of atomic-resolution
neutron holography was indicated by Cser et al. in the middle of 2001 [344] as two
different possible schemes. In the first approach, a pointlike source of neutron waves
is produced inside the crystal investigated owing to the extremely large value of the
incoherent-scattering cross section of the proton and thus hydrogen atoms embed-
ded in a single crystal may serve as pointlike sources when the sample is irradiated
by a monochromatic beam of low energy neutrons. In the second approach, the



288 6 Optical Phenomena in Neutron Diffraction and Scattering

Figure 6.18 Plan view of the experimental setup for thermal
neutron holography by Sur et al. The incident neutron beam
is parallel to the sample rotation axis ('). The hologram data
were obtained by rotating the sample through 2π radians in
optimal steps for the given detector coverage (2ı � 2ı), at a
given detector angle θ . This was repeated in 2ı steps in θ for
17ı � θ � 83ı (Sur et al. [342]).

interference between the incident and scattered waves may be registered by means
of a pointlike detector inserted in the lattice of the crystal under investigation.

Immediately after Cser et al. had indicated the possibility of atomic-resolution
neutron holography, practical results of atomic-structure holography on the oxide
mineral simpsonite with a size of about 6.5 mm long and 3.9 mm thick using ther-
mal neutrons were reported by Sur et al. [342] by adopting the internal-source con-
cept. The experiment was performed at the N5 instrument located at the National
Research Universal Reactor, Chalk River Laboratories, with the experimental setup
illustrated in Figure 6.18 using neutrons with wavelength λ D 1.3 Å and estimated
wavelength resolution Δλ/λ Š 1.5% from a germanium monochromator.

The raw intensity data covering the sample orientation (') and detector angle
(θ ), after excluding evident intense Bragg peaks from the data analysis on a statis-
tical basis, contains the hologram data plus a θ -dependent background, the latter
of which could be subtracted by using the measured data without the sample. By
employing a hologram modulation function for a scattering potential consisting of a
strong incoherent scatterer at the origin surrounded by a coherent scattering am-
plitude distribution of a pure s-wave weak scatterer, and further after the process
to eliminate the conjugate image, they could obtain the results of reconstructions
from single-wavelength data as illustrated in Figure 6.19.

In Figure 6.19a, the central spot is the oxygen atom located directly above the
origin, and the triangles are drawn to indicate the two triplets of oxygen atoms
located slightly below this central oxygen atom. The distortion of the triangles is
attributed to limitations in the quality of the present demonstration data. Similarly,
in Figure 6.19b, the center of the triangle of the nearest-neighbor oxygen atoms is
located directly below the origin in simpsonite.
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Figure 6.19 Reconstructed planes from the hologram data
on a single crystal of natural simpsonite, a rare oxide mineral,
Al4Ta3O13(OH) (originals are in color). (a) The plane located
approximately C0.9 Å from the hydrogen atom (the origin); (b)
the same result for the plane located approximately �1.4 Å from
the hydrogen atom (the origin) (Sur et al. [342]).

Another of the earliest reports on atomic-resolution neutron holography was giv-
en by Cser et al. [278]. They used internal-detector concept, which requires strongly
neutron absorbing isotopes acting as pointlike detectors in a sample. The feasibil-
ity experiment for this second concept was performed at the D9 four-circle diffrac-
tometer installed at the high-flux reactor, Grenoble, with neutrons of wavelength
λ D 0.8397 Å from a copper monochromator. By recording a holographic image of
lead nuclei in a Pb(Cd) spherical single crystal with a diameter of about 7 mm, they
obtained the results illustrated in Figure 6.20.

Figure 6.20a shows the hologram data after normalization with the monitor
counter and corrected for the slowly varying background level. For reconstruc-
tion of the object, computer-generated spherical waves were applied to the record-
ed hologram, as the convolution of converging s waves with the data matrix of
the scanned (�, ') surface. The reconstructed hologram is shown in Figure 6.20b,
where the intensity variation of the spots is due to the limited accuracy of the back-
ground approximation procedure. The positions of all first-neighbor lead nuclei
are clearly visible. Since in a face centered cubic lattice the first 12 neighbors are
equidistant from any lattice cite, the 12 lead atoms surrounding a given cadmi-
um atom can be put on a surface of a sphere. This representation is given in Fig-
ure 6.20c. The value for the radius of this sphere, 4.93 Å, is in very good agreement
with the values determined in the usual X-ray and neutron diffraction measure-
ments.

In this way, both concepts of the internal-source arrangement and the internal-
detector arrangement for atomic-resolution neutron holography were successfully
realized in the very early 2000s. Holography experiments provide much structural
information [344]. The crystal lattice can be restored from the hologram without
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Figure 6.20 Results of the holography exper-
iment on a spherically shaped single crystal
of Pb0.9974Cd0.0026 (originals are in color): (a)
raw hologram data plotted as a pixel map,
each pixel covering 3ı � 3ı in the angular
coordinates � and ', respectively; (b) recon-
structed hologram of 12 Pb neighbors of a Cd

nucleus in � and ' coordinates; (c) the spots
representing the positions of the 12 Pb atoms
forming the first neighbors of the Cd nucleus
displayed on the surface of a sphere of radius
3.49 Å D a/

p
2, a being the lattice parameter,

where the x-axis is the incident beam direction
(Cser et al. [278]).

making use of any a priori knowledge about the orientation of the sample. Fur-
ther, interatomic distances can be measured with extremely high accuracy, which
is presently limited by the collimation and the wavelength spread of the neutron
beam used. The above-mentioned pioneering experimental results can be consid-
ered to indicate a certain promise of the neutron holography technique for wide
applications in the future.
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7
Dynamical Diffraction in Three-dimensional Periodic Media

In this chapter we consider diffraction on an ideal monatomic single crystal, then
recall standard dynamical diffraction theory, and finally consider fundamental
problems of unitarity and detailed balance, after which we show how to derive the
optical potential.

An ideal monatomic crystal can be represented by a system of equidistant atom-
ic planes parallel to the interface and perpendicular to the z-axis. Atoms on atomic
planes have discrete periodic positions. A neutron plane wave, exp(i kr), with some
wave vector k after scattering on such a crystalline plane situated at z D 0 splits
into many reflected,

P
n αn exp(i knr r), and many transmitted,

P
n �n exp(i knt r),

plane waves. This splitting is called diffraction. The difference between wave vec-
tors k nr and k nt is in the sign of their z-components. Wave vectors k nr have neg-
ative z-components because they describe propagation to the left of the crystalline
plane, and k nt have positive z-components because they describe propagation to
the right of the crystalline plane. The set of these wave vectors is infinite but count-
able, and this set is invariant with respect to scattering on other crystalline planes.
The scattering of a plane wave exp(i kn r) on the crystalline plane can be described
by reflection, O�, and transmission, Oτ, matrices. With matrices O� and Oτ we can de-
scribe diffraction [345] on a set of crystalline planes like scattering of a spinor parti-
cle on a one-dimensional magnetic system. In this chapter we do not take spin into
account, treating the neutron as a scalar particle, but make use of matrix technique
elaborated for the spinor particle. It is not difficult to include the spin property of
the neutrons, but we shall not do it because here we are interested mainly in the
diffraction problems.

To see what the wave vectors k nr and k nt of reflected and transmitted diffracted
waves are, we describe the positions of atoms on a crystalline plane at z D 0 by
vectors r D an, where n D (nx , ny ) is a two-dimensional vector with integer
coordinates nx ,y and a is the lattice parameter, which for simplicity we take to be
the same as the distance between neighboring planes.

Diffraction of a plane wave exp(i k0r) incident on a crystalline plane means that
after scattering the component k0k parallel to the plane becomes k nk D k0k C �n ,
where �n D (2π/a)n is a vector of the reciprocal lattice of the plane. The kn? com-
ponent, because of the energy conservation (conservation of k2), becomes kn? D
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˙
q

k2 � k2
nk. The plus sign is related to transmitted diffracted waves, and sign

minus is related to reflected ones.
It is important to note that the infinite countable discrete set of waves with wave

vectors k n D (k nk,˙kn?) created by diffraction on a single crystalline plane re-
mains invariant after diffraction on other crystalline planes, and because of that we
can consider diffraction like a one-dimensional scattering in a magnetic field of a
particle with a high even infinite spin.

The states of a particle can be represented by a multidimensional (in fact, in-
finitely dimensional) vector:

jψ ri D

0
BBBBBBBBB@

...
a�2

a�1

a0

a1
...

1
CCCCCCCCCA
D O�jψ0i , jψ ti D

0
BBBBBBBBB@

...
b�2

b�1

b0

b1
...

1
CCCCCCCCCA
D Oτjψ0i , jψ0i D

0
BBBBBBBBB@

...
0
1
0
0
...

1
CCCCCCCCCA

,

(7.1)
where the line with number zero is defined, and an element on the nth line shows
the amplitude of the wave with wave vector (knk,˙kn?). With such notation, the in-
cident wave can have arbitrary numbers on all the lines, but in the example shown
in Eq. (7.1) it has only one unity on the line of number n D �1.

The matrices O� and Oτ are multidimensional matrices with matrix elements which
relate components of the vector jψ0i of the incident wave to the components a j

and b j of reflected and transmitted waves.
To calculate the diffraction we need to find matrices O�s and Oτ s for a single crys-

talline plane, and matrices O� and Oτ for a single period, containing the crystalline
plane and the two empty spaces of width a/2 on both sides of it, as we did in the
case of the Kronig–Penney potential (see Figure 4.14). With these matrices we can
find the reflection matrix OR of a semi-infinite ideal crystal and matrix exp(i Oqa) of
the Bloch phase factors for shifting along the z-axis between two adjacent crys-
talline planes. With OR and exp(i Oqa) we can find the reflection OR N and transmis-
sion OT n matrices for a set of N crystalline planes, discuss all the effects related to
Bragg and Laue diffraction on single crystals, and compare our results with those
obtained with the standard dynamical diffraction theory.

Thus, first, we need to describe diffraction of a plane wave on a single crystalline
atomic plane.

7.1
Diffraction on a Single Crystalline Plane

We consider all atoms as fixed-in-space point scatterers with scattering amplitude b.
Scattering on a set of scatterers is found with the help of the multiple wave scatter-
ing theory [14, 16].
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7.1.1
Multiple Wave Scattering Theory

According to the standard scattering theory (its foundation will be considered in
Chapter 10), isotropic scattering on a center fixed at a point r1 is described by the
wave function

ψ(r) D ψ0(k, r) � ψ0(k, r1)
b

jr � r1j exp(i kjr � r1j) , (7.2)

where ψ0(r) corresponds to the incident neutron with energy k2/2 and the second
term, which contains spherical wave exp(i k r)/r , corresponds to the scattered part
of the wave function. It contains factor b with dimension of length, called the scat-
tering amplitude, and the factor ψ0(k, r1) corresponding to the field illuminating
the scatterer. In the following we shall take ψ0(k, r) D exp(i kr).

If we have N scattering centers, the total wave function is

ψ(r) D exp(i kr) �
NX

jD1

ψ j
bn

jr � r nj exp(i kjr � rn j) , (7.3)

where bn is the scattering amplitude of the center at the point r n and ψn is its
illuminating field. For ψn we can write down the equations

ψn D exp(i kr n) �
X

n0¤n

ψn0 bn0ηn0n , (7.4)

where ηn0n D exp(i kjrn0 � r n j)/jrn0 � rn j. In the case of an ideal crystalline plane
it is possible to find an analytical solution of system (7.4).

7.1.2
Scattering on an Infinite Crystalline Plane

We assume that the elementary cell of the plane lattice is square with side a (Fig-
ure 7.1). The scattering amplitudes of all the atoms are the same: bn D b. The
incident plane wave illuminates all the atoms equally. Therefore, the illuminating
fields ψn of different atoms differ only in the phase exp(i kk r n) of the incident
wave, where kk are the components of the vector k along the crystalline plane.
Thus, from symmetry considerations it follows that the solution of system (7.4)
can be represented as

ψn D C exp(i kk r n) , (7.5)

with some constant C. Note that from now on we shall enumerate atomic positions
with a couple of integers, represented by vector n. Substitution of Eq. (7.5) into
Eq. (7.4) gives the equation for C: C D 1 � bS C , where S is the sum

S D
X
n¤0

exp(i kkr n)
exp(i k rn)

rn
. (7.6)
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k

z0

x

a

Figure 7.1 An infinite atomic plane and the incident plane wave
with a wave vector k . Atoms are in the plane x , y at z D 0. The
elementary cell of the atomic lattice is a square with side a. The
sides of the square are directed along the x- and y-axes. The y-
axis is perpendicular to the figure plane and directed toward the
reader.

Therefore,

C D 1
1C bS

. (7.7)

It is interesting that for some k, kk the sum S diverges; therefore, C D 0 and
bc D bC D 0. The neutron with such a wave vector does not notice the atomic
plane and propagates like in a vacuum. This happens when kk D 2πm/a, where
m D (mx , my ) is a vector with integer components mx ,y , and k D 2πmk/a, where

mk is some other integer, which is larger than jmj D
q

m2
x C m2

y . For such a wave

vector there are infinitely many points r n , where

exp(i kk rn) exp(i k rn) D 1 . (7.8)

Therefore, the sum over such points is infinite. The equality (7.8) takes place at all
points an with such integer components n D (nx , ny ), which are of the type nx ,y D
ν px ,y , where ν is an arbitrary integer and px ,y together with p D

q
p 2

x C p 2
y con-

stitute a Pythagorean triple.

7.1.3
Scattered Field of the Crystalline Plane

It is not necessary to calculate S for now. We can accept C as a parameter which
renormalizes (redefines) the scattering amplitude b ! bc D bC . So we start the
calculation of the scattered field itself.

Substitution of Eq. (7.5) into Eq. (7.3) with bn D b gives

ψ(r) D exp(i kr) � bc

X
n

exp(i kk rn)
1

jr � r nj exp(i kjr � rn j) . (7.9)
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The spherical function exp(i k r)/r has the two-dimensional Fourier representation

exp(i k r)
r

D i
2π

Z
d2qk
q?

exp(i qk r C i q?jzj) , (7.10)

where q? D
q

k2 � q2
k. Substitution of it into Eq. (7.9) gives

ψ(r) D exp(i kr)� bc
i

2π

Z
d2qk
q?

exp(i qk rC i q?jzj)
X

n

exp(i [kk � qk]r n) .

(7.11)

For calculation of the sum on the right-hand side there is a useful rule valid for
an arbitrary sum:

N2X
nDN1

f (n) D
1X

mD�1

N2Z
N1

f (n) exp(2π i mn)dn . (7.12)

This rule is easily checked because twice applied it gives the original sum. In-
deed, after the first application we obtain the new sum of new functions F(m) DR N2

N1
f (n) exp(2π i mn)dn. If we apply it again in the same way, we obtain

1X
mD�1

F(m) D
1X

MD�1

1Z
�1

F(m) exp(2π i M m)dm

D
1X

MD�1
2π

N2Z
N1

f (n)δ(2πM C 2πn)dn

D
1X

MD�1

N2Z
N1

δ(M � n) f (n)dn

D
1X

MD�1
f (M )Θ (N1 � M � N2)



N2X

MDN1

f (M ) . (7.13)

The rule (7.12) can be generalized to many dimensions. To apply it to the sum
on the right-hand side of Eq. (7.11) we put rn D an, where n is a two-dimensional
vector with integer components nx ,y . Then we get

X
n

exp(i [kk � qk]r n) D
1X

nx ,yD�1
exp(i [kk � qk]na)

D
1X

mx ,yD�1

Z
d2n exp(i [kk � qk]na C 2π i mn) ,

(7.14)
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where m is a two-dimensional vector with integer components mx ,y , and integra-
tion goes over all the infinite continuous plane of vectors n. After change of vari-
ables r 0 D an, and 2πm/a D �m , where �m is a vector of the reciprocal lattice of
the crystalline plane, we obtain

X
n

exp(i [kk � qk]r n) D
X

m

(2π)2

a2 δ(kk � qk C �m) . (7.15)

Substitution into Eq. (7.11) gives

ψ(r) D exp(i kr) � 2π i N2bc

X
�

1
k?(�)

exp(i k�krk C i k?(�)jzj) , (7.16)

where N2 D 1/a2 is the two-dimensional density of atoms on the crystalline plane,

k?(�) D
q

k2 � k2
�k, k�k D kk C �, and summation over m is replaced by sum-

mation over all possible vectors �.
At negative z, the term k?(�)jzj is equal to �k?(�)z, which corresponds to

waves going to the left from the atomic plane. We call these waves reflected ones.
At z > 0 we have k?(�)jzj D k?(�)z, which corresponds to waves going to the
right. We call them transmitted waves.

Vector � D 0 of the reciprocal lattice corresponds to specularly reflected and
to forwardly transmitted waves. Vectors � ¤ 0 correspond to diffracted waves.
The number of vectors � is infinite; therefore, the number of diffracted waves is
also infinite. However, if jk�kj > k, then the normal component k?(�) becomes
imaginary and diffracted waves with such a component decay away exponentially
from the scattering plane. At sufficient a distance such waves can be neglected and
we arrive at a finite number of the diffracted waves with k2

?(�) > 0.
In the following we shall represent Eq. (7.16) in the form

ψ(r) D exp(i kr) � i
X

n

�n exp(i knk rk C i kn?jzj) , (7.17)

where

�n D p/ kn?, p D 2πN2bc , k nk D kk C �n , kn? D
q

k2 � k2
nk ,

(7.18)

and n numerates vectors � of the reciprocal plane lattice.

7.1.4
An Idea for Calculation of S

The sum S is a complex number S D S 0 C i S 00, where

S 0 D
X
n¤0

cos(k ajnj C ak n)
ajnj , S 00 D

X
n¤0

sin(kajnj C akn)
ajnj . (7.19)
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The imaginary part can be calculated analytically because it can be extended over
all points n:

S 00 D Im

 X
n

exp(i kajnj C i akn)
ajnj � i k

!

D Im

0
B@X

m

Z
d2ne2π i mn

Z
i d2 pk exp(i a p n)

2π
q

k2 � p 2
k
� i k

1
CA , (7.20)

where we used the two-dimensional Fourier representation Eq. (7.10) for the spher-
ical function and the rule (7.12) for summation over the lattice points. Integration
on the right-hand side is easily performed and we obtain

S 00 D �k C
X

k2
?m>0

2πN2

k?m
, k?m D

q
k2 � (kk C �m )2 , �m D 2π

a
m .

(7.21)

The summation goes over a finite number of reciprocal lattice points; therefore,
S 00 has a finite value for all k except the points where k?m D 0. At these points
S 00 D 1 and the renormalization constant C D 1/(1 C bS ) is zero. This means
that the amplitudes of all the diffracted waves in Eq. (7.16) become zero except for
the single wave with amplitude / 1/ k?m . At the points k?m D 0 only the single
diffracted wave with amplitude 2πN2b/ k?m survives, and its amplitude becomes
equal to unity. This is a prediction for an experiment with single crystals, and this
prediction has not yet been verified.

The real part S 0 of S is equal to

S 0 D 1
a

f (p ) , f (p ) D
X
n¤0

cos(p jnj C p n)
jnj , p D p k/ k , p D ak .

(7.22)

In textbook [G] it was shown that f (p ) can be represented as

f (p ) D
1X

mDm0

2π
p 00?m

, p 00?m D
q

(pk C �m)2 � p 2 , �m D 2πm , (7.23)

where m0 is found from the minimum of k002?m0 > 0. This sum does not converge,
but in textbook [G] it was suggested that Eq. (7.23) is a formal representation of a
good function:

f (μ, p ) D
1X

mDm0

2π
[(pk C 2πm)2 � p 2]μ

, p D ka , (7.24)

which can be calculated for any μ > 1 and then analytically continued to μ D 1/2
like the series

P
x n representing the function 1/(1 � x ) can be analytically con-

tinued from x < 1 to x > 1. With this suggestion, S 0(1/2, 0) D 1/a was obtained
(textbook [G]).
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Figure 7.2 Dependence of the function f (p)
Eq. (7.22) on p for p shown in Eq. (7.25).
The function f (p) is calculated on a finite
lattice with number of scattering points
2N C 1 � 2N C 1 and N D 100. (a) The
function f (p) in the range 0 < p < 1.

At small p and N ! 1 it is proportional
to 1/p . (b) The function f (p) in the range
0 < p < 16. At p > 2 it has many narrow
maxima. Their height is proportional to N.
Therefore, at N ! 1 the sum f (p) at these
points diverges and bc becomes zero.

However, such a suggestion is not well justified. The dependence of the function
f (p ) on p D ak for a dimensionless wave vector

p D p (0.5, 0.4,
p

0.59) (7.25)

is shown in Figure 7.2. The summation in f (p ) was limited to �N � n, m � N ,
where N D 100. At small p the function f (p ) / 1/p when N ! 1. At some oth-
er p the function f (p ) has sharp maxima, which are proportional to N and therefore
diverge at N !1. At these points the renormalization constant C is zero and the
incident wave does not notice the lattice of the crystalline plane. Their positions
can be found from number-theoretical considerations and can be checked in an
experiment.

To avoid the divergences we must limit the summation over n in Eq. (7.6) by
introducing some losses along the path an. For instance, we can represent Eq. (7.6)
in the form

S D
X
n¤0

exp(i kk r n)
exp(i k rn � μ rn)

rn
, (7.26)

where μ D νσ l(k), where σ l(k) is a loss cross section at the neutron momentum k
and ν is the atomic density. The loss cross section is the sum of two parts: σ l(k) D
σ0C kT σ(kT )/ k. The first one appears because of some incoherent scattering, and
the second one is due to inelastic scattering and absorption. This part is expressed
via cross section σ(kT ) measured at thermal point kT . The atomic density ν for
waves propagating along a crystalline plane should be equal to 1/a2 rN , where rN

is the nuclear radius. With the loss factor, the function f (p ) instead of Eq. (7.22)
becomes

f (p ) D
X
n¤0

cos(p jnj C p n)
jnj exp(�μajnj) . (7.27)

With such an expression we obtain f (p ) D 0 when p ! 0, and the maximal
value of f (p ) is determined by range N of summation, which is not larger than
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N � 1/aμ D arN /σ l (k) � 100, and because of that the value of f (p ), as seen in
Figure 7.2 is not larger than 100; therefore, bS 0 D f (p )b/a � 0.01, which means
that (bc� b)/b � bS 0 is of the order of 1%. Though this correction is small it is not
well determined and varies with energy, therefore it needs further investigation.

7.2
Diffraction from a Semi-infinite Single Crystal

The wave function (7.17) describing scattering on a crystalline plane is a discrete
superposition of plane waves:

ψ(r) D e i kr � i
X

n

�n exp(i knkrk C i kn?jzj)


 Θ (z < 0)


ψ0(r)C ψr (r)

�C Θ (z > 0)ψt (r) , (7.28)

which consists of two parts. On the left side (z < 0) it contains the incident, ψ0,
and reflected, ψr , waves, and on the right it contains transmitted, ψt , waves.

Combination of the diffracted waves can be represented by a column vector
jΨ i (7.1). The states jΨ i create a linear vector space. In this linear space we can
choose basis vectors jni, every one of which contain unity on the line n and zeros
at all other places. The state jΨ i represented in such a basis is jΨ i D P

n αnjni.
Complex numbers αn corresponding to amplitudes of the plane waves with wave
vectors k n are the coordinates of the state vector jΨ i in the basis jni.

With the above notation, the wave function (7.28) is representable as

jψ(r)i D Θ (z < 0)
h
exp(i Okr)C exp

�
i Ok r r

� O�s

i
jΨ 0i

C Θ (z > 0) exp(i Okr) Oτ sjΨ 0i , (7.29)

where the reflection, O�s , and transmission, Oτ s , matrix amplitudes of a single crys-
talline plane are introduced. We also introduced here the operators Ok and Ok r , which
have eigenvectors jni and eigennumbers (k nk, kn?) and (k nk,�kn?), respective-
ly. The state vector jΨ 0i D j� D 0i 
 j0i corresponds to the incident wave
exp(i Okr)jΨ 0i D exp(i kr)j0i.

The basis jni can be used for representation of matrices. A matrix OM with a
matrix element Ml n, which transforms the state vector jni into jli, can be repre-
sented as OM DPl,n jliMl nhnj. Therefore, the matrix elements of the matrix OM are
hlj OM jni D Ml n.

The matrix elements of matrices O�s and Oτ s are, respectively,

hlj O�sjni D �i � l , hlj Oτ sjni D δ l n � i � l , (7.30)

where � l D 2πN2bc/ kl? and δ l n is the Kronecker symbol. Note that the matrix
elements hlj O�sjni of O�s do not contain a dependence on the initial index n, and the
matrix Oτ s is equal to OI C O�s , where OI is the unit matrix.
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A period of the monatomic crystal with a cubic elementary cell and crystalline
planes parallel to the interface can be represented by an atomic plane and two
empty spaces of width a/2 on both sides of it like in the Kronig–Penney potential
(Figure 4.14b).

The reflection, O�, and transmission, Oτ, matrices of a single period can be rep-

resented as O� D OE O�s
OE , Oτ D OE Oτ s OE D OE2 C O�, where OE is the diagonal matrix

with matrix elements OE l n D hlj OE jni D δ l n e l , with e l D exp(i kl?a/2) describing
propagation of waves along the empty space of width a/2.

It is worth introducing a diagonal matrix O� with elements O� l n D δ l n�n , and a
vector jni DPn jni. With them the matrix O� becomes

O� D �i O� OE jnihnj OE . (7.31)

To find the reflection matrix OR from a semi-infinite crystal for the incident wave
at the first period jΨ 0i we need to find the wave OX jΨ 0i incident on the second
period, where OX D exp(i Oqa) is a matrix of the Bloch phase factors. Matrices OR
and OX like in the one-dimensional case are related by the equations

OX D Oτ C O� OR OX , OR D O�C Oτ OR OX . (7.32)

The first equation can be resolved with respect to OX :

OX D ( OI � O� OR)�1 Oτ . (7.33)

Substitution of Eq. (7.33) into Eq. (7.32) gives the equation for OR:

OR D O�C Oτ OR( OI � O� OR)�1 Oτ . (7.34)

It is impossible to solve such an equation analytically. However, we can find an
approximate solution and a peculiarity of the matrix O� helps for this. The peculiarity
of the matrix O� is that its matrix elements are representable in the form of a product
�l n D hlj O�jni D al bn of components al D �i e l � l and bn D en of two state vectors
jai and jbi. Matrices OM with matrix elements Ml n D p l qn equal to the product
of coordinates p l , qn of two vectors jpi and jqi are called dyadic ones. The dyadic
matrices have the following properties.

7.2.1
Properties of Dyadic Matrices

If OA is a dyadic matrix, that is, a matrix representable as OA D jKihN j with the help
of some vectors jKi and jNi with coordinates Kn , Nn , then:

1. For an arbitrary matrix OB, the product OA OB is also the dyadic matrix

OA OB D jKihB r j , OB OA D jB lihN j ,
Br

n D
X

m

Nm Bmn , B l
n D

X
m

Bnm Km I (7.35)
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2. For an arbitrary OB we have

OA OB OA D cAB OA , cAB D Sp OA OB D hN j OBjKi D
X
m ,n

Nm Bmn Kn I

(7.36)

3. The product of the matrix A and an arbitrary vector jqi D P
n Q njni gives

the vector

OAjqi D cN qjKi D cN q

X
n

Kn jni , cN q D hN jjqi D
1X

nD�1
Nn Q n .

(7.37)

Therefore, the dyadic matrix OA is proportional to a projection operator be-
cause it projects any vector onto the vector jKi.

4. The square of OA is

OA2 D jKihN jjKihN j D cA OA ,

cA D Sp OA D hN jjKi D
1X

mD�1
Km Nm . (7.38)

5. For unit matrix OI ,

( OI � OA)�1 D OI C CA OA (7.39)

is valid, where CA D 1/(1 � cA), cA D hN jjKi. Indeed

( OI � OA)�1( OI � OA) D ( OI C CA OA)( OI � OA) D OI � (1 � CA C cACA) OA D OI
! CA(1 � cA) D 1 .

7.2.2
Solution of Eq. (7.34)

The matrix OR defines waves reflected to the vacuum. To find OR we substitute Oτ D
OE2 C O� into Eq. (7.34) and use relation (7.39) for transformation of ( OI � O� OR)�1. As

a result, we obtain

OR D O�C ( OE2 C O�) OR( OI C CR O� OR)( OE2 C O�)

D O�C ( OE2 OR C CR O� OR C CR OE2 OR O� OR)( OE2 C O�) , (7.40)

where in the second equality we multiplied first three factors and used the relations
CR D 1/(1 � cR ) with

cR D Sp O� OR D �iSp( O� OE jnihnj OE OR) D �ihnj OE OR O� OE jni .
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After multiplication of two factors on the right-hand side with account of rules (7.35)
and (7.36), we reduce Eq. (7.40) to

OR � OE2 OR OE2 D ( OI C OE2 OR) O�( OI C OR OE2
)

1C ihnj OE OR O� OE jni


 �i
( OE C OE2 OR OE ) O�jnihnj( OE C OE OR OE2

)

1C ihnj OE OR O� OE jni
. (7.41)

Let us represent OR as OR D �i OE O� OR s OE . Substitute it into Eq. (7.41) and divide both
sides of the equation by diagonal matrices �i OE O� on the left and by OE on the right.
As a result, (7.41) reduces to

OR s � OE2 OR s OE2 D ( OI � i OE2 OR s O� OE2
)jnihnj( OI � i OE2 O� OR s OE2

)

1C hnj OE2 O� OR s O� OE 2jni
, (7.42)

where jni DP jni. It follows that the matrix OR s
is a symmetrical one. If we multi-

ply this equation by hlj on the left and by jl 0i on the right, we find an equation for
matrix elements R s

l l 0 :

R s
l l 0
�
1 � e2

l e2
l 0
� D xl xl 0 , (7.43)

from which it follows that

R s
l l 0 D

xl x 0l�
1 � e2

l e2
l 0
� , (7.44)

where

xl D
1� i e2

l hlj OR s O� OE2jniq
1C hnj OE2 O� OR s O� OE2jni

D 1 � i e2
l xl

P
m xm �m e2

m/
�
1� e2

l e2
m

�
r

1CPi, j xi � i e2
i x j � j e2

j /
�

1 � e2
i e2

j

	 .

(7.45)

The factor � l D 2πbc N2/ kl? � bc λ/a2, where λ is the neutron wavelength,
is usually small, and it can be neglected everywhere except in terms with small
denominators 1 � e2

l e2
m .

If no denominator is small, we can put all the xl D 1, then the matrix elements
of the reflection matrix OR D �i OE O� OR s OE are

Rl l 0 D �i
� l e l e l 0

1 � e2
l e2

l 0
, (7.46)

and probability of reflection with transition from state jli to state jl 0i is

wl 0 l D kl 0?
kl?
jRl 0 l j2 D kl 0?

kl?

ˇ̌̌
ˇ 2πN2bc

2kl 0? sin[(kl? C kl 0?)a/2]

ˇ̌̌
ˇ
2

. (7.47)
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For specular reflection l D l 0 we get

wl l D u2
c a2

16k2
l? sin2(kl?a)

, (7.48)

where u c D 4πN0bc is the optical potential and N0 D N2/a is the three-dimen-
sional atomic density. At small kl?a we get the standard expression u2

c/16k4
l? for

specular reflection far from the total reflection range.
At l 0 ¤ l we get from Eq. (7.47) the expression

wl 0 l D 1
16kl?kl 0?

u2
c a2

sin2[(kl? C kl 0?)a/2]
, (7.49)

which is symmetrical with respect to interchange of kl? and kl 0?, and it shows
that the reflectivity in a direction with kl 0 < kl is higher than the specular one.
This prediction can be checked by an experiment.

At kl?a D πn the reflectivity Eq. (7.48) diverges, which means that close to these
points the total reflection takes place. At these kl?a the approximation xl D 1 is
not valid because some denominators in Eq. (7.45) are small.

7.2.3
Bragg Diffraction

Let us multiply the two equations of the system (7.45) with numbers l and l 0. As a
result, we obtain the new system

xl xl 0

0
@1C

X
m ,m0

xm e2
m �m xm0 e2

m0�m0

1� e2
m e2

m0

1
A

D
 

1� i e2
l xl

X
m

xm e2
m �m

1� e2
l e2

m

! 
1 � i e2

l 0xl 0
X

m

xm e2
m �m

1� e2
l 0 e

2
m

!
. (7.50)

In the case when one of the products e2
l e2

m is close to unity, the most essential terms
in the brackets are those with xl xm . In the simplest case of specular reflection we
have l D m D 0 and e4

0 � 1.

7.2.3.1 Specular Bragg Diffraction
In this case the most important terms are those proportional to x2

0 . Let us denote
x2

0 by z. For z we get the equation

z
�

1� zr2

1� e4
0

�
D
�

1C e2
0zr

1 � e4
0

�2

, (7.51)

where we introduced the notation r D �i e2
0�0. Solution of this quadratic equation

gives z, from which we obtain the amplitude R of the specular reflection:

R D zr
1� e4

0
D
p

(1C r)2 � t2 �p(1� r)2 � t2p
(1C r)2 � t2 Cp(1� r)2 � t2

, (7.52)
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where t D e2
0 C r . The result completely coincides with Eq. (4.85), because r D

�i(p/ k?)e2
0 and t are the reflection and transmission amplitudes of the single pe-

riod of the Kronig–Penney potential, as if calculated within the perturbation theory.
We did not use the perturbation theory, and the result becomes perturbational only
if we replace bc D C b in p Eq. (7.18) by b, that is, put C D 1. If we had calculated
the sum (7.6), then in our case we would get C D 1/(1C i p/ k?), and then r and t
are precisely the amplitudes of the Kronig–Penney potential without perturbation
theory.

Let us note that (1 ˙ r)2 � t2 D 1 � e4
0 C 2 i �0(e4

0 � e2
0). The condition e4

0 � 1
means that 2k?a � 2πn, where n is an integer. At n D 0 we can approximate
1 � e4

0 � �2 i k?a. As a result, the expression (7.52) becomes

R 
 RB0 �
k? �

q
k2
? � u c

k? C
q

k2
? � u c

, (7.53)

where the optical potential u c D 2p/a D 4πN0bc appears again.
In the case n D 1, we have 2k?a � 2π. This means that k? � π/a and e2

0 � �1.
Let us introduce the Bragg wave number kB1 D π/a. Then 1�e4

0 � �2 i(k?�kB1)a,
and expression (7.52) becomes

R 
 RB1 D
q

k2
? � k2

B1 � 2u c �
q

k2
? � k2

B1q
k2
? � k2

B1 � 2u c C
q

k2
? � k2

B1

, (7.54)

where we used the approximate equality 2k?(k? � kB1) � k2
? � k2

B1. It is seen
that reflection becomes total in the interval k2

B1 < k2
? < k2

B1 C 2u c. The interval
2u c is called the Darwin table because it was Darwin who was the first to find that
the reflection is total not only at the Bragg wave number, which follows from the
perturbation theory, but also in some finite energy interval.

At k2
? < k2

B1 the reflection amplitude is a positive real number:

RB1 D
q

k2
B1 C 2u c � k2

? �
q

k2
B1 � k2

?q
k2

B1 C 2u c � k2
? C

q
k2

B1 � k2
?

. (7.55)

At k2
? > k2

B1 C 2u c it, according to Eq. (7.54), is a negative real number. In the
range of total reflection it is representable as

RB1 D �
q

k2
? � k2

B1 � i
q

k2
B1 C 2u c � k2

?q
k2
? � k2

B1 C i
q

k2
B1 C 2u c � k2

?
. (7.56)

The amplitude R becomes a unit complex number which with increase of k? runs
counterclockwise along the upper semicircle.

The case n D 1 can be generalized to an arbitrary integer n. The Bragg reflection
is total in all the intervals k2

B n < k2
? < k2

B n C 2u0, where kB n D nπ/a, where the
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reflection amplitude is a unit complex number

RB n D (�1)n

q
k2
? � k2

B n � i
q

k2
B n C 2u c � k2

?q
k2
? � k2

B n C i
q

k2
B n C 2u c � k2

?
. (7.57)

Between neighboring Bragg wave numbers k2
B n C 2u c < k2

? < k2
B nC1 the ampli-

tude R is real and positive for even n, and it is real and negative for odd n. In the
range of total reflection it is a unit complex number which with increase of k? runs
counterclockwise along a semicircle in the upper-half complex plane for even n and
in the lower part for odd n.

However, we should recall that in the calculation of R we chose a symmetric
period with a crystalline plane and two empty spaces of width a/2; therefore, our
crystal contains the empty space of width a/2 before it. If we delete this space and
look at the crystal starting with the atomic plane, then we get reflection matrix
OR0 D OE�2 OR, and our formula (7.57) is replaced by

R 0B n D (�1)n exp(�i k?a)

q
k2
? � k2

B n � i
q

k2
B n C 2u c � k2

?q
k2
? � k2

B n C i
q

k2
B n C 2u c � k2

?

D
q

k2
? � k2

B n � i
q

k2
B n C 2u c � k2

?q
k2
? � k2

B n C i
q

k2
B n C 2u c � k2

?
. (7.58)

The factor exp(�i k?a) in the interval k2
B n C 2u c < k2

? < k2
B nC1 turns the phase

of the amplitude R 0B clockwise by π, and because of that the amplitude R 0B at the
start of the Bragg reflection always becomes �1. On the Darwin table it runs coun-
terclockwise along the lower semicircle and at the end of the Darwin table almost
reaches the value +1. After that it turns back and always begins with �1 at the start
of the next Bragg reflection. In the following we shall use the last formula and omit
the prime and index n.

7.2.3.2 Angular Width of the Specular Bragg Diffraction
According to Eq. (7.58) the reflection amplitude can be rewritten in the form

RB D
p

1 � y � i
p

1C yp
1 � y C i

p
1C y

. (7.59)

where a new variable y D [k2
B C u c � k2

?]/u c was introduced. The center of the
Bragg peak is at y D 0, and the Darwin table is in the range �1 � y � 1. The
angle of incidence # is defined via the relation k? D k cos # . The Bragg angle #B ,
corresponding to y D 0, is defined as k2 cos2 #B D k2

B C u c. When # D #B C ε,
we have

y D k2
B C u c � k2 cos2(#B C ε)

u c
� k2

u c
sin(2#B )ε . (7.60)
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The total reflection takes place in the range �1 � y � 1; therefore, the angular
width of the Bragg reflection at given energy k2 of the incident neutrons is

Δε D 2u c/ k2 sin(2#B ) . (7.61)

For „2 u c/2m D 10�7 eV and „2 k2/2m D 2.5 	 10�2 eV, the full angular width of
the Bragg peak is on the order of � 10�5 rad, or approximately 2 angular seconds.

7.2.3.3 Nonspecular Bragg Diffraction
Let us consider now the case when e2

l e2
0 is close to unity for l ¤ 0. Then denoting

in Eq. (7.50) xl x0 D z and �i � l e l en D rl n, we instead of Eq. (7.51) obtain the
equation

z
�
1 � 2zr0 l rl0/

�
1� e2

0e2
l

�� D �1C e2
0zrl l/

�
1� e2

0e2
l

��
� �1C e2

l z r00/
�
1� e2

0e2
l

��
. (7.62)

It can be represented in the form

z2 r0 l rl0�
1� e2

0e2
l

�2



1C �1 � e2

0e2
l

�� � z

 
1 � e2

0rl l C e2
l r00

1 � e2
0e2

l

!
C 1 D 0 . (7.63)

The value 1 � e2
0e2

l in brackets in the numerator of the first term can be neglected,
and the equation is simplified to

z2 r0 l rl0�
1� e2

0e2
l

�2 � z

 
1 � e2

0rl l C e2
l r00

1 � e2
0e2

l

!
C 1 D 0 . (7.64)

Its solution is

z D 1� e2
0e2

lp
r0 l rl0

p
(1Cpr00rl l)2 � t00 tl l �

p
(1�pr00rl l)2 � t00 tl lp

(1Cpr00rl l)2 � t00 tl l C
p

(1�pr00rl l)2 � t00 tl l
, (7.65)

where t j j D e2
j C r j j . It follows that the amplitude of the Bragg reflection of the

wave with � D 0 to the wave with � D �l is

Rl0 D
s

k0?
kl?

p
(1Cpr00rl l)2 � t00 tl l �

p
(1�pr00rl l)2 � t00 tl lp

(1Cpr00rl l)2 � t00 tl l C
p

(1 �pr00rl l)2 � t00 tl l
, (7.66)

and the reflection coefficient is

Wl0 D kl?
k0?
jRl0j2 D

ˇ̌̌
ˇ̌
p

(1Cpr00rl l)2 � t00 tl l �
p

(1�pr00rl l)2 � t00 tl lp
(1Cpr00rl l)2 � t00 tl l C

p
(1�pr00rl l)2 � t00 tl l

ˇ̌̌
ˇ̌
2

,

(7.67)

where the factor kl?/ k0? characterizes the ratio of fluxes.



7.3 Diffraction on a Crystal of Finite Thickness 307

Since (1˙pr00rl l)2 � t00 tl l D 1 � e2
0e2

l � 2 i e0e l
p

�0� l C i e2
0e2

l (�0 C � l), then
expression (7.66) near e2

0e2
l � 1 is representable in the form

Rl0 �
s

k0?
kl?r

k0?Ckl?�2kB � uc
2

�
1p
k0?
� 1p

kl?

	2� i

r
2kB � k0?� kl?C uc

2

�
1p
k0?
C 1p

kl?

	2

r
k0?Ckl?�2kB � uc

2

�
1p
k0?
� 1p

kl?

	2C i

r
2kB � k0?�kl?C uc

2

�
1p
k0?
C 1p

kl?

	2
.

(7.68)

Ifwe approximate

2
p

k0?k0 l? � 2kB � kB C k0? C k0 l?
2


 kB C k0 l? ,

then (7.68) transforms to

Rl0 �
s

k0?
kl?

q
k

2
0 l? � k2

B � u c(k0? � kl?)2/2k2
B � i

q
k2

B � k
2
0 l? C 2u cq

k
2
0 l? � k2

B � u c(k0? � kl?)2/2k2
B C i

q
k2

B � k
2
0 l? C 2u c

.

(7.69)

At l D 0 it coincides with Eq. (7.58).

7.3
Diffraction on a Crystal of Finite Thickness

To find the diffraction on a finite crystal we need besides OR also to know Bloch
wave vectors, which are found from eigenstates of the operator OX . If the crystal
contains N crystalline planes, we take the semi-infinite crystal and separate from it
the first N periods. Their reflection, OR N , and transmission, OT N , can be considered
as amplitudes of a single period containing N planes. If the state vector of the
incident wave on the first period is jΨ 0i, then the state vector of the wave incident

on the N C first period is OX N jΨ 0i, where OX N D OX N D exp(i OqN a).
The system of Eqs. (7.32) is replaced by

OX N D OT N C ORN OR OX N , OR D OR N C OT N OR OX N . (7.70)

For known matrices OR and OX the system is resolved with respect to OR N and OT N .
Substitution of OR N D OR � OT N OR OX N into the first equation gives

OT N D ( OI � OR2
) OX N [ OI � OR OX N OR OX N ]�1 , (7.71)

and substitution of OT N D OX N � OR N OR OX N into the second equation gives

OR N D [ OR � OX N OR OX N ][ OI � OR OX N OR OX N ]�1 . (7.72)
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To proceed we need to find OX . First we suppose that the reflection is small. In this
case diffraction is related to transmission through the crystal and it is called Laue
diffraction. After that we consider the case of strong reflection, which is related to
Bragg diffraction.

7.3.1
Eigenvectors and Eigenvalues of the Operator OX

To understand what waves propagate inside the crystal we need to find the eigenval-
ues and eigenvectors of the matrix OX . The eigenvalues of the operator OX are com-
plex numbers exp(i qa) with different q. An eigenvector corresponding to some q
will be denoted jqi. It can be normalized and represented in the basis jni:

jqi D
X

j

Q n(q)jni , (7.73)

where Q n(q) are its coordinates in the basis jni.
Normalized vectors jqi themselves also constitute a basis; therefore, the incident

wave jψ ins(r)i D exp(i Okr)jΨ 0i can be represented also in the basis jqi:

jψ ins(r)i D exp(i Okr)jΨ 0i D exp(i Okr)
X

q

ψq jqi , (7.74)

where ψq are coordinates of the state vector jΨ 0i in the basis jqi. In this basis the
wave field jψ ins(r)i inside the crystal becomes

jψ ins(r)i D exp
�
i Okk rk

�X
q

ψq exp(i qz)jqi

D exp
�
i Okk rk

�X
q

ψq exp(i qz)
X

n

Q n(q)jni

D
X

n

exp(i knkrk)

0
@X

q

Q n(q)ψq exp(i qz)

1
A jni . (7.75)

If the crystal has thickness D, and reflection OR can be neglected, then the field of
neutrons transmitted through the crystal is

exp(i Okr)jΨ ti D
X

n

exp(i knkrk C i kn?(z � D))

0
@X

q

Q n(q)ψq exp(i qD)

1
A

D
X

n

ψtn exp(i knkrk C i kz n(z � D)) ,

(7.76)

where coordinates ψtn determine the intensity of the transmitted neutrons
kn?jψtnj2 with wave vector k n D (kk C �nk, kn?). According to Eq. (7.76) the
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amplitudes ψtn are

ψtn D
X

q

Q n(q)ψq exp(i qD) . (7.77)

To calculated them we need the eigenvalues q and eigenvectors of OX . It is important
to notice that the amplitude ψtn shows interference of many Bloch eigenstates at
the exit from the crystal. This interference depends on the crystal thickness D and
leads to many interesting phenomena that can be observed with single crystals.

It follows from Eq. (7.33) that when OR can be neglected, then OX � Oτ D OE2 C O�,
where

O� D jaihbj 
 �i OE O�jnihnj OE , (7.78)

jni D P
n jni is a vector with all the coordinates equal to unity, and OE and O� are

diagonal matrices

OE D
X

n

jnienhnj , O� D
X

n

jni�nhnj , (7.79)

with matrix elements

en D exp(i kn?a/2) , �n D p/ kn? , and kn? D
q

k2 � (kk C �n)2 .

The equation for the eigenvectors jqi D P
n Q n(q)jni and eigenvalues λ of the

matrix OX is

OX jqi 
 OE 2jqi C O�jqi D λjqi . (7.80)

Since O� is the dyadic matrix (7.78), then, according to Eq. (7.37), it projects any state
(see Eq. (7.78) vector j	i onto jai DPn an(q)jni, so Eq. (7.80) becomes

OE2jqi C Cq jai D λjqi , (7.81)

where

Cq D hbjjqi . (7.82)

It follows from Eq. (7.81) that

jqi D Cq(λ OI � OE2
)�1jai 
 �i Cq(λ OI � OE2

)�1 OE O�jni . (7.83)

Substitution of Eq. (7.83) into Eq. (7.82) gives the equation for λ:

hbj(λ OI � OE 2
)�1jai 
 �ihnj OE 2

(λ OI � OE2
)�1 O�jni D 1 . (7.84)

In coordinates of state vectors jai and jbi or jni Eq. (7.84) takes the form

X
n

an bn

λ � e2
n


X

n

�i �n e2
n

λ � e2
n

 �i

X
n

p
kn?

e2
n

λ � e2
n


 �2π i N2bc

X
n

e2
n

kn?(λ � e2
n)
D 1 . (7.85)

Now we need to find all the solutions for λ. With their help we find all the eigen-
vectors jqi from (7.83), where Cq can be accepted as normalization constants.
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7.3.2
All e2

n D exp(i kn?a) Are Different

If all e2
n D exp(i kn?a) are different, then, since all the values �n 
 2πN2bc/ kn?

are small (for thermal neutrons they are in general on the order bc/a � 10�4), the
left side of Eq. (7.85) can be equal to unity only at such λ which are close to one of
the exponent: λ D λn � e2

n . In general, when all the e2
n are different, every λn is

close only to one of e2
n . Then Eq. (7.85) is reduced to

�i �n
e2

n

λn � e2
n
� 1 , (7.86)

and it follows that

λn D e2
n(1� i �n) D exp(i kn?a)(1� i u c a/2kn?)

� exp(i a(kn? � u c/2kn?)) , (7.87)

or, if we rewrite Eq. (7.87) as λn1 D exp(i qn1a) (the additional index 1 means that

only one exponent is essential), then qn1 �
q

k2
n? � u c, which is equivalent to a

wave vector inside a continuous medium with the optical potential u c D 4πN0bc.
The eigenvector for eigenvalue λn1, according to Eq. (7.83), has the single compo-
nent jqni D jni. Therefore, the incident wave in the state jΨ 0i D j0i has the same
coordinate in basis jqi as in basis jni, ψn D δn,0, and inside the substance there

propagates a single wave with wave vector q0 D
q

k2
0? � u c .

It is also possible to find corrections to the wave number q if instead of using
Eq. (7.86) we approximate Eq. (7.85) by the equation

�i �n
e2

n

λ � e2
n
D 1C i

X
m¤n

�m e2
m

λ2
n1 � e2

m
. (7.88)

7.3.3
Two Values of en Are Close to each other

The case when two or more values of en are close to each other is more interesting.
Suppose that kn? � km?. Then for one of the λ, which is close to e2

n , Eq. (7.85) is
reduced to

�i �n
e2

n

λ � e2
n
� i �m

e2
m

λ � e2
m
� 1 (7.89)

because all other terms can be neglected. The solutions, λ ṅ2, of Eq. (7.89) (the
additional index 2 means that two exponents are essential) are

λ˙n2 D
1
2

�
λn1 C λm1 ˙

q
(λn1 � λm1)2 � 4e2

m e2
n �m �n

�
. (7.90)
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|κ= 0

|κ1

q

k

Figure 7.3 In the case when two waves have approximately
equal wave vectors, jkkj � jkk C �j, a superposition of two
waves appears in the crystal, which propagates along crystalline
planes with a single Bloch wave number q.

At km? D kn? we get λCn2 D e2
n and λ�n2 D e2

n(1 � 2 i �n). These eigenvalues
correspond to the normalized eigenvectors (7.83)

jqCn2i D
1p
2

(jni � jmi) , jq�n2i D
1p
2

(jni C jmi) , (7.91)

which are shown schematically in Figure 7.3.
The first eigenvalue qCn2 D kn? means that the wave inside the crystal does not

“see” nuclei and propagates like in empty space. Its eigenvector jqCn2i corresponds
to the wave function

ψ1(r) D 1p
2

�
e i(kkC�n )rk � e i(kkC�m )rk

	
exp

�
i qCn2r?

	
. (7.92)

It is zero at the locations of nuclei because �n r j D 2πN , where N is an integer.

The second solution, q�n2 �
q

k2
n? � 2u c, corresponds to a continuous medi-

um with a doubled optical potential. Its eigenvector jq�n2i corresponds to the wave
function

ψ2(r) D 1p
2

�
e i(kkC�n )rk C e i(kkC�m )rk

	
exp

�
i q�n2r?

�
. (7.93)

At nuclei the two exponents add, that is, ψ2(r) D 2 exp(i kk rk), which results in
doubling of the potential. If the wave incident upon the crystal is described by the
state jΨ 0i D jni, then in the basis jq˙i Eq. (7.91) it is represented by Eq. (7.74)
with coordinates ψ˙ D 1/

p
2. We see that the incident wave creates two pairs of

plane waves inside the crystal. One of the pairs interferes negatively on nuclei and
propagates through the crystal like in free space. The other one interferes positively
on nuclei and propagates more slowly in the crystal. Interference of the two pairs on
their exiting the crystal gives the phenomenon (see page 309), called Pendellösung
and will be discussed later.

We considered the ideally symmetrical case km? D kn?. To describe the diffrac-
tion lines in detail it is necessary to solve equations when there is some difference
Δ k D km? � kn? of two wave vectors, and to take into account the imaginary part
of the scattering amplitude bc. It requires some elementary algebra and we leave it
to a researcher who will need it for processing his experimental data.
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7.3.4
The Bloch Wave Vector at a Specular Bragg Diffraction

Near the Bragg reflections the matrix OR in OX Eq. (7.33) cannot be neglected. In that
case with the rules Eq. (7.35)–(7.39) for the reciprocal matrix ( OI � O� OR)�1 we can
transform OX to the form

OX D ( OI C CR O� OR)( OE2 C O�) , (7.94)

where

CR D 1/(1 � cR ) , cR D Sp O� OR D �ihnj OE OR OE O�jni D �hnj OE2 O� OR s O� OE2jni .

(7.95)

Opening the brackets in Eq. (7.94) with account of Eqs. (7.35) and (7.36) gives

OX D OE2 C O�C CR cR O�C CR O� OR OE2 D OE2 C CR O�( OI C OR OE2
) . (7.96)

The equations for eigenvectors jqi D P
n Q n(q)jni and eigenvalues λ of the ma-

trix OX are now

OX jqi 
 OE2jqi C CR O�( OI C OR OE 2
)jqi D λjqi . (7.97)

Since O� is dyadic matrix (7.78), then, according to Eq. (7.37), it projects any vector
state j	i onto jai D �i OE O�jni D �i

P
n en �njni, and Eq. (7.97) becomes identical

to Eq. (7.80)

OE2jqi C Cq jai D λjqi , (7.98)

where

Cq D CRhbj( OI C OR OE2
)jqi D CR hnj OE ( OI C OR OE2

)jqi . (7.99)

From Eq. (7.98) it follows that

jqi D Cq(λ OI � OE2
)�1jai D �i Cq(λ OI � OE2

)�1 OE O�jni . (7.100)

Substitution of Eq. (7.100) into Eq. (7.99) gives the equation for λ,

CRhbj( OI C OR OE2
)(λ OI � OE2

)�1jai 
 �i
hnj OE ( OI C OR OE2

)(λ OI � OE2
)�1 OE O�jni

1C ihnj OE OR OE O�jni
D 1 , (7.101)

which is a little bit different from Eq. (7.84). In the case of a specular Bragg reflec-
tion it is reduced to

r
�
1C R e2

0

�
(1� r R)

�
λ � e2

0

� D 1 , (7.102)
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where r D �i e2
0�0. It follows that

λ 
 exp(i qa) D e2
0 C r

1 � r R
� e2

0

�
1 � i �0

�
1C R e2

0

��
. (7.103)

In the range of the total reflection near k? � kB1 the factor e2
0 near R in the

brackets can be replaced by �1. Substitution of R from Eq. (7.56) gives

exp(i qa) � e2
0

0
B@1� i

k2
? � k2

B1

2k?
a �

q�
k2
? � k2

B1

� �
k2

B1 C 2u c � k2
?
�

2k?
a

1
CA .

(7.104)

Since k2
? � k2

B1 � (k? � kB1)2k?, we obtain

q D kB1 C i

q�
k2
? � k2

B1

� �
k2

B1 C 2u c � k2
?
�

2k?
, (7.105)

and we see that the imaginary part of the Bloch wave number is positive and the
wave function inside the crystal decays exponentially at the total reflection.

Now we can make a generalization to an arbitrary Bragg wave number kB . In the
range of the total reflection near any Bragg number kB D πn/a with integer n the
Bloch wave number is

q � kB C i

q�
k2
? � k2

B

� �
k2

B C 2u c � k2
?
�

2kB

�
r

k2
B C

q�
k2
? � k2

B

� �
k2
? � k2

B � 2u c
�

(7.106)

when k2
? > k2

B , and it is

q �
r

k2
B �

q�
k2

B � k2
?
� �

k2
B C 2u c � k2

?
�

(7.107)

when k2
? < k2

B . Far from the Bragg reflections, when jk2
? � k2

B j � u c, we get

q D
q

k2
? � u c, which is in accord with the case considered on page 310.

7.3.5
Specular Bragg Diffraction

At a specular Bragg diffraction we have in fact a one-dimensional result because the
most essential term is the single matrix element (RN )00. Substitution of Eq. (7.57)
and (7.106) into (7.72) in the range of the total reflection gives

(RN )00 D R00
1� exp(2 i qD)

1� R2
00 exp(2 i qD)

D u c sinh(q00D)�
k2
? � k2

B � u c
�

sinh(q00D)C i
q�

k2
? � k2

B

� �
k2

B � k2
? C 2u c

�
cosh(q00D)

,

(7.108)
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where q00 D
q�

k2
? � k2

B

� �
k2

B � k2
? C 2u c

�
/2k?, and D D N a. If we denote y D�

k2
B � k2

? C u c
�

/u c and A D u c D/2k?, then the probability of reflection W D
j(RN )00j2 in the range of the total reflection y 2 < 1 is representable in the form

W(y ) D sinh2(A
p

1 � y 2)

1� y 2 C sinh2(A
p

1 � y 2)
. (7.109)

Outside the total reflection range (y 2 > 1), the reflection probability is

W(y ) D
ˇ̌̌
ˇR00

1 � exp(2 i qD)
1� R2

00 exp(2 i qD)

ˇ̌̌
ˇ
2

D sin2(A
p

y 2 � 1)

y 2 � 1C sin2(A
p

y 2 � 1)
. (7.110)

Both formulas can be represented for all y by the unique one

W(y ) D j sin2(A
p

y 2 � 1)j
jy 2 � 1j C j sin2(A

p
y 2 � 1)j . (7.111)

We shall use this expression when comparing the results with those of the standard
dynamical diffraction theory.

7.3.6
Total Reflection of a Mosaic Crystal

The intensity of the Bragg-reflected neutrons is obtained by integration of
Eq. (7.111) over all angles ε. To do this we approximate y according to Eq. (7.60) by

y D k2
B C u c � k2 cos2(#B C ε)

u c
� k2

u c
sin(2#B )ε .

Then the total reflectivity for any D or any A D u c D/2kB is

R(A) D
Z

W(y )dε D
1Z
�1

W(y )
dε
d y

d y D F(A)
u c

k2 sin(2#B )
, (7.112)

where

F(A) D
1Z
�1

W(y )d y . (7.113)

Integration over y was extended to infinity because in fact only a narrow range of
y � 1 gives the main contribution to it. The function F(A) is shown in Figure 7.4.
It reaches saturation F(A) � π at A D 3. Therefore, for D > Dc D 6kB/u c �
0.1 mm the crystal can be considered to be infinitely thick, and its reflectivity is

R(A) D πu c

k2 sin(2#B )
� π 	 10�5 , (7.114)
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Figure 7.4 Dependence of the function F(A) in Eq. (7.112) on
the value of A (solid line), and its approximation by Eq. (7.115)
(dotted line).

which means that the full angular width of the total reflection is Δε � 6.500 angular
seconds.

For A < 2 the function F(A) can be approximated by

f (A) D 2πA � 0.5
1C 1.5A

. (7.115)

It is not a fit but an approximation by eye. Usually for small A < 1 it is accepted
that f (A) � πA, then

R(A) � πA
u c

k2 sin(2#B )
� πu2

c D
2k3 cos(#B ) sin(2#B )

D jN0bcj2λ3D
cos(#B ) sin(2#B )

D QDL ,

(7.116)

where in the last equality two parameters are introduced: (1) Q D jN0bcj2λ3 has
dimension of reciprocal centimeters and is called the coefficient of the secondary
extinction and (2) L D 1/ cos θB sin(2θB ), usually called the Lorentz factor.

Let us consider a mosaic crystal of thickness L � Dc consisting of crystalline
blocks with the orientations of their normals inside some solid angle � of the order
of 10 angular minute. The reflectivity of a single block is given by Eq. (7.114), which
can be estimated as an angular range ε, where the reflection is total. If the angular
width of the incident neutrons after collimation is � � Δε, then the single block
reflects only a small fraction Δε/� of the incident intensity. In fact, however, the
reflectivity of a real mosaic crystal is of the order

Rm D � /� � Δε/� (7.117)

because every neutron inside the angular range � finds on its path a sufficiently
thick crystalline block, which will reflect it totally.

A mosaic crystal consisting of blocks with thickness D � Dc can also reflect
many more neutrons than an ideal single crystal. The reflectivity of a single block
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according to Eq. (7.111) is small and proportional to A2; however, the angular width
in terms of Δy is proportional to 1/A and is large. Therefore, the product of the two
factors gives the result shown in Eq. (7.116). This total reflectivity is nevertheless
smaller (A � 1) than Eq. (7.115). However, reflection of many small blocks can
give the total reflectivity of the mosaic crystal of the same order as Eq. (7.117). To
show it let us discuss two widely used notions: primary and secondary extinctions.

7.3.7
Extinction Coefficients

Extinction coefficients define how fast the intensity decays along the depth of the
crystal. The primary extinction coefficient at the Bragg reflection is 2q00 – double
the imaginary part of the Bloch wave number. It defines the depth l0 D 1/2q00 of
the decay of the squared modulus of the wave function away from the interface.
According to Eq. (7.105) this depth can be estimated as

l0 � k
u c
D λ

2π
k2

u c
.

In the case of thermal neutrons, l0 � 7 μ.
Let us note that the stronger is this extinction, the higher is the reflectivity of

the crystal. For the majority of crystallographers this sentence looks contradictory.
Usually diffraction of small crystals is calculated by perturbation theory in the first
Born approximation. In this approximation all parts of the crystal are illuminated
by the same amplitude of the incident wave. Extinction decreases the amplitude in
the depth of the crystal; therefore, the total reflectivity decreases and this decrease
is accounted for by a factor which is less than unity.

In dynamical diffraction theory, the reflectivity at the Bragg points is equal to
unity, and it is possible only because the wave function decays exponentially in
the crystal away from the entrance point. The faster it decays, the thinner can be
the crystal whose reflectivity remains close to unity. So the primary extinction is
nothing but a positive and very important factor for the diffraction.

The secondary extinction plays a similar role. It determines the decay of the beam
inside a real crystal because of reflection by separate blocks, and it increases the
reflectivity. The stronger is the secondary extinction, the higher is the reflectivity
by separate blocks. Only if one deals with perturbation theory does the secondary
extinction decrease the reflectivity and give rise to a factor (like primary extinction)
in the reflected intensity which is less than unity.

7.3.7.1 Incoherent Reflectivity from N Equal Blocks
If we have N identical blocks with similar parameter A < 1 and with angular orien-
tation within the angular range � � 1/A, but randomly distributed along the depth
of the crystal, then the intensity reflected by every next block will be lower than
reflected by the previous one because the number of neutrons which can reach it
is smaller. Moreover, the intensity reflected by the next block is partly screened by
the previous ones.
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To estimate the reflectivity of a large mosaic crystal let us find the reflectivity of
a group of N identical blocks of thickness D randomly distributed over the thick-
ness L of the crystal, so we have no interference between waves reflected by differ-
ent blocks.

To calculate the incoherent reflectivity of such a system we apply the same
method as used for the calculation of the reflection amplitude in the case of one-
dimensional potentials. First we shall find the reflectivity R of an infinite set of
such blocks, when the reflectivity and the transmissivity of a single block are � and
τ D 1� �. The intensity incident on the first block is supposed to be unity, and the
intensity incident on the second block will be denoted by X. For R and X we have
the system of equations

R D �C τR X , X D τ C �R X . (7.118)

However, if we solve this system, we shall find the trivial result R D X D 1,
which is physically understandable because the infinite system of blocks reflects
everything. We need to find the reflection of a finite number of N blocks. It is also
possible to do this with the help of our method: RN D R(1 � X 2N )/(1 � R2 X 2N ).
But now the result becomes indefinite, because with X D R D 1 we obtain the
indefinite ratio 0/0.

To resolve this ambiguity we can do the following. Let us introduce a small ab-
sorption by a single block. The absorption always exists, but here it is an artificial
trick. So we suppose that τ D 1 � � � α, where α is an infinitesimal parameter.
Now R and X are not unities:

R �
p

4� �p2(1 � �)αp
4�Cp2(1� �)α

, X �
p

4(1 � �) �p2�αp
4(1� �)Cp2�α

. (7.119)

To resolve the ambiguity 0/0 in RN it is sufficient to differentiate the numerator
1� X 2N and the denominator 1� R2 X 2N over

p
α and put α D 0. As a result, we

obtain

RN D N�

1C N�
. (7.120)

Now we can substitute for the reflectivity of a single block its value QDL. The
total number of blocks in a crystal of total thickness L is NL D L/D . If some of
these blocks N(#) D NL W(#) have orientation distributed in the angular range � ,
and the function W(#) is the probability density of finding blocks with a given
average orientation, then the reflectivity of this system of blocks is [357]

RN D
Z
�

d#
QLLW(#)

1C QLLW(#)
. (7.121)

If QLL� 1, the reflectivity RN is close to unity in the large fraction of the range � .
Therefore, the reflectivity is again close to � /�.
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However, everything here depends on chance. The distribution W(#) and the
mosaicity (angular width of W(#)) are phenomenological values. For their descrip-
tion one uses some model and finds parameters of the model by fitting model
calculations to experimental data.

7.3.8
The Laue Diffraction

At Laue diffraction the neutrons pass through the crystal. This means that reflec-
tion can be neglected, that is, one can put OR D OR N D 0. According to Eq. (7.71) the
transmission in this case is completely determined by OX N :

OT N D OX N 
 OX N
. (7.122)

The wave function of the transmitted neutrons is

jψ t (r)i D Θ (z > D) exp
�
i Okkrk C i Ok?(z � D)

� OX N jΨ 0i . (7.123)

If we know the eigenvectors jqni of the matrix OX , we can find an analytical expres-
sion for the wave function of the transmitted neutron

jψ t (r)i D exp
�
i Okkrk C i Ok?(z � D)

� 1X
nD�1

e i qn D jqnihqn jjΨ 0i . (7.124)

With the help of representation Eq. (7.83) for jqni, we obtain

ψ t (r) D
1X

mD�1
exp(i kmkrkC i km?(z�D))

1X
nD�1

e i qn D �i �m

λn � e2
m
hqnjjΨ 0i .

(7.125)

This expression shows that the main contribution to the wave function gives those
terms in the sum over m which have a small denominator, that is, λn � e2

m .
In the case when all the e2

m are different, we have hqnjjΨ 0i D hqn jj0i 
 δn0,
and the main contribution to the wave function gives the single term with n D 0
in the double sum (7.125):

ψ t (r) D exp(i kkrk C i k0?(z � D)) exp(i q0D) , (7.126)

where q0 D
q

k2
0? � u c.

At Laue diffraction several kn? and en have similar values. The most common
case is when two values, say, k0? and k1? are similar. Let k1? D k0? C δk, then
e2

1 D e2
0(1 C i�), where � D δk a. To find eigenvalues λ, we have to solve the

system of Eqs. (7.89). Their solution is given in Eq. (7.90). Let us consider an ideal
case: k1k D k0k C τ1 D �k0k. Then k1? D k0?, δk D 0, and we obtain q1 D
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k2

0? � 2u c , and q2 D k0?. The eigenvectors are given in Eq. (7.91), and the total
wave function of the transmitted neutrons consists of two waves:

ψ(r) D 1
2

e i k0k rkCi k0?(z�D ) �e i q1D C e i q2D�
C 1

2
e�i k0k rkCi k0?(z�D ) �e i q1D � e i q2D� . (7.127)

One of them, with k0k, propagates in the forward direction (we call it the direct
wave), and the second one, with wave vector �k0k, propagates in the diffraction
direction (we call it the diffracted wave). The intensity of the direct wave is I1 D
cos2(δqD/2), and that of the diffracted one is I2 D sin2(δqD/2), where δq D
q1 � q2. When the thickness D or wave number k0 of the incident wave changes,
the intensity of the transmitted neutrons oscillates between two directions. This
phenomenon is called Pendellösung. It is natural that the diffracted wave behaves
oppositely to the direct one. Because of that the total intensity of the transmitted
particles is equal to that of the incident ones.

Inside the crystal the wave function matched to Eq. (7.127) is

ψ(r) D 1
2

�
e i k0k rk C e�i k0k rk

	
e i q1z C 1

2

�
e i k0k rk � e�i k0k rk

	
e i q2z . (7.128)

Since at the lattice points

exp(�i k0kr j ) D exp(i(k0k C τ1)r j ) D exp(i k0kr j ) ,

we see that the first pair of waves in Eq. (7.128) enhance each other at the lat-
tice points and the second pair of waves annihilate each other at the lattice points.
Therefore, the second pair propagate inside the crystal as if in free space with
q D k0?, while the first pair see the crystal as a medium with doubled poten-
tial u0.

In the presence of losses the potential u0 contains an imaginary part; there-
fore q1 also contains an imaginary part and exp(i q1D) decays exponentially with
thickness D. In the case of sufficiently thick crystals the part of transmitted wave
function (7.127) proportional to exp(i q1D) can be neglected and oscillation of the
intensity with change of D or k0 ceases.

Since q2 does not contain the potential, the part of the wave function proportional
to exp(i q2D) does not decrease in the crystal. Therefore half of the intensity passes
through the thick crystal even if the absorption is pretty high. This anomalous
transmission of waves through an absorbing crystal at Laue diffraction is known
as the Borrmann effect in X-ray optics and the Kagan–Afanasiev effect in neutron
optics.

7.3.8.1 Simultaneous Fulfillment of Bragg and Laue Conditions
The Bragg diffraction is the total reflection, which in the specular case takes place
when condition kn? D kB D πn/a or e4

n D 1 is satisfied. The Laue diffraction
takes place when for some vectors of the reciprocal lattice, say, �m and �n , the con-
dition km? � kn? or e2

m � e2
n is satisfied. However, we can imagine the case when
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e2
m D e2

n and simultaneously the condition e4
n D 1 is also satisfied. In such a case

we should observe the Bragg diffraction, that is, total reflection from the crystal,
and the Laue diffraction, that is, splitting of the beam into two parts and trans-
mission through the crystal. It looks paradoxical, and the question arises: what
will be seen in such a case in reality? Will the neutrons be reflected or transmit-
ted?

The answer to this question happens to be pretty simple. We know that at Laue
diffraction the neutron wave function inside the crystal contains two pairs of waves.
One of them interferes in such a way that it becomes zero at lattice points. The
other one doubles at lattice points. The first pair does not notice the crystal and
passes through it freely. The second one sees the crystal and it is this pair which
is totally reflected by the crystal. In this pair the direct wave will be reflected in
the specular direction and the diffracted wave will be reflected in the nonspecular
direction. It can be shown mathematically [352], but we leave it as an exercise for
the reader.

It is interesting also to consider nonspecular Bragg reflection, when there are
two states m and n for which e2

m e2
n D 1 is satisfied, and simultaneously there is

the state l for which e2
l D e2

n is satisfied. What shall we observe in such a case?
This problem is a good starting point for a reader who wants to conduct his own
research.

7.3.8.2 Diffraction and Renormalization of the Scattering Amplitude
In Section 7.1.4 we showed that the the normalization constant C of the scattering
amplitude b depends on the neutron wave vector k and for some of them, which
we denote k j1, the constant C becomes zero. This conclusion is correct for an
infinitely wide crystal, in which the crystalline planes extend to infinity in all di-
rections. For a finite crystalline plane the constant C(k) does not become zero;
however, at these points C(k j1) becomes small, and it is very interesting to no-
tice the decrease of the renormalized scattering amplitude bc. It can be observed
in Bragg diffraction from a single crystal. If one changes the energy of the incident
neutrons and every time adjusts the crystal to observe a Bragg reflection, then at
some energy the reflection will be strongly suppressed, though all the conditions
for the Bragg reflection are satisfied and the structure factor for bc ¤ 0 is not equal
to zero, that is, the reflection is not forbidden. If we were able to find the points
k j1 and to see how much bc at these points do decrease, we could understand
how many lattice points do contribute to the sum (7.22), and therefore have a hint
at what the neutron wave function is.

Besides the points k j1, the constant C becomes zero because of the imaginary
part S 00 Eq. (7.21) of the sum S. It becomes zero at such k for which there appears
diffraction with kn? D 0. For these k one can observe a strong diffraction in the
direction along the interface and suppression of all the other scatterings. This effect
has not been observed yet because no one has looked for it.
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7.4
The Standard Description of Diffraction in Single Crystals

I hate diffraction. . . always had, always will

Anonymous. (From a lecture by R. Golub)

In the standard approach the neutron–crystal interaction is described by a periodic
potential, which is represented by the Fourier series

u(r) D
X

�

v (�) exp(i�r) , (7.129)

where � is a vector of a three-dimensional reciprocal lattice. In the case of a real
potential the coefficients v (�) and v (��) are complex-conjugated: v (��) D v�(�).
The component v (0) is an average potential which is identical to the optical one u0.

To describe diffraction it is necessary to solve the Schrödinger equation with
potential (7.129) 

Δ C k2 �
X

�

v (�) exp(i�r)

!
ψ(r) D 0 (7.130)

for some incident wave exp(i kr).

7.4.1
The Fermi Pseudopotential

Now we need to find the potential (7.129), its reciprocal lattice (vectors �), and
coefficients v (�). At first sight one can think of the potential itself as an array of
spherical potential wells, every one of which represents a strong attractive interac-
tion between the neutron and the nucleus at the lattice point.

However, this is not the case!Interaction of neutrons with a nucleus at a point r0
in matter is described not by the negative nuclear potential, but by some artificial
pseudopotential, 4πbδ(r � r 0), introduced by E. Fermi, where b is the scattering
amplitude. This pseudo potential has nothing to do with the real neutron–nucleus
interaction. In most cases it is even repulsive, in contrast to strong attractive forces.
However, it is related to the nuclear potential in one aspect. The scattering ampli-
tude b calculated from the pseudo potential in perturbation theory is identical to the
scattering amplitude b found accurately with the help of the real neutron–nucleus
potential.

It is important to note that in previous sections we never used the notion of the
potential. We needed only the scattering amplitude, so our approach was logically
more self consistent than the standard approach with the potential (7.129).

The pseudopotential of the whole crystal is

v (r) D 4π
X

n

mX
jD0

b j δ(r � r n j ) , (7.131)
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where coordinates r n j of atoms in the crystal are represented by the sum of two
vectors r n j D rn C 
 j , the first one being the radius vector of the origin of the nth
elementary cell and the second one being the position of the jth atom in the nth
elementary cell. In the case of a cubic crystal with elementary cell parameter a we
have rn D na, where n is a vector with integer coordinates nx ,y ,z .

According to the rule (7.12) the potential (7.131) is transformed to the sum

v (r) D 4π
X

m

Z
d3n exp(2π i mn)

mX
jD0

b j δ(r � r n j )

D 4π
X

�

Z
d3r 0

a3 exp(i�r0)
mX

jD0

b j δ(r � r 0 � 
 j ) , (7.132)

where m is a vector with integer coordinates mx ,y ,z and in the last sum we intro-
duced the vectors � D 2πm/a of the reciprocal lattice.

After integration over r 0 we obtain Eq. (7.129), where v (�) D 4πNc F(�), where
Nc D 1/a3 is the number of elementary cells in a unit volume and

F(�) D
mX

jD0

b j exp(i�
 j ) (7.133)

is the structure factor.

7.4.2
The Standard Dynamical Diffraction Theory

Let us take our crystal as an infinite crystalline plate of thickness D perpendicular to
the z-axis. Interaction with neutrons is described by the three-dimensional periodic
potential (7.129). The wave function ψ(r) inside a periodic potential is a product of
a periodic function and the Bloch phase factor:

ψ(r) D exp(i qr)φ(r) , (7.134)

where q is the Bloch wave vector and φ(r) is the periodic part of the wave function,
which like the potential (7.129) is representable by a Fourier series:

φ(r) D
X

�

Φ (�) exp(i�r) . (7.135)

Comparison of Eqs. (7.134) and (7.135) shows that the components qk parallel to
the crystal interface can be put equal to kk. Continuity of the wave function at the
interface and diffraction on crystalline planes makes the components of the wave
vector parallel to the interface the same as kk or contain an additional vector �k of
the reciprocal lattice of the crystalline planes. However, the components �k can be
included in the sum (7.135), so we are left with the single component qk D kk, but
q? are some unknown parameters.
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Substitution of the wave function (7.135) into the Schrödinger equation gives

exp(i qr)
X

�

 
[(q C �)2 � k2]Φ (�)C

X
�0

v (�0)Φ (�� �0)

!
exp(i�r) D 0 ,

(7.136)

which is equivalent to an infinite set of equations for coefficients Φ (�):

[(q C �)2 � k2]Φ (�)C
X
�0

v (�0)Φ (�� �0) D 0 . (7.137)

The system is homogeneous and has a nontrivial solution only if its determinant
is equal to zero. This condition is an algebraic equation of infinite order for q?,
which has an infinite number of solutions qn?. For every one of them we can re-
solve all the coefficients Φ (�) via, say, Φ (0), and further find Φ (0) from boundary
conditions.

Of course all this program is not realizable and we have to use some approx-
imations. The potential is usually small, so its components v (�) are also small.
If, for instance, only one wave in the crystal has large amplitude Φ (�), then the
system (7.137) is reduced to the single equation

(q C �)2 � k2 C u0 D 0 , (7.138)

where u0 D v (0). The only wave (if it is the single one) created in the crystal by the
incident plane wave exp(i kr) is exp(i qr), with � D 0 and qk D kk. Therefore, from

Eq. (7.138) we immediately find q? D
q

k2
? � u0. If reflection at the interface at

z D 0 can be neglected, Φ (� D 0) coincides with the amplitude of the incident
wave, that is, Φ (� D 0) D 1.

If two waves are large inside the crystal, say, waves Φ (0) D Φ (� D 0) and Φ (�)
with some � ¤ 0, then the infinite system of equations reduces to the system of
two equations:


q2
? � k2

? C u0
�

Φ (0)C Φ (�)v (��) D 0 ,

(q? C �?)2 � k2

�? C u0
�

Φ (�)C Φ (0)v (�) D 0 , (7.139)

where k2
�? D k2 � (kk C �k)2. Equating its determinant to zero we get

q2
? � k2

? C u0
� 


(q? C �?)2 � k2
�? C u0

� � v (�)v (��) D 0 . (7.140)

After change of variables x D q? C �?/2, it is reduced to a biquadratic equation.
In the standard dynamical theory (7.140) is simplified even further to a quadratic
one.

7.4.2.1 Specular Bragg Diffraction
In the case of specular Bragg diffraction we have �k D 0. Denote �? D �2kB and
q? D kB C x , where x near Bragg diffraction is small. Then Eq. (7.140) becomes
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�
u0 C k2

B � k?
�2�4x2k2

B� v (�)v (��) D 0, and its solutions are x1,2 D ˙Δ, where

Δ D
q�

k2
B � k2

? C u0
�2 � v (�)v (��)/2kB . Therefore, q1,2? D kB ˙ Δ.

For both q1,2? we can express Φ (1,2)(�) via Φ (1,2)(0):

Φ (1,2)(�) D � q2
1,2? � k2

? C u0

v (��)
Φ (1,2)(0) . (7.141)

For determinations of Φ (1,2)(0) two boundary conditions are used: (1) continuity
of the incident wave at the entrance surface at z D 0, Φ (1)(0) C Φ (2)(0) D 1; and
(2) absence of diffracted waves at the exit surface z D D , Φ (1)(�) exp(i q1D) C
Φ (2)(�) exp(i q2D) D 0. From these two conditions we can find Φ (1,2)(�) and the
amplitude of the reflected wave:

Ψ (�) D � i u sin(ΔD)

i
�
k2

B � k2
? C u0

�
sin(ΔD)

C
q�

k2
? � k2

B

� �
k2
? � k2

B � 2u0
�

cos(ΔD)

. (7.142)

The probability of the Bragg diffraction is equal to jΨ (�)j2. In the case of monatom-
ic crystals, where v (˙�) D u0, inside the Bragg peak, where Δ is imaginary, we
obtain the reflectivity, which completely coincides with Eq. (7.109).

7.4.2.2 Symmetrical Laue Diffraction
In the case of symmetrical Laue diffraction we have �? D 0, so Eq. (7.140)
reduces to



q2
? � k2

? C u0
� 


q2
? � k2

�? C u0
� � v (��)v (�) D 0, and its two

solutions, which correspond to waves going away from z D 0, are q1,2? Dr
k2
? C k2

�? � 2u0 ˙
q�

k2
? � k2

�?
�2 C 4v (��)v (�)/

p
2. When the Bragg con-

dition is satisfied precisely (k? D k�?) we get q1,2? D
q

k2
? � 2u1,2, where

u1,2 D u0 ˙
p

v (��)v (�). In the case of a monatomic crystal they become

q1? D k? and q2? D
q

k2
? � 2u0.

To find Φ (1,2)(0) and Φ (1,2)(�) from Eq. (7.141) two boundary conditions are
used: (1) continuity of the incident wave at the entrance surface at z D 0,
Φ (1)(0) C Φ (2)(0) D 1; and (2) continuity of the diffracted wave at the entrance
surface at z D 0, Φ (1)(�) C Φ (2)(�) D 0. After solution of these equations we
obtain at the exit surface z D D the amplitudes of the transmitted (direct),
Ψ (0)(D) D Φ (1)(0) exp(i q1D) C Φ (2)(0) exp(i q1D), and diffracted, Ψ (�)(D) D
Φ (1)(�) exp(i q1D)C Φ (2)(�) exp(i q1D), waves. Substitution of q1,2 gives

Ψ (�)(D) D exp(i qCD)
i sin(q�D)p

1C η2
,

Ψ (0)(D) D exp(i qCD)

 
cos(q�D)C i η sin(q�D)p

1C η2

!
, (7.143)

where η D (k2
? � k2

�?)/2u0 and q˙ D (q1? ˙ q2?)/2.
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Denote D0 D 1/q�, then the intensities of the direct and diffracted waves can be
represented as

I(0) D 1� 1
1C η2 sin2(D/D0), I(�) D 1

1C η2 sin2(D/D0) . (7.144)

We see that they oscillate with increase of D, and the oscillation period and am-
plitude 1/(1 C η2) decrease with increase of jηj. Oscillations appear because the
wave function inside the crystal consists of two pairs of waves as was discussed for
Eq. (7.127).

7.5
Comparison of the Two Methods

Though the matrix method is more logically consistent and physically transparent,
both methods describe the same processes and lead to nearly the same results. So
the choice of the method for the calculation of neutron diffraction in single crystals
is a matter of the researcher’s taste. The Fourier expansion used by standard theory
gives a simple way to find the positions and intensities of the diffraction peaks
for crystals with an arbitrary complicated elementary cell. The matrix method can
also be used for investigation of crystals with a complicated elementary cell [352];
however, it is better to calculate scattering on a single period by perturbation theory.
With it the matrix method permits one to consider the diffraction process in more
detail and to control the error at every step of the calculation.

The Fourier method is comparatively simple in the case of the two waves ap-
proximation and becomes more and more cumbersome when more waves come
to action. The matrix method gives the same algorithm for calculations, indepen-
dently of number of participating waves.

The standard dynamical diffraction theory presented in many textbooks is not
self-consistent, because matching of the wave function at interfaces is not com-
plete. In the case of specular Bragg diffraction this defect can be easily correct-
ed (see, e. g., [353]), but this case is reduced to diffraction in a one-dimensional
periodic system. More difficult is the case of diffraction when in the two waves
approximation diffracted and incident waves have different components kk paral-
lel to the interface. In that case full matching at two interfaces leads to a system
of eight linear equations with eight unknown coefficients. It is clear that solu-
tion of such a system can be analyzed only numerically, which was demonstrated
in [354, 355].

The advantage of the matrix method is its self-consistency. It uses only scatter-
ing amplitudes and does not require matching of the wave function at interfaces.
It gives a new vision for the diffraction and because of that it helps to perceive new
phenomena, which can also be perceived in the Fourier approach, but with some
difficulty. As an example we can mention diffraction at forbidden reflections, which
are predicted to have zero width by the Fourier theory. A more precise calculation
with matrix theory shows that their width is 4–6 orders of magnitude narrower than



326 7 Dynamical Diffraction in Three-dimensional Periodic Media

that of nonforbidden ones, but not zero [199]. Another example is simultaneous
Bragg and Laue diffraction. We also think that diffraction at small grazing incident
angles will show an analogous effect, because the total reflection is the Bragg re-
flection of zero order. Therefore, when for neutrons or X-rays incident on a crystal
at a grazing angle below the critical one a Laue condition jkkj D jkkC�kj for some
vector �k of reciprocal lattice is satisfied, we can expect that half of the intensity
will be transmitted through the crystal in forward and diffracted directions. This is
also discussed in [356]. The matrix method opens a new area for research of very
subtle effects in diffraction, which will help to improve our understanding of the
neutron–crystal interaction and of the structure of the neutron wave function. For
instance, since the neutron wave function is a wave packet, we can expect diffrac-
tion for every incident energy, because we can always find a wave in the packet for
which the Bragg condition is satisfied exactly. The diffracted intensities in this case
characterize the structure of the wave packet. Till now no diffraction pattern has
been analyzed from this point of view.

We have considered only the principal questions in this book, and have not
touched on real systems because the application of diffractometry has been consid-
ered well in many other books. For those who want more details on the standard
theory and its applications to research in neutron, X-ray, and synchrotron radiation
physics, we can recommend the books [357–362] (Textbook [I]).

7.6
Kinematical Diffraction Theory and Practical Crystallography

Dynamical diffraction theory explains the diffraction processes in single crystals.
The goal of crystallography is to find structures. There are very few ideal sin-
gle crystals in nature; for this reason most crystallography experiments are per-
formed with powder, which contains small crystallites with dimension of order
0.1 
 100 μm. Here we show some formulas used to interpret powder diffraction
experiments.

For small crystals usually a perturbation theory is applied, and the result is called
kinematical diffraction. The scattering amplitude of all the atoms inside the small
crystal is

A(q) D
X
n, j

bn, j exp(i qrn, j ) , (7.145)

where q D k � k0 is momentum transfer, k0 is the wave vector after scattering, and
r n, j denotes the position of an atom j with scattering amplitude b j within an ele-
mentary cell marked by three-dimensional number vector n D (nx , ny , nz ) (nx ,y ,z

are integers). Note that for generality we assumed that the scattering amplitudes
can be different from cell to cell. This suggestion is necessary if we want to take
into account defects, deformations, and incoherent scattering. However, for now
we suppose that bn, j D b j , that is, all the cells in the crystal are identical.
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Application to Eq. (7.145) of the sum rule (7.12) gives

A(q) D
X

�

Z
V

Nc d3r exp(i [q C �]r)F(q) D (2π)3F(q)
X

�

δ(q C �) , (7.146)

where Nc is number of elementary cells in a unit volume, V is the crystal volume,

F(q) D
X

j

b j exp(i qr j ) (7.147)

is the structure factor, and we supposed that the volume is sufficiently large to
replace the integral over it by the δ function.

The differential cross section is jA(q)j2, which is equal to

σ0(q) D N 2
c jF(q)j2V

X
�

(2π)3δ(q C �) , (7.148)

where δ2(q C �) was replaced by [V/(2π)3]δ(q C �). After multiplication of
Eq. (7.129) by the number of final states d3k0V/(2π)3 and integration over d3k0
around direction q � �, we obtain the total cross section with the momentum
transfered �:

σ(k ! k 0 D k � �) D (V Nc)2jF(�)j2 D N 2jF(�)j2 , (7.149)

where N D Nc V is the total number of elementary cells in the crystal.
This result is too simple and is proportional to square of the volume, whereas

usually the intensity diffracted by a single small crystal is supposed to be linear in
volume. For that reason we try to find the reflection from a small crystal within a
simplified dynamical diffraction theory, noting that for small crystals there are no
reasons to distinguish between Bragg and Laue diffraction. In both cases we have
the reflection from some sets of crystalline planes. So we shall proceed in the same
way as we did for Bragg scattering from small crystalline blocks in mosaic crystals
on page 314.

Let us look at a single period of a small, but sufficiently large crystal, which can
be considered as a set of parallel crystalline periods. In the case of a complicated
elementary cell it is not a single crystalline plane but several of them. To find the
diffraction on a single period we are to apply multiple wave scattering theory men-
tioned in Section 7.1.1. The positions of the atoms in the period are defined by
vectors rn, j . In the first approximation we can suppose that every scatterer inside
the period is illuminated by the same incident wave exp(i kr). Then the reflected
wave field at z < 0, like in Eq. (7.11), is equal to

ψ(r) D e i kr � i
2π

Z
d2qk
q?

e i qk r�i q?z
X
n, j

b j exp(i [k � q]r n, j )

D e i kr � i
2π

Z
d2qk
q?

e i qk r�i q?z
X

n

F(k � q) exp(i [k � q]r nk) ,

(7.150)

where F(k � q) is the structure factor (7.147).
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After transformation of the sum according to the rule (7.12) we obtain (like in
Eq. (7.16))

ψ(r) D exp(i kr) �
X

�

2π i N2F(�)
k?(�)

exp(i k�krk � i k?(�)z) . (7.151)

Therefore, the reflection matrix of a single period is

O� D �i O�jnihnj , (7.152)

where O� is a diagonal matrix with matrix elements �n D 2πN2F(�n)/ k?(�n).
The intensity reflected by a crystalline block of thickness D and area S for inci-

dent flux density I0 is characterized, according to Eq. (7.116), by the expression

I(�) D I0S R(�) � I0S QDL D I0V jN0F(�)j2λ3L , (7.153)

which is linear in V and contains the well-known Lorentz factor L D 1/ cos θB

sin(2θB ). Sometimes it is written as L D 1/ sin θB sin(2θB ), but it depend on
whether θ is the angle between the wave vector and the normal to the reflecting
plane, as in our case, or it is the grazing angle.

In practical crystallography this expression is more complicated. In powder
diffraction, commonly thin cylindrical samples are used, and several correction
factors are included in Eq. (7.153):

I(�) D I0V QL J AE , (7.154)

where J is the number of equivalent reflections related to the lattice symmetry, A
is correction for absorption, and E is correction for the secondary extinction. More-
over, sometimes it is necessary to take into account thermal vibrations of atoms and
possible deformation and defects of the crystalline lattice. After that, for extraction
of atomic positions a theoretical model with guessed positions is fitted by mini-
mization of �2 to the results of measurement at many points �. In crystallography
this way of fitting is customarily called the Rietveld method. We cannot dwell on
this and refer the reader to [349–351].

7.7
Unitarity and the Detailed Balance Principle

Above we considered dynamical diffraction for the simplest case of a monatomic
crystal and ignored some questions, which can be important, when we generalized
our methods to more complex crystals, where perturbation theory for a single el-
ementary cell must be used. The perturbation theory always brings some errors,
which, if not corrected, will accumulate and give rise to false effects such as vio-
lation of unitarity. Here we want to consider basic principles which should not be
violated. They are the law of particle conservation in the absence of losses, which is
unitarity, and the detailed balance condition, which means that scattering should
not lead to a decrease of entropy of closed systems. Because of volume limitations,
we shall consider them very briefly.
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7.7.1
Unitarity

Unitarity follows from the Schrödinger equation and it means that in the case of
a stationary wave function the neutron flux through any closed surface is zero,
that is, the number of neutrons entering the volume inside a considered surface
is equal to the number of outgoing ones. In the case of an infinite surface like a
plane, the unitarity principle says that the flux density of incident neutrons must be
equal to the flux density of outgoing ones. For a single fixed-in-space scatterer with
scattering amplitude b(Ω ), where Ω is the scattering angle, unitarity means that
Imb(0) D k σ t/4π, where σ t is the total cross section, which contains scattering
and absorption. This statement is known as the “optical theorem.” In the case of
an isotropic scatterer and the absence of losses, the optical theorem means that the
scattering amplitude can be represented as

b D b0

1C i kb0
, (7.155)

where b0 is a real number. If instead of one scatterer we have a crystalline plane
with isotropic scatterers, the total wave function becomes ψ D ψ0 C ψs 
 Θ (z <

0)[ψ0 C ψr ] C Θ (z > 0)ψt . The incident flux, J0, is determined by the incident
wave ψ0. The outgoing flux is determined by the reflected one Jr D Js , produced
by the reflected part ψr of the wave function and the transmitted part Jt produced
by the transmitted part ψt D ψs C ψ0 of the wave function. The last one contains
J0 and Js and the interference part Ji . Unitarity means that J0 D J0 C 2 Js C Ji ,
or 2 Js C Ji D 0. The scattered flux density, Js according to the wave function
Eq. (7.16), is

Js D (2πN2)2jbC j2
k2

n?>0X
n

1
kn?

,

where the sum over n does not contain exponentially decaying waves. The interfer-
ence part of the flux through the plane S2 in the direction k0 is Ji D �2π i N2(bC�
b�C�). The unitarity condition Ji C 2 Js D 0 means limitation on bC :

Im(bC ) D �γ jbC j2 , γ D 2πN2

k2
n?>0X

n

1
kn?

. (7.156)

According to Eq. (7.7), the number C is representable as

C D 1/(1C i bα) , (7.157)

where α, in general, is a complex number, α0� i α00. Taking into account Eq. (7.155)
for b, which is valid in the absence of absorption, we get

bC D b0

1C b0α00 C i b0(k C α0)
D b1

1C i b1(k C α0)
, (7.158)

where b1 D b0/(1Cb0 α00) is the renormalized real part of the scattering amplitude.
It follows from Eq. (7.158) that Im(bC ) D �(k C α0)jbC j2. Comparing this with
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Eq. (7.156), we immediately obtain

α0 D �k C γ D �k C 2πN2

k2
n?>0X

n

1
kn?

. (7.159)

Therefore the factor C Eq. (7.157) of the amplitude b changes the bookkeeping of
unitarity. The first term �k in Eq. (7.159) cancels the unitarity which was valid for
a single scatterer, and the second one introduces new rules for unitarity in new
conditions, when we do not have a single scatterer but the whole crystalline plane
of scatterers.

It is easy to guess that the complex number α is obtained from the real α0
Eq. (7.159) by extension of the sum in Eq. (7.159) to all the possible �n :

α D �k C 2πN2

1X
n

1
kn?

. (7.160)

Thus, those �n which are related to propagated waves contribute to the real part
α0, and those which are related to exponentially decaying waves contribute to the
imaginary part α00. The series in Eq. (7.160) diverges; however, this divergence is
fictive. The infinite series is a formal representation of a finite function, like the
sum of the geometrical progression x n at x > 1 is a formal representation of the
finite function 1/(1 � x ).

In all the calculations that involve the scattering amplitude we can ignore renor-
malization and accept b as a real number. However, at the end of the calculations it
is necessary to change b in accord with unitarity requirements, that is, for instance,
to put it as b D b0/(1C i kb0) in the case of a single center, or

b D b1

1C 2π i N2b1
P

n(1/ kn?)
(7.161)

in the case of diffraction on a crystalline plane.
At small k � 2π/a all the diffracted waves decay exponentially, and we are

left with only single specularly reflected and directly transmitted waves. The re-
flected wave has amplitude �i p/(k? C i p ), and transmitted one has amplitude
k?/(k? C i p ), which is in complete agreement with the case when the plane is
described by the δ-function potential u D 2p δ(r?), in which p D 2πN2b1. Let
us note again an interesting phenomenon which follows from Eq. (7.161). If the
wave vector k0 is such that for some vector � of the reciprocal lattice of the atomic
plane the component k?(�) of a diffracted wave is zero, the denominator becomes
infinite and the amplitudes of all the diffracted waves become zero except for the
single one propagating along the crystalline plane. This theoretical prediction has
not yet been verified in an experiment.

7.7.2
The Detailed Balance Principle

The detailed balance is as follows: if we have a scatterer with elastic and inelastic
scattering and we put it in a neutron gas at thermal equilibrium, that is, a gas with
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isotropic and Maxwellian distribution of neutron velocities, and the states of the
scatterer are also in equilibrium with the same temperature as the neutron gas,
then the neutron scattering on such a scatterer should not change the equilibrium
distribution neither of the scatterer nor of the neutron gas. Since the equilibrium
state has maximal entropy, the principle of detailed balance means that the scatter-
ing must not diminish the entropy.

If w (k ! k0) is the probability of scattering on a single scatterer, the detailed
balance principle requires

k�0 exp(�k2/2T )d3k w (k ! k0)d3k0 D
k0�0 exp(�k02/2T )d3k0w (k0 ! k)d3k , (7.162)

where �0 Dconst is the neutron density in phase space, T is temperature, and the
factor k characterizes the flux density of neutrons incident on the scatterer. The
condition (7.162) means that the number of neutrons with energy k2 scattered per
unit time from an element d3k of the phase space into an element d3 k0 at energy
k02 is equal to the number of neutrons with energy k02 scattered per unit time
from the element d3k0 of phase space into the element d3 k at energy k2. From
Eq. (7.162) a limitation follows: the probability of the transition w (k ! k0) must
be of the form

w (k ! k0) D k0 exp(�(k02 � k2)/4T )w s(k ! k0) , (7.163)

where w s(x ! y ) is a function symmetrical with respect to permutation of argu-
ments.

If instead of a single scatterer we have the whole plane of scatterers, which are
in thermodynamical equilibrium with each other and with the neutron gas on both
sides of the plane, then the probability of neutron scattering from the state k into
state k0 described by the function w (k ! k0), according to the detailed balance
principle for the plane, should satisfy the requirement

k?�0 exp(�k2/2T )d3k w (k ! k0)d3k0 D
k0?�0 exp(�k02/2T )d3k0w (k0 ! k)d3k , (7.164)

where the factor k? is related to the neutron flux density incident on the plane.
From Eq. (7.164) there follows some limitation on the form of the scattering func-
tion:

w (k ! k0) D k0? exp(�(k02 � k2)/4T )w s(k ! k0) , (7.165)

where w s(x ! y ) is a function symmetrical with respect to permutation of its
arguments.

In the case of pure elastic scattering we have w (k ! k0) D w (Ω ! Ω 0)δ(k2 �
k02); therefore the detailed balance condition (7.164) is reduced to the form
cos θ dΩ w (Ω ! Ω 0)dΩ 0 D cos θ 0dΩ 0w (Ω 0 ! Ω )dΩ , and it follows that

w (Ω ! Ω 0) D cos θ 0w s(Ω ! Ω 0) , (7.166)
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where w s(Ω ! Ω 0) is a function symmetrical with respect to permutation of
Ω $ Ω 0.

In the case of the diffraction on a crystalline plane, the diffraction probability
wd (k ! k), when the incident neutron has the normal component of the wave
vector k?, and the diffracted one has the normal component of the wave vector k 0?,
is equal to ratio of the diffracted flux density J(k0) to the incident flux density J(k) D
k?, that is, wd (k ! k0) D J(k0)/ J(k) D jp j2/ k?k0?. This probability of the discrete
transition is symmetrical with respect to permutation k $ k0, which, seems to
contradict (7.166). However, Eq. (7.166) is related to a continuous distribution of
scattered neutrons. Therefore, to check the detailed balance condition we need to
represent the discrete probability in continuous form:

w (k) D
X

k 0

jp j2
k?k0?



X

�

jp j2
k?k?�

D jp j
2

k?

Z X
�

δ(kk � k0k C �)δ(k2/2� k02/2)d3 k0 , (7.167)

where the summation over all k0 in the first equality is replaced by the summation
over all the vectors of the reciprocal lattice in the second equality. The integral in
the third equality is identical to 1/ k?�.

From the continuous representation (7.167) it follows that

w (k ! k0) D jp j
2

k?

X
�

δ(kk � k0k C �)δ(k2/2 � k02/2) (7.168)

completely satisfies the detailed balance requirement w (k ! k 0) D k0?w s(k ! k0),
where the symmetrical function w s is w s(k ! k0) D (jp j2/ k?k0?)

P
� δ(kk� k0kC

�)δ(k2/2� k02/2). This function is symmetrical because the summation runs over
all � D (2π/a)(nx , ny , 0), with positive and negative integer nx and ny .

7.8
The Optical Potential u0

From the very start of this book we have practically everywhere used the notion of
the optical potential u0 D 4πN0b, which plays a very important role in the inter-
action of neutrons with matter. Now we want to show how to derive it from first
principles. In fact we have no potential at all. All we have is scattering on every atom
characterized by the amplitude b. Nevertheless the investigation of scattering on an
ordered system of atoms demonstrated that at small k2

? in the range 0 � k2
? � u0

the neutron is totally reflected from the substance. It is this fact which permits us
to ascribe to the matter the repelling potential u0, notwithstanding that the opti-
cal potential of the strong neutron–nucleus interaction is negative and, therefore,
attractive.

The expression for u0 obtained in Eq. (7.53) is not absolutely precise. It is im-
portant to find corrections to it. They are especially important in relation to the
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anomalous losses observed in storage of ultracold neutrons (textbook [G]). To es-
timate these corrections we again consider neutron diffraction on a semi-infinite
crystal, limiting ourselves to small energies, when all the diffracted waves decay
exponentially [363].

When k � π/a the wave function Eq. (7.16) after scattering on a crystalline
plane is reduced to

ψ(r) D exp(i kk rk)
�

Θ (z < 0)
�

e i k0?z � i
p c

k0?
e�i k0?z

�

C
�

1� i
p c

k0?

�
Θ (z > 0)e i k0?z

�

�
X
�¤0

pc

jk?(�)j exp(i k�k rk � jk?(�)jjzj) , (7.169)

where k0? D k?(� D 0) and pc D 2πN2bC . The constant C can be always
represented in the form C D 1/(1 C i bα) (see Eq. (7.157)), where α at low
energies according to Eq. (7.160) is α D �k C 2πN2/ k0? � i α00, and α00 D
2πN2

P1
�¤0 jk?(�)j�1. Therefore, in the absence of losses pc D p1/(1C i p1/ k0?),

where p1 D 2πb1N2 and b1 D b0/(1 C b0α00) is the renormalized real scatter-
ing amplitude. Substitution of pc into Eq. (7.169) shows that the first part of the
wave function is identical to the one obtained for scattering from the potential
u(z) D 2p1δ(z).

If we replace all the crystalline planes by such a potential, we obtain the Kronig–
Penney potential (4.88), considered in Section (4.5.2). Reflection from such a poten-
tial described by formulas (4.96) and (4.99) becomes total when k2 < u1 D 2p1/a,
where a is the distance between crystalline planes. So we obtained a result which
is identical to reflection from the optical potential, though no potential was intro-
duced. Thus, we can deduce that at low energies, when the structure of the sub-
stance is not important, interaction of a neutron with it can be represented by the
optical potential u0.

7.8.1
Kronig–Penney Corrections to the Optical Potential

Formula (4.99) is an approximation for Eq. (4.96). We can improve the expan-
sion in Eq. (4.96) and find corrections (call them Kronig–Penney corrections) of
order u1a2.

Reflection from the Kronig–Penney potential can be approximately represented
in the form

R D
k �

q
1Cu1 a2/12
1Cu1 a2/4

q
k2 � u1

1Cu1 a2/12

k C
q

1Cu1 a2/12
1Cu1 a2/4

q
k2 � u1

1Cu1 a2/12

. (7.170)

It is seen that the reflection is total at k2 < u1/(1 C u1a2/12). The correction
u1a2/12 � b1/a arises because of discreteness of the crystal in the direction of
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the normal to its interface, whereas the discreteness of the crystalline planes them-
selves is not taken into account. For most substances the correction is on the order
of less than 10�4, and it can be neglected.

7.8.2
Diffraction Correction to the Optical Potential

There are also corrections of another type. We call them diffraction corrections.
They appear because of exponentially decaying waves in expression (7.169). Every
exponentially decaying wave with k?(�) D ijk?(�)j, created on one of the planes,
after diffraction on the consecutive crystalline plane can transform back to the wave
with original k?(� � �) D k0?, which further propagates along k0, or along the
direction of specular reflection. If we take an exponentially decaying wave with the
minimal vector �1k of the reciprocal lattice, then the least decaying wave near the
next plane will have magnitude / exp(�2π) � 2 	 10�3. However, we have not yet
taken into account the preexponential factor. This factor is k0?/j�1kj � a/λ � 200
times less than the reflection amplitude �s of a single plane because the wavelength
λ D 2π/ k of ultracold neutrons (k2 < u0) is on the order of 600 Å. Thus, after back-
diffraction with � D ��1k on the neighboring crystalline plane the exponentially
decaying wave gives a correction to the amplitude of the propagating wave on the
order of� 10�5.

Let us note that the anomalous loss coefficient of ultracold neutrons in storage
bottles is of the same order. Therefore, it is important to find how this correc-
tion influences the coefficient of total reflection. However, from the very begin-
ning we can be sure that this correction can change the height of the potential u0

and the phase of the reflected wave, but cannot create losses or leakage of neu-
trons inside the matter. Indeed, at the total reflection the minimal decay constant

is q D
q

u0 � k2
0?. A diffraction correction on the order of 10�5 can change this

decay constant a little, but cannot add an imaginary part to it. If a decay constant q
because of the correction were changed to q � i α, then a flux J / α would ap-
pear inside the crystal. This flux would decay along the depth z according to the
law exp(�2qz). If, because of that, reflection is not total such a decay of flux would
mean violation of unitarity: the flux of reflected neutrons would be less than that
of incident ones, and the deficit of the flux would disappear inside matter in the
absence of absorption by nuclei. If reflection remains total, then again there is a
violation of unitarity: the total flux of neutrons reflected and leaked inside the mat-
ter at the interface is larger than that of incident ones. From these considerations
we can conclude that the diffraction correction can only change the phase of the
total reflection by an amount on the order of 10�5, and this correction can always
be neglected.

If nuclei of the crystal absorb neutrons, then the reflection becomes nontotal, but
the losses should be proportional to the absorption cross section, and diffraction
correction can increase the losses. However, the relative increase is again on the
order of 10�5, and it can be neglected.
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One note should be added to these considerations. The normalization of the
scattering amplitude discussed on page 299 contains the correction of the real part
of the scattering amplitude on the order of 1%, which is proportional to 1/σ l . The
less is σ l , the larger is the correction. It changes the height of the optical potential
but changes little its imaginary part. Nevertheless this point remains subtle, and
deserves deeper consideration.

7.8.3
Digression on the Optical Potential

The optical potential is some constant. What is our interest in such a constant? We
know that it determines the refractive index. Can we obtain with it something else?
Now we want to illustrate with some examples how important this constant is in
physics.

7.8.3.1 Optics
We were talking above mainly about potential barriers u > 0, which repel particles;
however, the scattering amplitude b can be negative (typical examples are Ti and H).
In that case u0 D 4πN0b < 0, and neutron–matter interaction becomes attractive.
The potential u0 defines the refractive index for neutrons n Dp1 � u0/ k2 and we
see that for attractive potentials n > 1.

Let us notice that in the case of light the majority of substances have a refractive
index larger than unity. This means that almost all matter attracts light photons.
It is because of this that we have no total external reflection in optics (we do not
consider here X-rays), but only total internal reflection, because for the light inside
matter the vacuum looks like a potential barrier.

Indeed, interaction of matter with an electromagnetic field is described by the
refractive index n D p�, where � is the dielectric permeability. The wave num-
ber inside matter is k0 D nk, which can also be represented as k0 D p�k2 Dp

k2 C (� � 1)k2 D pk2 � u, where similarly to neutrons the optical potential
u D (1 � �)k2 is introduced.29) For � we usually write � D 1C 4πN0α, where α is
the polarizability of atoms in the matter. Therefore, the potential u is represented
in full analogy with neutrons as u D 4πN0b, where b D �αk2.

Polarizability is absolutely naturally enters the light–matter interaction. Indeed,
if an atom has its own electric dipole moment d, then it has interaction potential
with light equal to �dE . If the atom does not have d, it can acquire an induced
dipole moment d D αE . Therefore, its interaction with the field is �αE 2 < 0.
Since E 2/4π is the density of electromagnetic energy, then for photons with fre-
quency ω it can be represented as „ωNγ , where Nγ is the density of photons.
Therefore, interaction of the atom with the field is described by the potential Uγ D
�α4π„ωNγ . If Nγ (r) is nonuniform in space, then the force F D �rUγ (r) ap-
pears, which pulls the atom into the space with highest density of Nγ .

29) It is worth mentioning that the speed of light
in contrast to that of the neutron decreases
inside an attractive potential.
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In contrast to neutrons, the photon’s potential depends on the frequency of the
incident radiation ω D k c. At high frequencies (X-ray optics) the polarizability α is
inversely proportional to the square of the frequency and changes sign. As a result,
the amplitude �αk2 ceases to depend on ω2 and becomes similar to the neutron
one, where the neutron–nucleus scattering amplitude b is replaced by the Thomson
scattering length e2/mc2. The optical potential u for X-rays contains the density of
electrons ne D N0Z (Z is the the charge of the atomic nucleus) instead the atomic
density N0. Thus, u D 4πN0Z e2/mc2 > 0, that is, matter for X-rays is represented
by a potential barrier, like for neutrons, and X-rays can be totally reflected from it.

Self-focusing The interaction of optical photons with matter is negative. This
means that the substance attracts light, and therefore the photons attract matter.
This attraction results in electrostriction, which leads to the phenomenon of self-
focusing.

Imagine a powerful beam of light being transmitted by a substance. The density
of matter inside the beam increases because of electrostriction, and therefore the
density of matter outside it, near its edges, decreases. The rarefaction at edges re-
sults in total reflection of the light from the edges to inside the beam, which leads
to self-focusing.

Nonlinearity Nonlinearity in light–matter interaction is described by the depen-
dence of � on intensity I. This dependence arises because of electrostriction. The
compression of matter toward the highest density of photons makes the atomic
density N D N0 C α I increase with light intensity, which leads to a change of �

with intensity: � D �0 C � I , where � is a characteristic quantity for every given
substance.

Since I / E 2, then the linear dependence of ε on I creates cubic nonlinearity.
Since E D E0 cos(ω t), then because of nonlinearity, the interaction of light of
frequency ω with matter creates waves with frequencies 3ω. Interference of these
waves creates even higher harmonics with frequencies nω, where n > 3.

Ball lightning The optical potential can have a relation to a phenomenon such
as ball lightning [364]. Imagine a point explosion in the atmosphere. Its origin,
for example, can be fast evaporation of a water drop after being struck by linear
lightning. As a result of the explosion, a spherical shock wave is created. The air
behind the shock wave front is compressed, and the refractive index behind the
front is higher than that before it. Therefore a photon, if it appears behind the
front, can be totally reflected from the front at a small grazing angle.

Imagine that the gas behind the front is strongly excited, and one of the atoms
emits a photon in such a mode that it is totally reflected from the front. This pho-
ton can create a laser discharge of photons in the whispering gallery mode. If the
density of photons is sufficiently high, the electrostriction forces can stop expan-
sion of the shock wave front, and we are left with a stable ball, which contains a
thin spherical shell full of photons. How long this shell can survive and how it is
possible in principle to ignite such a ball in a laboratory is considered in [364]; how-
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ever, serious investigations in this direction have not yet been conducted. It seems
such research could be important because it should also be able to shed light on
the origin of hurricanes and tornadoes.

7.8.3.2 Neutrostriction in Neutron Stars
It all can be written on the back of an envelop. I don’t believe it is
not known to astrophysicists, so I do not recommend publication.

A referee.

Everything here is wrong and should never be published.

A referee.

I concur with the comments of both referee. The physics dis-
cussed in this manuscript is not new and is presented in a mis-
leading way (e. g., the comparison of gravitational and “optical”
energies using the scattering length only throughout the volume
of the neutron star).

An editor.

We know that at b < 0 the optical potential becomes attractive, that is, the sub-
stance represents for neutrons a potential well. There are bound states in such a
well. This means that substance holds the neutron if it is on one of the bound lev-
els. It is understandable that the neutron also holds the substance. Indeed, let us
imagine that the neutron is in the ground state of, say, a drop of liquid hydrogen
(absorption is switched off), and the hydrogen starts to dilate. When it dilates its
atomic density N0 becomes lower; therefore, the depth of the well becomes shallow-
er and the energy of the ground state should increase. This means that for dilation
we need to do work on the neutron, that is, the neutron compresses the substance
or resists its dilation. This compression is like electrostriction, and we can call it
neutrostriction, or neutronostriction.

Of course, one neutron creates a negligible force; however, in nature there is a
situation where this force is very large. This is the case of a neutron star. It is known
that neutron–neutron scattering is characterized by a negative scattering amplitude
b � �1.8 	10�12 cm. Since the scattering takes place only in singlet state, when the
total spin of two scattering neutrons is zero, then the coherent scattering amplitude
is 4 times less: bc � 0.45 	 10�12 cm.

We imagine the simplest model of the neutron star consisting of only neutrons.
Such a star is a potential well for every neutron. The density n in the neutron star
is on the order more than 1037 cm�3; therefore, the depth of the potential well
(„2/2m)4πnb is larger than 10 MeV.

The potential energy of all the neutrons in the star is („2/2m)4πn2bV , where V
is the star volume. It can be larger than the gravitational energy. Indeed, if the
density inside the star is constant, then the gravitational energy of the star is
Ug D �(3/5)G M2/R, where G is the gravitational constant, R is radius of
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the star, and M D mnV is the total mass of the star. The optical energy is
U0 D („2/2m)4πbM2/V D („2/2m)3bM2/R3. Therefore, Ug < Uo when
R < R0 D

p
5jbj„2/2m3 G � 20 km.

The critical radius R0 is 20 km and does not depend on density only when b D
�4.5 fm does not depend on energy E. However it does depend on energy, and
the absolute value jbj decreases with increase of E. Taking this dependence into
account, we can calculate the effect of the optical potential on the density, mass, and
radius of neutron stars. This is done in [366]. We shall not continue with this theme
because it goes too far beyond the scope of this book. We want only to point out
that the optical potential notion introduces a lot of interesting and not yet studied
problems related to phenomena such as pulsations of the star and explosions in
the presence of resonances in the scattering amplitude.

7.8.4
The End of the Digression

At the end it is worth recalling again that though the scattering amplitude is the
result of strong but short-range interactions, the optical potential itself is a long-
range one. It is seen in everyday experiments in neutron physics in phenomena
such as diffraction and specular reflection, where the interaction involves many
atoms far apart at distances many order of magnitude larger than the radius of a
nucleus and the wavelength of a neutron, and one of the fundamental questions is:
can we find a length which characterizes how long this long-range interaction is?

Scattering and optical potential are properties not only of neutrons. Scattering of
atoms and molecules can also create an optical potential, which may play an im-
portant role in the evolution of ordinary stars. It can be important in exotic systems
such as Bose condensates, and it may be crucial for the explanation of phenomena
such as superconductivity and superfluidity.

7.9
Conclusion

The algebraic method used in Chapter 4 for one-dimensional systems was gen-
eralized here to three-dimensional periodic media. It gave us an opportunity to
formulate the dynamical diffraction theory differently from the standard approach
and to deduce rigorously the optical potential. However, here we limited ourselves
to totally ordered systems of atoms fixed in space. The next step is to generalize
the method to three-dimensional disordered systems. This will be done in the next
chapter.
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8
Disordered Media. Incoherent and Small-Angle Scattering

In previous chapters we were dealing with ordered media. Now we turn to disor-
dered ones. First we shall consider waves in random media, and then the propaga-
tion of corpuscles in them. Application of the algebraic method to corpuscles will
give us a new approach to diffusion and to albedo reflection from ultradispersive
powders.

The investigation of random media always includes some elements of phe-
nomenology. They are related to the so-called correlation functions. These func-
tions should satisfy some conditions, but to a great extent they are arbitrary. The
introduction of such functions is equivalent to the introduction of some phe-
nomenological parameters, the physical meaning of which is clear, but their values
can be found only from experiment.

8.1
Wave Processes in Three-Dimensional Disordered Media

Let us consider reflection of a plane wave from a wall with a disordered distribution
of atoms. It is clear in advance that we can expect specular reflection and scatter-
ing in nonspecular directions. The specular reflection is determined by the average
parameters of the medium, and nonspecular scattering appears because of fluctu-
ations inherent to all the random medium. To see all that we have to use multiple
wave scattering (MWS) theory.

8.1.1
Equations of MWS

The equations of MWS (see [14, 16]) are presented in Eqs. (7.3) and (7.4). If atoms
are distributed randomly and (or) amplitudes b j are random complex numbers,
then the wave function, which we shall denote now Ψ (r), and coefficients ψ(rn)
are also random [367]. So we can define their average Φ (k, r) D hhΨ (r)ii, φ(r n) D
hhψ(r n)ii, and correlations � (r, r 0) D hhΨ �(r)Ψ (r 0)ii�hhΨ �(r)iihhΨ (r0)ii, where
hh	 	 	 ii means averaging over the elements (atoms, isotopes, i. e., amplitudes b j ),
and positions of the atoms.

Neutron Optics. Masahiko Utsuro,Vladimir K. Ignatovich
Copyright © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40885-6
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Denote b j D b C δb j , ψ(r j ) D φ(r j ) C δψ(r j ), where b D hb j i and δb and
δψ are fluctuations. We can take as granted that the δb j do not correlate with
each other and with δψ(r j ). This comes from the fact that ψ(r j ) is a sum of all
the waves coming from all the scatterers except the jth one. Therefore, to a good
approximation, we can suggest that δψ(r j ) does not depend on δb j .

If the medium is homogeneous, its average density is a constant N0. The average
(or coherent) part of the wave function Φ (k, r) can be represented as

hhΨ (r)ii 
 Φ (k, r) D exp(i kr) � N0b
Z

φ(r0)
exp(i kjr � r0j)
jr � r 0j d3r 0 , (8.1)

where the function φ(r) satisfies the equation

hhψ(r)ii 
 φ(r) D exp(i kr)�N0b
Z

g(r�r0)d3r 0φ(r 0)
exp(i kjr � r 0j)
jr � r 0j . (8.2)

Here we introduced the correlation function g(r � r0), which denotes the probabil-
ity of finding the second scatterer at point r 0, when the first one is at point r . To
solve Eq. (8.2) we must define g(r). We know that this function is positive-definite
because it is a probability. This probability should go to zero when r ! 0, because
the point r D 0 is already occupied, and to unity at r ! 1, because particles far
apart are independent. Moreover, with increase of distance r, the function g(r) may
oscillate near g D 1, because there is some average distance between neighbor-
ing atoms, and the oscillation amplitude should decrease, because the distance be-
tween atoms is not certain. The function g(r) can be represented as g(r) D 1�γ (r),
and sinceZ

g(r)N0d3r D N � 1 , (8.3)

where N is the total number of atoms in the system, we haveZ
γ (r)N0d3r D 1 . (8.4)

The function γ (r) is equal to unity at r D 0, goes to zero at r !1, and oscillates
with monotonically decreasing amplitude around zero. We do not need the precise
form of this function. We need only its property Eq. (8.4), and we need the positive
value of the average of the square radius

hr2i D N0

Z
γ (r)r2d3r > 0 . (8.5)

For instance, we can accept the function

γ (r) D sin(s0r)
s0r

exp(�sr) , (8.6)

or

γ (r) D cos(s0r) exp(�sr) (8.7)

with some acceptable parameters s and s0.



8.1 Wave Processes in Three-Dimensional Disordered Media 341

8.1.2
Solution for Coherent Values

It is natural to suppose that the averaged or “coherent” wave function inside the
medium is of the form Φ (k, r) D A exp(i k0r), where A is an as yet unknown
constant factor, and the wave vector k0 is (kk, k0?). The components kk parallel to
the interface are equal to those of the incident wave, and the normal component
k0? is not equal to k?.

It is natural to suppose that the factors φ(r) are proportional to Φ (k, r):

φ(r) D C Φ (k, r) D C A exp(i k0r) . (8.8)

To find A and k0?, substitute φ and Φ into Eq. (8.1). When the point r is inside
the medium we get

A exp(i k0r) D exp(i kr)

� N0bC A exp(i k0r)
Z

exp(i k0(r 0 � r))
exp(i kjr � r 0j)
jr � r 0j d3r 0 .

(8.9)

Use the two-dimensional Fourier expansion of the spherical function (7.10):

exp(i k r)
r

D i
2π

Z
d2 pk

exp(i pk rk C i p?jzj)
p?

, (8.10)

where p? D
q

k2 � p 2
k. Substitute it into Eq. (8.9). After integration over coordi-

nates r 0k, parallel to the interface and cancellation of the factor exp(i kk rk) in both
sides of Eq. (8.9), we get

A exp(i k0?z) D exp(i k?z)� i4πN0bAC

1Z
0

exp(i k?jz � z0j)
2k?

exp(i k0?z0)dz0 ,

(8.11)

where k? D
q

k2 � k2
k. After integration over z0 on the right-hand side we obtain

A exp(i k0?z) D exp(i k?z) � 4πN0bAC

�
 

1
2k?(k? � k0?)

exp(i k?z)C 1
k02? � k2

?
exp(i k0?z)

!
.

(8.12)

To get this result we supposed that k0? contains a positive imaginary part. Equating
the preexponential factors of different exponents, we find

1 D 4πN0bAC
1

2k?(k? � k0?)
, 1 D �4πN0bC

1
k02? � k2

?
. (8.13)
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It follows from the second equation that k02 D k2�4πN0bC , and the first equation
gives

A D 2k?
k? � k0?
4πN0bC

D 2k?
k? C k0?

. (8.14)

For the space outside the medium z < 0, substitution of Eq. (8.8) into Eq. (8.1)
gives Φ (k, r) D exp(i kk rk)Φ (k?, z), where

Φ (k?, z) D exp(i k?z)C 4πN0bAC
1

2k?(k? C k0?)
exp(�i k?z) . (8.15)

After substitution of A D 2k?/(k? C k0?), Eq. (8.15) is reduced to the form

Φ (k?, z) D exp(i k?z)C�!r0 exp(�i k?z) , (8.16)

where �!r0 D (k? � k0?)/(k? C k0?) is the reflection amplitude.
To determine C, we have to substitute Eq. (8.8) into Eq. (8.2) inside the medium.

As a result we obtain

AC ei k0 r D e i kr � AC N0b exp(i k0r)

�
Z

z 0>0

w (jr0 � rj) exp(i kjr0 � rj)
jr 0 � rj exp(i k0(r0 � r))d3r 0 . (8.17)

Substitution of w (r) D 1� γ (r) gives

AC ei k0 r D e i kr � AC N0b exp(i k0r)

�
Z

z 0>0

[1 � γ (jr0 � rj)] exp(i kjr0 � rj)
jr 0 � rj exp(i k0(r 0 � r))d3r 0 .

(8.18)

With account of Eq. (8.9), we transform Eq. (8.18) to

A(C � 1)e i k0 r D AC N0b exp(i k0r)

�
Z

z 0>0

γ (jr0 � rj) exp(i kjr0 � rj)
jr 0 � rj exp(i k0(r 0 � r))d3r 0 .

(8.19)

Therefore, for z far away from the interface we get

C D 1
1 � c

, c D bΓ (k) , Γ (k) D
Z

γ (r)
exp(i k r)

r
exp(i k0r)N0d3r .

(8.20)

Since Γ contains k0? D
q

k2
? � u0C(u0 D 4πN0b), which also depends on C,

the expression (8.20) is a transcendent equation for determination of C. However,
when k2 � ju0j and k2

? > ju0j, we can neglect u c under the integral, and Γ (k)
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determines c completely. In this case

Γ (k) D
Z

γ (r)
exp(i k r)

r
exp(i kr)N0d3r . (8.21)

So, with the help of MWS theory we found an average (we called it coherent)
neutron wave field inside and outside the medium. It is easy to see that this field is
identical to

Φ (k, r) D e i kk rk
n

Θ (z < 0)
h
exp(i k?z)C�!r0 (k?) exp(�i k?z)

i
CΘ (z > 0)�!t0 (k?) exp(i k0?z)

o
, (8.22)

where �!r0 (k?), and �!t0 (k?) are the reflection and refraction amplitudes found for
the medium represented by the optical potential u c D 4πN0bC .

8.1.3
Renormalization of the Scattering Amplitude

The optical potential u c contains an imaginary part even if there is no absorption
in the system, and if all the scatterers have the same scattering amplitude b. This
imaginary part appears because of randomness in the positions of the scatterers
and enters via renormalization of b with the factor C.

It follows from Eq. (7.155) that the scattering amplitude of an atom outside the
medium in the absence of absorption and incoherent scattering is representable as
b D b0/(1C i kb0) with real b0. Inside the medium the amplitude is renormalized
by the factor C, which changes the bookkeeping of unitarity (see page 330)): bc D
b0/(1 C i kb0 � b0Γ ). Since Γ D Γ 0 C i Γ 00 is a complex number, the amplitude
bc can be represented as b1/f1 C i kb1[1 � f (k)]g, where b1 D b0/[1 � b0Γ 0] is a
normalized real quantity and f (k) D Γ 00(k)/ k.

The function f cannot be larger than unity because the imaginary part of the scat-
tering amplitude cannot be positive. The positive imaginary part of the amplitude
would mean the creation of particles and violation of unitarity.

If f D 1, the imaginary part of the scattering amplitude is zero. This means that
scattering in the system stops. On the other side, if f D 0, then the imaginary part
of the scattering amplitude becomes similar to that of a single atom outside the
medium. The function f can be negative. In such a case the scattering of the atom
inside the medium becomes even stronger than that of the independent atom. It
is possible if there is resonant enhancement of waves scattered on neighboring
atoms.

The imaginary part of bc should vanish at low energies, when the neutron wave-
length becomes much larger than the interatomic distance and discreetness of the
medium becomes unimportant. This means that f (k)! 1 when k ! 0.

Indeed, at small k, we can expand (exp(i k r)/r) exp(i kr) in Eq. (8.21) in a power
series over k. In the cubic approximation we get

i Γ 00 � i k
Z

γ (r)
�

1� k2

3
r2
�

N0d3r D i k
�

1 � k2

3
hr2i

�
, (8.23)
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where hr2i D R
γ (r)N0r2d3r , and normalization (8.4) was taken into account. It

follows that

f (k) � 1� k2

3
hr2i , (8.24)

and f ! 1 when k ! 0. Moreover, f (k) < 1, if hr2i > 0. The last inequality
imposes a limitation on the form of function γ (r), or its parameters, if it is chosen
according to Eqs. (8.6) or (8.7).

In the presence of incoherent scattering, the imaginary part in the denominator
of bc should include the incoherent scattering cross section, that is, it should be
i kfb1[1 � f (k)]C j Qbincj2/b1g.

The quite reasonable scheme described above is destroyed when we look at the
case k2 < u c. For these k2 we have to expand Γ (k) in Eq. (8.20) in powers of k
and k0 without neglecting u c inside the integral, and we immediately arrive at a
result that at some k2 the function f (k) in the imaginary part of the denominator
becomes larger than unity, and unitarity is violated. This shows that something
is wrong in our considerations. We can guess that it happens because we used a
spherical wave under the integral of Γ (k), which is valid in free space but not in
the medium. In the medium the spherical wave has to be modified. With modified
functions (see below) we find that the function f (k) is never larger than unity.

8.2
Scattering

Since violation of unitarity is due to an incorrect form of the additional imaginary
part of the amplitude bc , and this imaginary part is related to scattering density
fluctuations, which are ubiquitous in a random distribution of atoms and variation
of their scattering amplitudes, we have to investigate the scattering in more detail.

The scattered waves at z < 0 go out from the medium. They can be represented
as

δΨ (r) D
Z

d2 pkA(k, p ) exp(i p r) , p D (pk,�p?) , p? D
q

k2 � p 2
k ,

(8.25)

with random amplitudes A(k, p ). If we average over a randomness ensemble and
find that

hA(k, p )i D A(k?)δ(pk � kk) , (8.26)

then

hδΨ (r)i D A(k?) exp(i kr) , k D (kk,�k?) , (8.27)

and we have a correction to the specular reflection amplitude:

�!r (k?) D �!r0 (k?)C A . (8.28)
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Besides this, we can find the total flux through any plane parallel to the interface of
nonspecularly reflected neutrons. To do that we define

δΨ (r) D δΨ (r) � hδΨ (r)i , (8.29)

and with it we obtain

J? D
Z
S

d2rk
2 i

��
δΨ�(r)

d
dz

δΨ (r) � δΨ (r)
d

dz
δΨ�(r)

��

D (2π)2
Z
S

p?hjA(k, p )j2id2 pk � S jAj2k? , (8.30)

where � means the complex conjugate and S is some large area of the plane, over
which we integrate. The ratio of this flux to the incident one k? gives the cross
section:

σ(k) D J?(k)
k?

D (2π)2
Z

p?
k?
hjA(k, p )j2id2 pk � S jAj2 . (8.31)

Expression (8.31) can be transformed to angular variables. Since for scattered waves

p2 D k2, and propagating waves have p? D
q

k2 � p 2
k, a real number, then

d2 pk/p? D 2d3 p δ(p 2 � k2) D k dΩ D 2πd p? , (8.32)

and the last equality is correct when we can integrate over all the other components
of the scattered vector p . As a result, Eq. (8.31) is transformed to

σ(k) D σ(Ω0) D (2π)3

kZ
0

p 2
?

k?
hjA(k, p )j2id p?

D (2π)2
Z
2π

cos2 #

cos #0
hjA(k, p )j2ik2 dΩ , (8.33)

where cos # D p?/ k and cos #0 D k?/ k. Now we can define the differential cross
section:

dσ(Ω 0 ! Ω )
dΩ

D (2π)2k2 cos2 #

cos #0
hjA(k, p )j2i � S jAj2δ(Ω � Ω 0) , (8.34)

where Ω 0 denotes the solid angle of the incident neutron and Ω is that for the
scattered ones. If we find that

hjA(k, p )j2i D S jA(k, p )j2 , (8.35)

we define the ratio σ/S , which gives the probability of nonspecular reflection or
the indicatrix of nonspecular reflectivity:

w (Ω 0 ! Ω ) D dσ(Ω 0 ! Ω )
S dΩ

D (2π)2k2 cos2 #

cos #0
jA(k, p )j2�jAj2δ(Ω�Ω 0),

(8.36)
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In reflectometer experiments we do not need angles, we need normal compo-
nents of the wave vectors in the incidence plane; therefore, we represent Eqs. (8.34)
and (8.36) in the form

dσ(k? ! p?)
d p?

D (2π)3 p 2
?

k?
˝jA(k, p )j2˛ � 2πS jAj2δ(k? � p?) , (8.37)

w (k? ! p?) D dσ(k? ! p?)
S d p?

D (2π)3 p 2
?

k?
jA(k, p )j2�2πjAj2δ(k?�p?).

(8.38)

Now, let us look at the random scattered wave function

δΨ (r) D �
X

j

δ(ψ(r j )b j )
exp(i kjr � r j j)
jr � r j j , (8.39)

where δ(ψ(r j )b j ) D ψ(r j )b j�φ(r j )bc. If we calculate the nonspecular reflectivity
with this expression, we find that the result will not satisfy the detailed balance
condition: dσ(Ω0 ! Ω )/dΩ D cos # σ s(Ω0 ! Ω ), where the last factor should
be a function symmetrical with respect to permutation of its arguments (7.166).
This shows that to describe scattering we need to modify the spherical wave.

8.2.1
Propagation of Scattered Waves inside the Medium

If the medium were infinite, that is, without interfaces, then we could replace
exp(i k r)/r with the similar function exp(i k 0r)/r having wave number k0 inside
the medium instead of k. The presence of an interface distorts it, and our task is to
find the distorted spherical function.

The spherical wave is the Green function G0(k, r) D exp(i kjrj)/jrj, which satis-
fies the equation

�
Δ C k2

�
G0(k, r� r 0) D �4πδ(r� r 0). It has the two-dimensional

Fourier representation (8.10)

G0(k, r � r0) D �
Z

d2 pk
π

exp
�
i pk(r � r0)

�
G0(p?, z, z0) , (8.40)

where p? D
q

k2 � p 2
k and where

G0(p?, z, z0) D (1/2 i p?) exp
�
i p?jz � z0j� (8.41)

satisfies the one-dimensional equation�
d2/dz2 C p 2

?
�

G0(p?, z, z0) D δ(z � z0) . (8.42)

In the presence of the potential u c, the spherical function is to be replaced by the
Green function G(u c, k, r , r 0), which satisfies the equation�

Δ C k2 � Θ (z > 0)u c
�

G(u c, k, r , r0) D �4πδ(r � r 0) . (8.43)
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Since the space along the interface is uniform, the Green function also has the two-
dimensional Fourier representation shown in Eq. (8.40):

G
�
u c, k, r , r 0

� D � Z d2 pk
π

exp
�
i pk

�
rk � r 0k

��
G
�
u c, p?, z, z0

�
. (8.44)

Substitution of this into Eq. (8.43) shows that G(u c, p?, z, z0) satisfies the equation�
d2/dz2 C p 2

? � Θ (z > 0)u c
�

G(u c, p?, z, z0) D δ(z � z0) . (8.45)

According to common rules, it can be constructed with the help of two linearly
independent solutions ψ1,2(u c, p?, z) of the homogeneous equation�

d2/dz2 C p 2
? � Θ (z > 0)u c

�
ψ1,2(u c, p?, z) D 0 . (8.46)

For the function ψ1(u c, p?, z) we can take Φ (p?, z) (8.22), and for ψ2(u c, p?, z)
it is appropriate to take the function

ψ2(u c, p?, z) D Θ (z < 0) exp(�i p?z)τ0(p?)

C Θ (z > 0)
�
exp(�i p 0?z) � �(p?) exp(i p 0?z)

�
, (8.47)

where

�(p?) D p? � p 0?
p? C p 0?

, τ0(p?) D 1 � �(p?) D 2p 0?
p? C p 0?

, (8.48)

and p 0? D
q

p 2
? � u c. The function (8.47) contains the incident wave propagating

inside the matter.
Of course, we can take an arbitrary superposition of functions (8.22) and (8.47)

instead of ψ2; however, only the function (8.47) or one proportional to it gives the
causal Green function. Any other combination will produce at scattering not only
waves going out from a scatterer but also waves going toward it. The Wronskian of
the functions ψ1,2(u c, p?, z) is w12(p?) D 2 i p?τ0(p?).

With functions ψ1(u c, p?, z) from Eq. (8.22) and ψ2(u c, p?, z) from Eq. (8.47)
we have

G(u c, p?, z, z0) D 1
2 i p?τ0(p?)

�

Θ (z > z0)ψ1(u c, p?, z)ψ2(u c, p?, z0)C Θ (z0 > z)ψ1(u c, p?, z0)ψ2(u c, p?, z)

�
.

(8.49)

In the limit u c ! 0 this function transforms to Eq. (8.41).

8.2.2
Scattering with the Modified Green Function

8.2.2.1 Scattering on a Single Point Scatterer inside the Medium
With the Green function (8.44) we can easily find in perturbation theory the wave
function for scattering on a single nucleus with scattering amplitude b1 located at
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a point r1 inside the medium:

Ψ (k, r) D Φ (k, r) � Φ (k, r1)b1G(u c, k, r, r1) . (8.50)

Such a perturbation theory is called the “distorted wave Born approximation”.
Substitution of Φ from (8.22) and G from Eq. (8.44) into Eq. (8.50) gives scattered

waves at z < 0:

Ψs(k, r) D
Z

d2 pk exp(i p r)
i
�!
t0 (p?)
2π p?

b1
�!t0 (k?) exp(i�r1) , (8.51)

where � D k0 � p 0, k0 D (kk, k0?), p 0 D (pk,�p 0?), k0? D
q

k2
? � u c and p 0? Dq

k2 � p 2
k � u c. Comparison with Eq. (8.25) shows that

A(k, p ) D i�!t0 (p?)�!t0 (k?)
2π p?

b1 exp(i�r1) (8.52)

according to Eq. (8.34)

dσ(Ω 0 ! Ω )/dΩ D kjb1j2 1
k?

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2

exp
��2(p 00? C k00?)z1

�
,

(8.53)

where k00? D u00c /2k?, p 00? D u00c /2p 0?, and we took into account that the potential
u c is a complex number u0c� i u00c with positive u00c . We see that Eq. (8.53) completely
satisfies the detailed balance condition (7.166).

8.2.2.2 Scattering on Fluctuations of δ(ψ(r j )b j )
Now we can return to the problem formulated on page 346. The fluctuation part of
the wave function outside the medium with account of the new Green function is

δΨ (r) D
Z

d2 pk exp(i p r)
i
�!
t0 (p?)
2π p?

X
j

exp(�i p 0r j )δ(ψ(r j )b j ) , (8.54)

and comparison with Eq. (8.25) shows that

A(k, p ) D i�!t0 (p?)
2π p?

X
j

exp(�i p 0r j )δ(ψ(r j )b j ) . (8.55)

We suppose now that hδ(ψ(r j )b j )i D 0; therefore, there are no first-order correc-
tions to �!r0 .

To find the cross section (8.34) we need to find hjA(k, p )j2i over fluctuations
δ(ψ j b j ) D ψ j b j � φ(r j )b D φ(r j )δb j C bδψ j . The first term on the right
side shows the contribution of the incoherent part of the scattering amplitude,
and the second term shows the contribution of fluctuations of the factors ψ j . It
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is natural to suppose the following correlation functions for these two random
values: hδb�j δb j 0i D jbincj2δ j, j 0 , hδ�ψ j δψ j 0i D K0jφ(r j )j2δ j, j 0 . The last rela-
tion follows from the fact that fluctuations of ψ j should decrease with decrease
of coherent field φ, that is, we can accept that δψ j / φ(r j ), so the fluctua-
tions are proportional to jφ(r j )j2, with some proportionality factor K0. Therefore,
hδ�(b j ψ j )δ(b j 0ψ j 0 )i D jφ(r j )j2

�jbincj2 C K0jbj2
�

δ j, j 0 . With this result we obtain

hjA(k, p )j2i D j Qbj2
ˇ̌̌
ˇ̌�!t0 (p?)

2π p?

ˇ̌̌
ˇ̌
2 X

j

e�2p 00?z j jφ(r j )j2

D j Qbj2
ˇ̌̌
ˇ̌�!t0 (p?)

�!
t0 (k?)

2π p?

ˇ̌̌
ˇ̌
2 X

j

e�2(p 00?Ck 00?)z j , (8.56)

where j Qbj2 D jbj2inc C b2
c K0, and we substituted φ(r j ) D �!t0 (k?) exp(i k0r j ).

After substitution of Eq. (8.56) into Eq. (8.34) and transformation of the summa-
tion to integration over N0d3 r j we obtain

hjA(k, p )j2i D S j Qbj2N0
1

k?

ˇ̌̌�!
t0 (p?)

�!
t0 (k?)

ˇ̌̌2
2(p 00? C k00?)

, (8.57)

and according to (8.36) we obtain the reflection indicatrix

w (k? ! p?) D j
Qbj2N0

k?

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2

2(p 00? C k00?)
, (8.58)

which completely satisfies the detailed balance condition. This indicatrix in the
form

w (k, p ) D c
k

ˇ̌̌�!
t0 (p )

�!
t0 (k)

ˇ̌̌2
p 00 C k00

, (8.59)

with some arbitrary constant c and omitted index ?, and its integral,

w i(k) D c

3Z
0

d p
k

ˇ̌̌�!t0 (p )�!t0 (k)
ˇ̌̌2

p 00 C k00
, (8.60)

are shown in Figure 8.1. The number 3 in the upper limit of the integral (8.60) is
chosen to cover most of the scattered intensity, which can be registered by a wide
stationary detector in the experiment [188]. It can be increased, but qualitatively the
result will not change.

We tried to use function (8.60) to improve the fitting of the boron glass reflectivity
shown in Figure 4.5a. In the fitting we used this function instead of the background
parameter nb in Eq. (4.25). However, after such a fitting we could improve �2 only
from 29 to 23, which is not at all satisfactory.
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Figure 8.1 (a) Dependence of function (8.60) on k for some c
and u D 1 � i0.0002; (b) function (8.59) on a linear scale for
different p; (c) the same as (b) but on a logarithmic scale.

8.2.2.3 Yoneda Effect [368]
The maximum near the critical energy, seen in Figure 8.1, is known as the Yoneda
effect [368]. Yoneda found that the incident beam of X-rays splits after reflection in-
to two components as shown in Figure 8.2. Besides the specularly reflected beam,
there appears also an anomalous one at an angle close to the critical one. This
anomalous part is due to scattering on roughnesses. When the roughness of the
surface increases, the specular part decreases and the anomalous one increases.
This proves that the anomalous part appears because of scattering, and scattered
radiation concentrates near the critical angle. Because of symmetry of the expres-
sion (8.57) the scattering increases also when the incident angle is close to the crit-
ical one. Above we considered scattering not on roughnesses, but found a similar
result.

8.2.2.4 Ultracold Neutrons
For ultracold neutrons we have k2 < u0c, and jk? C k0?j2 D jp? C p 0?j2 � u0c.
Therefore, Eq. (8.53) is transformed to

σ0(Ω 0 ! Ω ) D 16
k4

u02c
jb1j2 cos2 # cos #0 exp

��2(jp 0?j C jk0?j)z1
�

, (8.61)

which again satisfies the detailed balance condition.
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Figure 8.2 Reflection of 35-kV X-rays from a Cr surface. The
reflected beam contains two components: one is specular (E)
with grazing angle θ and the other one (A) is reflected at graz-
ing angle α. When θ increases, α, which is near critical angle of
Cr, remains almost constant.

For many independent atoms distributed with density N1 we can obtain like in
Eq. (8.57) the probability of reflection:

dw (Ω 0 ! Ω )/dΩ D 8
k4

u02c
jb1j2N1

cos2 # cos #0

jp 0?j C jk0?j
. (8.62)

From this expression it is seen that the probability of nonspecular reflection is
proportional to cos2 # , where # is the angle between the the external normal to the
interface and the direction of the flight of the reflected neutrons, and that this prob-
ability decreases with increase of the incident angle #0. This is important informa-
tion for consideration of diffusion of ultracold neutrons along neutron guides [369].

Diffusion of ultracold neutrons in neutron guides with reflection indicatrix

[1 � w (Ω 0)]δ(Ω � Ω 0)C 8
k4

u02c
jb1j2N1

cos2 # cos #0

jp 0?j C jk0?j
,
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where

w (Ω 0) D
Z
2π

8
k4

u02c
jb1j2N1

cos2 # cos #0

jp 0?j C jk0?j
dΩ ,

has some peculiarity. Because of such an indicatrix the neutron random walk is not
a Brownian one, but is described by richer Levy statistics [370].

8.2.2.5 Scattering on a Fixed Center outside the Medium
The wave function for scattering from a nucleus with scattering amplitude b1 lo-
cated at a point r1 outside the medium is given by the same expression (8.50), but
the wave Φ (k, r1), illuminating the nucleus in this case, according to Eq. (8.22) is
equal to exp(i kkr1k)Φ (k?, z1), where

Φ (k?, z1) D exp(i k?z1)C�!r0 (k?) exp(�i k?z1) , �!r0 (k?) D k? � k0?
k? C k0?

,

(8.63)

and z1 < 0. The respective component ψ1(p?, z1) of the Green function is also
equal to Eq. (8.63), with replacement of k? by p?. As a result, according Eq. (8.37)
we have

dσ(k? ! p?)
dk?

D jb1j2
k?

ˇ̌̌h
e i p?z1 C�!r0 (p?)e�i p?z1

i
�
h

e i k?z1 C�!r0 (k?)e�i k?z1
iˇ̌̌2

, (8.64)

where k? D k cos θ0 and p? D k cos θ .
If we have many atoms with surface density N1 over a reflecting plane at height
jz1j, every one of which is characterized by the scattering cross section (8.64), we
find the reflection indicatrix, which like Eq. (8.57) can be represented as

w (k, p ) D c
k

ˇ̌̌h
e i p z1 C�!r0 (p )e�i p z1

i h
e i k z1 C�!r0 (k)e�i k z1

iˇ̌̌2
, (8.65)

where c is some constant and index ? is omitted.
The function w (k, p ) on k for different p and the function

w i(k) D
Z 3

0
w (k, p )d p

D c

3Z
0

d p
k

ˇ̌̌h
e i p z1 C�!r0 (p )e�i p z1

i h
e i k z1 C�!r0 (k)e�i k z1

iˇ̌̌2
(8.66)

are shown in Figure 8.3. We see that in accord with the Yoneda effect, the peak
of the scattered intensity has a maximum near the critical edge, but in contrast
to Figure 8.1 the peak’s position is below the edge. With increase of jz1j the peak
widens and becomes more symmetrical.
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Figure 8.3 (a) Dependence of function (8.65) on k for some c
and u D 1 � i0.0002; (b) function (8.66) on a linear scale for
different p. In both cases c D �z1 D 0.05. (c) and (d) are the
same as (a) and (b) but for z1 D �0.5.

8.2.2.6 Scattering because of Disorder
Now we can consider scattering because of disorder. This means that we assume
that all ψ(r j )b j are equal to their average (coherent) values φ(r j )bc; nevertheless
there is still scattering because of correlations between the positions of different
scatterers. To find this scattering we again use Eq. (8.25) with

A(k, p ) D bc
i�!t0 (p?)
2π p?

X
j

exp(�i p 0r j )φ(r j ) . (8.67)

Its average gives �!r0 (k?)δ(pk � kk), which can be expected according to Eq. (8.16)
and should be considered as a correction to specular reflectivity. However, we must
also calculate

hjA(k, p )j2i D jbcj2
ˇ̌̌
ˇ̌�!t0 (p?)�!t0 (k?)

2π p?

ˇ̌̌
ˇ̌
2 *X

j, j 0
e�i�0� r j e i�0 r j 0

+
, (8.68)

where �0 D (kk � pk, k0? C p 0?). The double sum has a diagonal part, which after
transformation to the integral over N0d3 r j gives

hjA(k, p )j2did D
N0jbcj2

2(k00? C p 00?)

ˇ̌̌
ˇ̌�!t0 (p?)

�!
t0 (k?)

2π p?

ˇ̌̌
ˇ̌
2

S , (8.69)
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and indicatrix

wd (k? ! p?) D N0jbcj2
ˇ̌̌�!t0 (p?)�!t0 (k?)

ˇ̌̌2
2k?(k00? C p 00?)

. (8.70)

The nondiagonal part of the sum can be transformed to a double integral:*X
j, j 0

F�(r j )F(r j 0 )

+
D N0

Z
d3r j

Z
g(r j � r j 0 )F�(r j )F(r j 0 ) , (8.71)

where

g(r) D δ(r)� N0γ (r) (8.72)

is a correlation function chosen in such a way as to exclude the diagonal part of the
sum. For simplicity we shall take for γ (r) the Gaussian

γ (r) D (2π)�3/2 exp(�r2/2a2) , a D N�1/3
0 . (8.73)

After substitution of φ(r) into Eq. (8.68) and integration we obtain like in Eq. (8.58)
the expression

wnd(Ω 0 ! Ω ) D jbcj2N0
1

k?

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2 1 � exp(�a2�2/2)

p 00? C k00?

� c
k?

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2 1� exp(�a2[p 0? � k0?]2/2)

p 00? C k00?
, (8.74)

where in the last equality we put c D jbcj2N0, and used the approximation �2 �
[p 0?� k0?]2, which is valid for small p 0? and k0? and a small angle between k and p .

The function (8.74) represented in the form

wnd(k, p ) D c
k

ˇ̌̌�!
t0 (p )

�!
t0 (k)

ˇ̌̌2
p 00 C k00

[1 � exp(�a2[p 0 � k0]2/2)] (8.75)

and its integral,

w i(k) D c

bZ
0

d p
k

ˇ̌̌�!
t0 (p )

�!
t0 (k)

ˇ̌̌2
p 00 C k00

[1 � exp(�a2[p 0 � k0]2/2)] , (8.76)

for c D 10�4, a2 D 0.2, and b D 5 are shown in Figure 8.4. The curves are
sensitive to parameter a and the upper integration limit b. With increase of b the
left maximum in Figure 8.4a increases compared with the right one, and the right
peak shifts to higher k.
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Figure 8.4 (a) Dependence of function (8.76) on k for c D
0.0001, u D 1 � i0.0002, a2 D 0.2, b D 5; (b) function (8.75)
on a linear scale for different p; (c) the same as for (b) but on a
logarithmic scale.

8.2.3
Experience with an Experiment

The function (8.76) has two maxima, so we can hope to get better fitting for the
glass reflectivity shown in Figure 4.5a. In the fitting we assumed the potential of
Boron glass to be u D 0.408 � 0.003i as was obtained before. We also included
smoothing of the interface with a Debye–Waller factor, that is, instead of �!r0 (k) we
used rm(k) 
 �!r0 (k) exp(�2h2k k0), where 2h2 is a fitting parameter.

Scattering on randomness and fluctuations was represented by the function

w1(k) D c

bZ
0

d p
k

ˇ̌̌�!t0 (p )�!t0 (k)
ˇ̌̌2

p 00 C k00
[2 � exp(�a2[p 0 � k0]2/2)] . (8.77)

The number 2 in brackets shows that we take the sum of two functions (8.74)
and (8.70). In the function (8.77) there are two fitting parameters: factor c and a2/2.

The specular reflectivity was defined as Rs (k) D jrm(k)j2�w1(k), because scatter-
ing decreases specular reflectivity. For the total reflectivity we used the expression

R(k) D
kCδZ

k�δ

Rs(k)
d p
2δ
C nb C w1(k) , (8.78)



356 8 Disordered Media. Incoherent and Small-Angle Scattering

Figure 8.5 (a) Result of fitting on a log-
arithmic scale the reflectivity from boron
glass [188] with function (8.77). The glass po-
tential u D 0.408�0.003i was fixed. The fitting
parameters were found to be c D 6.323 �10�4,
a2/2 D 0.102, δ D 0.022, nb D 2.401 � 10�3,
and h2 D 0.048. All the values are quite rea-
sonable. (b) � distribution for such fitting.
We see that some fluctuations still remain
near the edge, but their amplitude decreased

much compared with that in Figure 4.5d. The
dip in � means that the measured quantity is
larger than the theoretical one. This can be
explained. In the theory we did not take into
account the scattering into the glass. These
scattered neutrons after going through the
sample can be registered by the detector. Be-
cause of them the experimental value is higher
than the theoretical one.

which contains two more fitting parameters: δ and nb . Thus, in total we had five
fitting parameters. The result of the fitting is shown in Figure 8.5. For the upper
limit of the integral b D 9 in Eq. (8.77), �2 was 8.5. Though this is too high, it
decreased considerably from the value of 29. The most important result is that the
fitting shows a dip in reflectivity near the edge. The fitting parameters were found
to be c D 8.3 	 10�4, which corresponds to randomness of positions of all the
atoms in the glass; a2 D 0.204, which means that the correlation length is near
40 Å; resolution δ D 2.2%, which is better than in previous fittings; background
nb D 2.4 	 10�3, which is nearly the same as before; and 2h2 D 0.048, that is,
h � 15 Å, which means that in the preparation of the float glass some Sn atoms
diffused into the glass to a depth of 15 Å. The results of the fitting shows that the
dip near the edge is quite well described by nonspecular reflectivity, and is not a
result of some instrumental peculiarity.

8.2.4
Small-Angle Scattering on a Single Inhomogeneity inside the Medium

Up to now we considered only point isotropic scatterers. Now we shall look at
extended scatterers with nonisotropic scattering. If these scatterers are suffi-
ciently large, they produce only small-angle scattering. In contrast to the usual
small-angle scattering [378–380], we shall take into account the interface, and
will treat the small-angle scattering with the help of the distorted wave Born
approximation.
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As an example let us consider the scattering on an inhomogeneity of a volume V.
The wave scattered from it is

Ψs(k, r) D �
Z
V

G(u c, k, r , r 0)φ(k, r 0)b(r0)n(r 0)d3r 0 , (8.79)

where b(r0) and n(r0) are the coherent scattering amplitude and atomic density at
the point r 0 inside the volume V.

Substitution of Eqs. (8.44) and (8.49) with account of Eq. (8.47) gives

Ψs(k, r) D
Z

d2 pk exp(i p r)
i�!t0 (p?)�!t0 (k?)

2π p?
exp(i�r1) f (�) , (8.80)

where r1 is the center of the inhomogeneity, � D k0 � p 0 C i(k00? C p 00?), k0 D
(kk, k0?), p 0 D (pk,�p 0?), k0? D

q
k2 � k2

k � u0c, p 0? D
q

k2 � p 2
k � u0c, k00? D

u00c /2k0?, p 00? D u00c /2p 0?, and

f (�) D
Z

V
exp(i�r 0)b(r0)n(r0)d3r 0 (8.81)

is the structure factor of the inhomogeneity.
The scattering cross section defined as J?/ k? is

σ D
Z

d2 pk
k? p?

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2

e�2(p 00?Ck 00?)z1 j f (�)j2

D k
k?

Z
dΩ

ˇ̌̌�!
t0 (p?)

�!
t0 (k?)

ˇ̌̌2
e�2(p 00?Ck 00?)z1 j f (�)j2 , (8.82)

where in the last equality the transformation (8.32) was used. The differential cross
section is

dσ(Ω 0 ! Ω )/dΩ D k
k?

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2

e�2(p 00?Ck 00?)z1 j f (�)j2 . (8.83)

This satisfies the detailed balance condition and also shows the Yoneda effect.
In the following we restrict ourselves to a spherically symmetrical inhomogene-

ity. If b and n in Eq. (8.81) are constant, then

f (�) D bn
Z

V
exp(i�r 0)d3r 0 D 4πnb

�

rsZ
0

sin(� r)r d r

D 4πnb
�3 [sin(� rs) � � rs cos(� rs)] . (8.84)

In the case of measurements at small angles at a reflectometer, we can replace �

with jp 0? � k0?j.
If there are many similar inhomogeneities distributed with uniform density

N1, and interference of their scattered waves can be neglected, we can integrate
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Eq. (8.83) over N1d3r1, and as a result we obtain like in Eq. (8.59) the indicatrix of
nonspecular reflection:

w (k ! p ) D c

ˇ̌̌�!
t0 (p )

�!
t0 (k)

ˇ̌̌2
k(p 00 C k00)

j f (jp 0 � k0j)j2 , (8.85)

where c is a constant and index ? is omitted. Figure 8.6 shows the structure fac-
tor f (�) D f (k � p )kD0 and two appropriately normalized functions f 1(p ) D
[w (k ! p )/ k]kD0 and f 2(p ) D [w (k ! p )/ k]kD1 on a logarithmic scale30). To
show them on a linear scale it was necessary to multiply f 2(p ) by an additional
factor of 0.01. On a linear scale it is seen how large the difference between func-
tions (8.84) and (8.85) is. The additional factor in Eq. (8.85) concentrates the peak
near the critical edge, which explains the Yoneda effect.

30) In the definition of f 1 we have to divide w
by k so not to have identical zero at k D 0.

Figure 8.6 (a) Form factor f (p ) of a spherical inhomogeneity
of radius r D 1 (100 Å in Ni) on a logarithmic scale and similar
functions defined in the text, which take into account the inter-
face. (b) The same functions on a linear scale. To present them
all in the same range it was necessary to multiply f 2 by 0.01.
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8.2.4.1 Asymptotic of the Structure Factor at Small �

At small �, such that R� � 1, where R is the radius of the inhomogeneity, we can
approximate

f (�) D
Z

V
exp(i�r)b(r)n(r)d3r

D 4π
Z

R

sin(� r)
� r

b(r)n(r)r2dr � N b(1� �2hR2i/6) , (8.86)

where

N D
Z
V

n(r)d3r D 4π
Z
R

n(r)r2dr (8.87)

is the total number of atoms in the inhomogeneity, b D R
V b(r)n(r)d3r/N D

(4π/N )
R

R b(r)n(r)r2dr is the average amplitude, and hR2i D RV r2b(r)n(r)d3r/N b
is its gyration radius.

The scattering intensity, I(�), is proportional to square of the amplitude (8.86)
and at small � it is approximated by I(�) / j f (�)j2 � jbN j2(1 � �2hR2i/3).

8.2.4.2 Asymptotic of the Structure Factor at Large �

At large �, such that R� � 1, integration of (8.86) by parts gives

f (�) D 4π
Z

R

sin(� r)
�

b(r)n(r)r d r

D � 4πr
cos(� r)

�2 b(r)n(r)
ˇ̌̌
ˇ
rDR
C O(1/�3) � �4πR

cos(�R)
�2 b(R)n(R) .

(8.88)

So

j f (�)j2 � (4πR)2jb(R)n(R)j2 cos2(�R)
�4

D 4πjb(R)n(R)j2S
cos2(�R)

�4
, (8.89)

where S D 4πR2 is the surface area of the inhomogeneity, n(R) is the atomic
density at r D R , and b(R) is the coherent scattering amplitude at its surface. If
n(r) and b(r) inside the particle are constant, then b(R)n(R) D bn.

If the radius of the inhomogeneity is a random number with uniform distribu-
tion inside the range R � ΔR < R < R C ΔR, R � ΔR � 1/�, then Eq. (8.89)
have to be averaged over R. As a result of such averaging, the factor cos2(�R) can
be replaced by 1/2, and the asymptotic at large � becomes j f (�)j2 � 2πjbnj2S/�4,
where S D 4πR

2
is the average surface area of the inhomogeneity.

8.2.4.3 Porod Invariant for the Structure Factor
As usual in small angle scattering science, we can introduce the magnitude Q DR j f (�)j2d3�/4π, which is called the “Porod invariant” and defines the scattering
capability of the inhomogeneity Q D 2π2jbj2 RR n2(r)d3r . At constant n(r) and b
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we obtain Q D 2π2n2jbj2V , where V is the volume of the inhomogeneity. Its val-
ue can be extracted from the scattered intensity Eq. (8.83). Direct integration of
Eq. (8.83) over d3� accounts for the interface and gives the dependence of the Porod
function on incident angle.

8.2.5
Small-Angle Scattering on a Set of Inhomogeneities

In the presence of many inhomogeneities, formula (8.80) changes to

Ψs(k, r) D
Z

d2 pk exp(i p r)
i�!t0 (p?)�!t0 (k?)

2π p?

1X
jD1

exp(i�r j ) f j (�) , (8.90)

where r j is the center of the jth inhomogeneity and

f j (�) D
Z

Vj

exp(i�r)b j (r)n j (r)d3r (8.91)

is its structure factor. Similarly to Eqs. (8.25) and (8.31), we obtain the cross section

σ(k) D J?(k)
k?

D k
k?

Z
j�!t0 (p?)

�!
t0 (k?)j2jB(k, p )j2dΩ , (8.92)

where

jB(k, p )j2 D
*ˇ̌̌ˇ̌̌ 1X

jD1

exp(i�r j ) f j (�)

ˇ̌̌
ˇ̌̌
2+

, (8.93)

and hFi means average over positions and forms of inhomogeneities. We assume
that all inhomogeneities are distributed uniformly but randomly with density
ν(r) D ν0 D const.

Again we can extract the diagonal part of double sum in Eq. (8.93) and the non-
diagonal one. The diagonal part gives

wd (Ω 0 ! Ω ) D ν0j f (�)j2
k?

ˇ̌̌�!
t0 (p?)

�!
t0 (k?)

ˇ̌̌2
p 00? C k00?

, (8.94)

and the nondiagonal one gives

wnd(Ω 0 ! Ω ) D ν0j f (�)j2
k?

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2 1� exp(�a2[p 0? � k0?]2/2)

p 00? C k00?
,

(8.95)

where f (�) is some kind of coherent structure factor, and j f (�)j2 is an analog of
the total cross section, which includes coherent and incoherent parts. The expres-
sion (8.94) was derived in the same way as Eq. (8.75) with a correlation function
g(r) similar to Eqs. (8.72) and (8.73).
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Figure 8.7 Function (8.96) (a) on a linear and (b) on a logarith-
mic scale for b D 3 in the upper limit. (c) and (d) are similar to
(a) and (b) but with b D 6.

Figure 8.7 presents the curves for

f 3(k) D c

bZ
0

d p
j f (jk0 � p 0j)j2

k

ˇ̌̌�!
t0 (p )

�!
t0 (k)

ˇ̌̌2 1 � exp(�a2[p 0 � k0]2/2)
p 00 C k00

(8.96)

with some normalization constant c and two upper limits of the integral: b D 3
and b D 6. In the expression (8.96) we approximated � D p 0? C k0? and omitted
the index ?. We see that function (8.96) varies with change of the upper limit in
the integral. This is very important in experiments with a large stationary detector.
The upper limit depends on the size of the detector. If it is a position-sensitive one,
we can find the integral count by summing the counts for different numbers of
cells, and from the variation of the integral counts we can extract information on
the parameters of the inhomogeneities.

It is interesting to note that if scattering becomes strong, then its contribution
to the imaginary part of the potential is large. If it is the main contribution to the
imaginary part, the values k00? and p 00? become proportional to j f (� D 0)j2, and the
probability of nonspecular scattering becomes of the order of unity.

On the other side, if j f (� D 0)j2 is large, the imaginary part of the optical poten-
tial also becomes large. However, when the imaginary part of the potential is large,
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the reflection amplitude (k? � k0?)/(k? C k0?) at some k? becomes close to uni-
ty. Therefore, we have a paradox: at large scattering the probability of nonspecular
reflection increases; however, the probability of specular reflection also increases,
which means a decrease of nonspecular reflectivity. This paradox is worth further
investigation.

8.2.6
Scattering on Roughnesses at the Interface

Roughnesses at the interface can be considered as inhomogeneities on an ideal
plane interface at z j D 0, and then we can proceed in the same way as in previous
sections and immediately write down results similar to Eqs. (8.94) and (8.95):

wd (Ω 0 ! Ω ) D ν2j f (�)j2
k?

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2

, (8.97)

wnd(Ω 0 ! Ω ) D ν2j f (�)j2
k?

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2 


1 � exp(�a2[pk � kk]2/2)
�

,

(8.98)

where ν2 is the surface density of inhomogeneities. We see that these expressions
do not contain p 00? C k00? in the denominator. This is because the integral, which
replaces sums, does not contain integration over z and all z j are equal to zero.
In the Gaussian we did not replace � by jp 0? C k0?j because here � contains only
components �k.

8.2.6.1 Common Approach to Roughness Scattering [372]
The usual approach is to consider roughness as a Gaussian process. This means
that all the rough surface is treated as a single inhomogeneity and the scattered
wave function is written as

Ψs(k, r) D
Z

d2 pk exp(i p r)A(k, p ) , (8.99)

where

A(k, p ) D �N0b
i
�!
t0 (p?)

�!
t0 (k?)

2π p?
f (�0) , (8.100)

where

f (�) D
Z

d2r 0k

� (r0k)Z
0

dz0 exp(i�r 0)

D
Z

d2r 0

i�?
exp

�
i�kr 0k

� 

exp

�
i�?�

�
r 0k
�� � 1

�
Θ
�
�
�
r 0k
�

> 0
�

, (8.101)
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if the roughness is a cavity (note that its scattering density is �N0b, and �0 D
(�k, k0? C p 0?), where q0? D

q
q2
? � u0), and

A(k, p ) D N0b
Z

d2r 0k exp
�
i�k r 0k

� 0Z
�
�

r0k
	

dz0Θ
�
�
�
r 0k
�

< 0
�

�
h
exp(i k?z0)C�!r0 (k?) exp(�i k?z0)

i
�
h
exp(i p?z0)C�!r0 (p?) exp(�i p?z0)

i
, (8.102)

if the roughness is a bump above31) the average interface. The parameter � is a
random variable with probability density distribution

P(� ) D 1

σ
p

2π
exp(��2/2σ2) , (8.103)

where σ characterizes the average height of the roughnesses. Averaging both ex-
pressions over � , we obtain, according to Eq. (8.27), corrections to the specular
reflectivity amplitude. It will be a combination of error function Φ (qσ), where
q D k? ˙ p? or q D k0? C p 0?.

For averaging of jA(k, p )j2, which depends on random variables � at two differ-
ent points r0k, we need the density distribution of the Gaussian process:

P(�1, �2) D 1

2πσ2
p

1 � K2(rk)
exp

�
� �2

1 C �2
2 � 2�1 �2K(rk)

2σ2(1� K2(rk))

�
, (8.104)

where K is a correlation function, which depends on the distance rk between two
points, where �1,2 are defined.

Small roughnesses Though calculations with these formulas can be done up to
the end without principal difficulties, we shall not proceed in this complicated way
and shall simplify our task by assuming that the height, σ, of the roughnesses is
sufficiently small [111], that is, σk? � 1. For small grazing angles this means that
σ � 100 Å, which is quite practical. In that case we can take A(k, p ) in the form

A(k, p ) D �N0b
i�!t0 (p?)�!t0 (k?)

2πk?

Z
d2r 0k� (r0k) exp(i�r 0) (8.105)

for all positive and negative � . With this function we do not have corrections to �!r0

because h�i D 0. The scattered waves are determined byZ
d2r 01k exp

�
i�k r01k

� Z
d2r 02k exp

�
i�kr 02k

�
�
�
r 01k
�

�
�
r02k
�

. (8.106)

31) In our geometry, where the medium is at
z > 0, the bump is below the interface.
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Averaging of �
�

r 01k
	

�
�

r 02k
	

over Eq. (8.104) gives

˝
�
�
r 01k
�

�
�
r 02k
�˛ D σ2K

�
r 01k � r 02k

�
. (8.107)

Therefore,

hjA(k, p )j2i D S
jN0bσj2
(2π p?)2

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2 Z

d2r 0k exp
�
i�k r 0k

�
K
�
r 0k
�

,

(8.108)

and the indicatrix of nonspecular scattering is

w (Ω0 ! Ω ) D 2π
jN0bσj2

k?

ˇ̌̌�!
t0 (p?)

�!
t0 (k?)

ˇ̌̌2 Z
d2r 0k exp

�
i�k r 0k

�
K
�
r 0k
�

.

(8.109)

To finish the calculations we need to define the correlation function. It is natural to
suppose that

K(rk) D exp
��r2
k/2l2� , (8.110)

where l is the correlation length, or the average dimension of the roughnesses
along the interface. With this function we have

KF (�k) D
Z

d2r 0k exp
�
i�kr 0k

�
exp

��r2
k/2l2� D 2π l2 exp

��l2�2
k/2
�

,

(8.111)

and substitution into Eq. (8.109) gives

w (Ω 0 ! Ω ) D jN0b l σj2 (2π)2

k?

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2

exp
��l2�2

k/2
�

. (8.112)

Some authors [374, 375] use a different correlation function:

K(rk) D exp
��[rk/ l ]2μ/2

�
, (8.113)

where parameter μ is related to the so-called self-affine fractal structure of the
rough surface. We do not think it helps provide a better understanding of rough-
nesses if we call them a fractal with dimension not 2, like any surface, but with
dimension 3� μ. Though the mathematics related to fractals is very nice, we think
that the parameter μ is only an additional fitting parameter. Its value does not clar-
ify any physics. Therefore, to have the smallest number of such parameters it is
sufficient to use a correlation function with fixed μ D 1. We can easily show, for
instance, that there is no difference whether μ D 1 or μ D 0.5. For the last case we
have

KF (�k) D
Z

d2r 0k exp
�
i�kr 0k

�
exp(�jrkj/ l) D 2π l2�

1C l2�2
k
	3/2 . (8.114)
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This function is different from a Gaussian; however, both correlation functions
give almost identical distributions over p?. Even unity instead of KF (�k) gives
almost the same distribution in the plane of incidence. This is because the function
KF (�k) controls broadening of the scattered distribution mainly in the direction
perpendicular to the incidence plane.

However, let us look at what experiments show. Experiments on scattering from
surface roughnesses were performed mainly with X-rays. For example, the results
of measurements [376] of X-ray scattering from the surface of Au and Ag films
evaporated under different conditions on a quartz substrate are shown in Fig-
ure 8.8. In the experiment the detector was fixed at a such a position that at the
incident grazing angle θ it detected specularly reflected X-rays. The sample plate
was rotated around an axis perpendicular to the plane of incidence by a small angle
near θ . The dependence of detector count on incident grazing angle θin reveals
a specular peak together with small-angle scattering around it, and two Yoneda
peaks: one for θin D θc , and the other one at the reflected angle 2θ � θin D θc.
We see that in the case of Au film evaporated on the substrate at low temperature
(T D 80 K), the surface becomes so rough that the specular peak is absent. Only
small-angle scattering is seen around the specular position, and two Yoneda peaks,
which characterize the intensity of the scattering, are high and broad compared
with the Yoneda peaks which are seen in the rocking curve of the less rough sub-
strate surfaces. Parameters σ, μ, and � are obtained by fitting the experimental
data. For instance, fitting of the Au(80) data in Figure 8.8 gave σ D 8.5 ˙ 0.8 Å,

Figure 8.8 Rocking curve of different samples measured with X-
rays in [376]. The detector was fixed at an angle 2θ with respect
to the incident beam, and rotation of the sample changed the
incident grazing angle θin.
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μ D 0.46 ˙ 0.1, and � D 1450 ˙ 145 Å. However, we cannot judge how good the
fitting was because no �2 was reported.

With theoretical formula (8.112) we can reproduce Figure 8.8 for Au(500 K) if we
describe the experimental reflectivity by the expression

g(x ) D w (x0 C x , x0 � x )C j�!r0 (x0 C x )j2Θ (�δ C s < x < δ C s) , (8.115)

where

w (x , y ) D c
k?

ˇ̌̌�!t0 (p?)�!t0 (k?)
ˇ̌̌2

KF (j�kjl) , (8.116)

c D 4 	 10�8 is a normalization constant, x0 D 4, s D 1.5, δ D 0.01, and j�kj is
replaced by

j�kj D jkx � px j D j
q

k2 � k2
? �

q
k2 � p 2

?j � jk2
? � p 2

?j/2k .

The results of the calculations are shown in Figure 8.9. We demonstrated here
results for KF D 1 and two functions, KF (�k) D exp(�� (k2

? � p 2
?)2) and KF (�k) D

1/[1C � (k2
? � p 2

?)2]�3/2, with the same � D 8 	 10�4.

Figure 8.9 Reflectivity represented by
Eq. (8.115) with correlation function KF equal
to (a) 1; (b) Gaussian Eq. (8.111) (μ D 1 in
Eq. (8.113)); (c) Eq. (8.114); (d) symmetrical
result obtained with KF D 1. This result is
obtained if the experimentally measured in-

tensity of the reflected neutrons is normalized
by the intensity of the direct beam instead of
the flux along the sample normal. In that case
one has to exclude k? in the denominator
of (8.116).
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The experimental data for quartz in Figure 8.8 look symmetrical. This means
that the measured intensity was normalized to the full intensity of the incident
beam instead of its flux along the normal to the sample. This means that in
Eq. (8.116) we have to omit k? in the denominator. The result is shown in Fig-
ure 8.9d.

8.2.6.2 Roughness of Interfaces in Multilayers
There are so many options for how to treat roughness of interfaces in multilayers
that to fit experimental data on specular reflectivity with many parameters related
to roughness and inhomogeneities is almost useless. Fitting becomes reasonable
only after measurement of the nonspecular distribution when it shows some par-
ticular features related to special kind of imperfectness. So below we present some
formulas for the effect of roughnesses at interfaces of a multilayer system, but will
not try to apply them to improve �2 in the fitting of reflectivity of the multilayers
considered in Chapter 4.

Suppose that we have a periodic system composed of N bilayers over a substrate.
Every bilayer consists of a barrier layer with higher potential and a well layer with
lower potential. Let us suppose that all the interfaces have similar roughnesses
which do not correlate with each other. The scattered wave function created by
roughnesses on the upper interface of the nth bilayer can be represented similarly
to Eqs. (8.99) and (8.105):

Ψs(k, r) D
Z

d2 pk exp(i p r)A(k, p ) , (8.117)

where

A(k, p ) D �N0b
 �
T N�n

i
�!
T n,s(p?)

�!
T n,s(k?)

2π p?

Z
d2r 0k� (r 0k) exp(i�r 0) , (8.118)

where
�!
T n,s(p?) denotes the transmission amplitude of n bilayers and the substrate

and
 �
T N�n denotes the transmission of the remaining N � n bilayers back to the

vacuum.
To take into account the roughnesses on the well layer in the middle of the nth

bilayer, we use the expression

A(k, p ) D �N0b
 �
T N�n,b

i
�!
T w,n�1,s(p?)

�!
T w,n�1,s(k?)

2πk?

Z
d2r 0k� (r 0k) exp

�
i�r 0

�
,

(8.119)

where

�!
T w,n�1,s D tw

�!
T n�1,s

1 � rw
�!
R n�1,s

,
 �
T N�n,b D

 �
T N�n tb

1 � rb
 �
R N�n

. (8.120)
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Now we need to sum all that over n from 0 to N, square the modulus, and indepen-
dently average over distribution (8.104). As a result we get

w (Ω 0 ! Ω ) D 2π
jN0bσj2

k?
KF (�k)

(
NX

nD0

ˇ̌̌ �
T N�n

�!
T n,s(p?)

�!
T n,s(k?)

ˇ̌̌2

C
NX

nD1

ˇ̌̌ �
T N�n,b

�!
T w,n�1,s (p?)

�!
T w,n�1,s (k?)

ˇ̌̌2)
, (8.121)

which for a given multilayer structure can be compared with the measured distri-
bution of nonspecularly reflected intensity.

8.3
Scattering on Magnetic Inhomogeneities

In Chapter 5 we studied neutron scattering mainly in homogeneous magnetic
fields with some interfaces, now we shall consider scattering on magnetic inho-
mogeneities, when the field B(r) varies in space. According to the Maxwell theory
the field should satisfy the equation

r 	 B(r) D 0 , (8.122)

and its Fourier image B F (�) D R B(r) exp(i�	 r)d3r must be tangential: � 	B F (�) D
0. This means that the field B F (�) is representable as B F (�) D h(�)��(� 	 h(�))/�2

via some other vector, h(�), which is not orthogonal to �. Our task is to present
the theory of the distorted wave Born approximation for scattering on magnetic
inhomogeneities inside media.

Consider a semi-infinite wall at z > 0 with nuclear optical potential u0, uniform
magnetic field B i , and magnetic inhomogeneities B(r). Outside the wall there is a
uniform magnetic field B o which is noncollinear to B i . The lowercase letters b0,
b i , and b will denote unit vectors along the respective fields.

The Schrödinger equation for a spinor wave function j OΨ (r)i is

�
Δ C k2 � Θ (z < 0)σ 	 B o � Θ (z > 0)[u0 C σ 	 B i C σ 	 B(r)]

� j OΨ (r)i
D 0 .

(8.123)

We have included the factor 2, which was always present before magnetic fields in
Chapter 5, in the definition of the magnetic fields.

The solution of Eq. (8.123) can be represented as j OΨ i D j Oψ0i� j OΨsi, where j Oψ0i
is a nonperturbed spinor wave function satisfying the equation



Δ C k2 � Θ (z < 0)σ 	 B o � Θ (z > 0)(u0 C σ 	 B i )

� j Oψ0(r)i D 0 , (8.124)
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and j OΨsi is the spinor state describing scattering on the inhomogeneity. The scat-
tered wave is calculated with the help of perturbation theory:

j OΨs(r)i D
Z

OG (r, r 0)σ 	 B(r 0)j Oψ0(r0)id3r 0 , (8.125)

where OG (r, r 0) is the spinor Green function. It is 2 � 2 matrix which satisfies the
equation


Δ C k2 � Θ (z < 0)σ 	 B o � Θ (z > 0)(u0 C σ 	 B i )
� OG (r, r 0) D OI δ(r � r0) ,

(8.126)

with the unit matrix OI at the right.
Let us note that the Green function OG (r, r 0) is symmetrical with respect to per-

mutation of r and r 0, and the equation for it can be represented as

OG (r0, r)


Δ C k2 � Θ (z < 0)σ 	 B o � Θ (z > 0)(u0 C σ 	 B i )

� D OI δ(r � r0) ,

(8.127)

where all the operators act to the left.

8.3.1
The Spinor Green Function

Our task now is to construct such a matrix Green function which is causal and
satisfies Eq. (8.126). Because of homogeneity of the space along the interface (x , y -
plane) the Green function can be represented like in Eq. (8.44) as

OG (r, r 0) D
Z

d2 pk
(2π)2

exp
�
i pk 	 (r � r0)k

� OG(p?, z, z0) , (8.128)

where OG (p?, z, z0) satisfies�
d2

dz2
C p 2
? � Θ (z < 0)σ 	 B o � Θ (z > 0)(u0 C σ 	 B i )

�
� OG (p?, z, z0) D OI δ(z � z0) , (8.129)

and p? D
q

k2 � p 2
k.

In the scalar case this function is constructed with two linearly independent so-
lutions, f1,2(z), of the homogeneous equation like in Eq. (8.49):

G(z, z0) D 1
w

�
Θ (z > z0) f1(z) f2(z0)C Θ (z < z0) f2(z) f1(z0)

�
,

where w is the Wronskian w D f 01 (z) f2(z) � f1(z) f 02(z). In the case of the spinor
Green function we should act similarly. Since OG is a 2 � 2 matrix it should be con-
structed from matrix spinor wave functions. The first of them is found in Eq. (5.17):

Of 1(q, z) D Θ (z < 0)[exp(i Oqo z)C exp(�i Oqo z) O�]C Θ (z > 0) exp(i Oq i z) Oτ ,

(8.130)
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where

O� D ( Oqo C Oq i )
�1( Oqo � Oq i ), Oτ D OI C O� ,

Oq i D
q

q2 � u0 � σ 	 B i , Oqo D
q

q2 � σ 	 B o . (8.131)

The spinor wave function jψ0(k?, z)i is obtained from Eq. (8.130) by multiplication
on the right by an arbitrary spinor j� i:

jψ0(k?, z)i D Of 1(k?, z)j� i .

The second solution can be the matrix

Of 2(q, z) D Θ (z < 0) exp(�i Oqo z) Oτ0CΘ (z > 0)
�
exp(�i Oq i z)C exp(i Oq i z) O�0� ,

(8.132)

where

O�0 D � O� , Oτ0 D OI C O�0 D OI � O� . (8.133)

However we cannot simply multiply these functions because simple multiplication
will not give us the Green function which satisfies Eq. (8.127). The appropriate
Green function can be guessed in the form

OG(q, z, z0) D Θ (z > z0) Of 1(q, z) Ow�1 Of J
2 (q, z0)

C Θ (z < z0) Of 2(q, z) Ow�1 Of J

1 (q, z0) , (8.134)

the functions with upper index J satisfy the right-side Schrödinger equation

Of J
1,2(q, z)

" �
d 2

dz2 C q2 � Θ (z < 0)σ 	 B o � Θ (z > 0)(u0 C σ 	 B i )

#
D 0 .

(8.135)

In this equation all the operators act from the right to the left. It is the Japanese
way of writing texts, and because of that the index J is introduced.

The solutions of Eq. (8.135) are

Of J
1 (q, z) D Θ (z < 0)

�
exp(i Oqo z)C O� J exp(�i Oqo z)

	
C Θ (z > 0)[ OI C O� J ] exp(i Oq i z) , (8.136)

Of J
2 (q, z) D Θ (z < 0)[ OI � O� J ] exp(�i Oqo z)

C Θ (z > 0)
�

exp(�i Oq i z) � O� J exp(i Oq i z)
	

, (8.137)

where O� J D ( Oqo � Oq i )( Oqo C Oq i )
�1.
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The matrix Ow�1 in Eq. (8.134) is the Wronskian matrix like in the scalar case,
and we can guess that it is

Ow�1 D 1
2 i Oqo

[ OI � O� J ]�1 D 1
4 i

�
Oq�1 C Oq0�1

	
. (8.138)

Let us check that the matrix (8.134) constructed in such a way does really satisfy
Eq. (8.129). Substitute Eq. (8.134) into Eq. (8.129). The left-hand side becomes δ(z�
z0) OQ(z), where for z < 0

OQ(z) D
�

d
dz

Of 1(q, z)
�

Ow�1 Of J
2 (q, z) �

�
d

dz
Of 2(q, z)

�
Ow�1 Of J

1 (q, z)

D �exp(i Oqo z) Oqo � exp(�i Oqo z) Oqo O�� 1
2 Oq o

[ OI � O� J ]�1[ OI � O� J ] exp(�i Oqo z)

C exp(�i Oqo z) Oqo [ OI � O�]
1

2 Oq o
[ OI � O� J ]�1

�
exp(i Oqo z)C O� J exp(�i Oqo z)

	
.

(8.139)

The second line Eq. (8.139) is reduced to

1
2

�
OI � exp(�i Oqo z) Oqo O� Oq�1

o exp(�i Oqo z)
	
D

1
2

� OI � exp(�i Oqo z) O� J exp(�i Oqo z)
	

, (8.140)

where in the right-hand side we used the relation

Oqo O� Oq�1
o D Oqo

h� OI C Oq i Oq�1
o

	
Oq o

i�1 � OI � Oq i Oq�1
o

	

D
�

OI � Oq i Oq�1
o

	 �
OI C Oq i Oq�1

o

	�1

D ( Oqo � Oq i )( Oqo C Oq i )
�1 D O� J . (8.141)

of (8.141), the third line Eq. (8.139) becomes
�

OI C exp(�i Oqo z) O� J exp(�i Oqo z)
	

/2;

therefore the sum of Eqs. (8.139) and (8.139) is OI , and the function (8.134) satisfies
the Eq. (8.129).

We considered only the case z < 0. It is a good exercise to check that the same
result will be obtained when z > 0.

8.3.2
The Scattered Wave Function

Suppose that all the magnetic inhomogeneities are inside the medium z > 0.
The matrix part of the state (8.125) in the vacuum z < 0 after scattering can be
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represented as

OΨsc(r) D �i
Z

d2 pk
(2π)2

exp(i pk rk) exp(i Op?z)( Op? C Op 0?)�1
Z

exp(i�kr 0k)d
3r 0

� exp
�
i Op 0?z0

�
σ 	 B(r0) exp

�
i Ok0?z0

	� Ok? C Ok0?
	�1

2 Ok?

D �i
Z

d2 pk
(2π)2 exp(i pk rk) OM (p?, k?) , (8.142)

where �k D kk � pk, Op? D
q

p 2
? � σ 	 B o , Ok? D

q
k2
? � σ 	 B o , Op 0? Dq

p 2
? � u0 � σ 	 B i , Ok0? D

q
k2
? � u0 � σ 	 B i , O� D �k C n

�
Op 0? C Ok0?

	
, n is

a unit vector directed along the z-axis, and we introduced matrix OM (p?, k?),
which is the product of three other matrices

OM(p?, k?) D OM1(p?) OM2( O�) OM3(k?) ,

OM1(p?) D exp
�
i Op?z

� � Op? C Op 0?
��1

, (8.143)

OM2( O�) D σB F ( O�) D
Z

exp
�
i�k r0k

�
d3r 0 exp

�
i Op 0?z0

�
σ 	B(r 0) exp

�
i Ok0?z0

	
,

(8.144)

OM3(k?) D
� Ok? C Ok0?

	�1
2 Ok? . (8.145)

8.3.2.1 Scattering on a Helicoid in Matter
To obtain a final result with these formulas, let us consider the scattering on a
helicoid of radius a and length l inside a magnetic mirror. Its field is B D bh Θ (� <

a)(cos(2qz), sin(2qz), 0), where � D px2 C y 2. In that case

OM2( O�) D 2π(a/�k)bh J1(�ka)
Z

dz0 exp
�
i Op 0?z0

�
exp

��i qσz z0
�

σx

� exp
�
i qσz z0

�
exp

�
i Ok0?z0

	
D 2π(a/�k)bh J1(�ka)σx

I � exp(i Q(σz)l)
i Q(σz)

, (8.146)

where J1(x ) is the Bessel function and

Q(σz) D
q

k2
0? � u � Bi σz C

q
p 2
? � uC Bi σz C 2qσz . (8.147)

The matrix (8.146) has only nondiagonal matrix elements:

M2�˙ D hz�j OM2jz˙i D 2π
a
�k

bh J1(�ka)
I � exp(i Q(˙1)l)

Q(˙1)

D 2π i
a
�k

bh J1(�ka)e i Q(˙1)l/2 sin(Q(˙1)l/2)
Q(˙1)/2

, (8.148)
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where jz˙i are eigenspinors of matrix σz : σz jz˙i D ˙jz˙i. It is seen that the
most important is the matrix element M2C�, because its denominator is

Q(�1) D
q

k2
0? � uC Bi C

q
p 2
? � u � Bi � 2q . (8.149)

To calculate the scattering amplitudes with and without spin flip with respect to
the external field B o , we need to find the matrix elements of the matrix OM between
states

jbo˙i D
OI ˙ σb op
2(1˙ boz)

jzCi , (8.150)

where b o D B o/Bo is the unit vector along B o . With account of Eq. (8.148), the
matrix elements of the matrix OM between any initial, jbo ii, and final, jbo f i, states
can be represented as a sum of two terms:

hbo f j OM jbo ii D hbo f j OM1jzCiM2C�hz�jM3jbo ii
C hbo f j OM1jz�iM2�ChzCjM3jbo ii . (8.151)

It is possible to calculate them rigorously for any scattering parameters; however
the most interesting case is when bo is parallel to the z-axis and when Q(�1) in
Eq. (8.149) is small. In that case we can retain in Eq. (8.151) only the term M2C�,
and we see that the scattering is accompanied by spin flip from state jz�i to state
jzCi. Therefore, the scattering amplitude is proportional to the term σq, which
violates time parity conservation.

8.3.2.2 General Calculation of Scattering Amplitude on an Inhomogeneity
We can easily calculate all the matrix elements of matrix (8.142) with the help of the
matrix elements of matrices (8.143)–(8.145). To do that we denote spin states jb o˙i
with respect to B o as jni, with n D 0, 1, respectively. The spin states jb i˙i with
respect to B i we denote as jn0i, with n0 D 0, 1, respectively. Then we insert the
unit matrix OI D P

n0 jn0ihn0j between matrices OM1, OM2 and OM2, OM3. After that
matrix elements of the matrix product between the initial ni and final n f states
outside the medium are

OM f i 
 hn f j OM (p?, k?)jnii
D
X
n0,m0
hn f j OM1(p?)jn0ihn0j OM2( O�)jm0ihm0j OM3(k?)jnii . (8.152)

Matrix elements of OM1 To calculate the matrix elements hn f j OM1(p?)jn0i and
hm0j OM3(k?)jnii we write (see Eq. (5.41))

� Op? C Op 0?
��1 
 � Op?(σ 	 B o)C Op 0?(σ 	 B i )

��1

D 1
N(p?)

� Op?(�σ 	 B o)C Op 0?(�σ 	 B i )
�

,



374 8 Disordered Media. Incoherent and Small-Angle Scattering

where

N(p?) D � Op?(�σ 	 B o)C Op 0?(�σ 	 B i )
� � Op?(σ 	 B o)C Op 0?(σ 	 B i )

�
D �p?(Bo)C p 0?(Bi)

� �
p?(�Bo)C p 0?(�Bi)

�
C p�?p 0�? [1 � bo 	 b i ]/2 ,

(8.153)

p�? D
q

p 2
? � Bo�

q
p 2
? C Bo , and p 0�? D

q
p 2
? � u � Bi�

q
p 2
? � uC Bi . After

these transformations we obtain

hn f j OM1(p?)jn0i D p?(�(�1)n f Bo)C p 0?(�(�1)n0Bi )
N(p?)

� exp
�
i Op?((�1)n f Bo)z

� hn f jjn0i , (8.154)

where p?(x ) D
q

p 2
? � x , p 0?(x ) D

q
p 2
? � u � x , and we need to find the prod-

uct hn f jjn0i. To calculate it we take the quantization axis along B o and introduce
unit vectors bo D B o/Bo and b i D B i/Bi . The state jn0i can be represented as

jn0i D
OI C (�1)n0σb ip

2[1C (�1)n0 (b i 	 b0)]
j0i , (8.155)

where state j0i is an eigenstate of (σ 	 b o): (σ 	 b o)j0i D j0i. With this notation we
have

hn f jjn0i D
δn f ,0[1C (�1)n0 (b i 	 bo)]C δn f ,1(�1)n0 [bo � [b i � bo ]]q

2


1C (�1)n0 (b i 	 b0)

� . (8.156)

Matrix elements of OM3 A similar result is obtained for matrix elements of OM3:

hm0j OM3(k?)jnii D k?(�(�1)ni Bo)C k0?(�(�1)m0Bi )
N(k?)

� 2k?((�1)ni Bo)hm0jjni i , (8.157)

where

hm0jjnii D
δni ,0

h
1C (�1)m0 (b i 	 b o)

i
C δni ,1(�1)m0 [bo � [b i � bo ]]q

2


1C (�1)m0 (b i 	 b0)

� .

(8.158)

Matrix elements of OM2 The middle matrix elements are

hn0j OM2jm0i D hn0jσ 	 B F (�m0 ,n0 )jm0i , (8.159)
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where

B F (�m0,n0 ) D
Z

d3r 0B(r 0) exp(i�m0 ,n0 r 0) , (8.160)

�m0,n0 D �k C n
�
p 0?((�1)n0 )C k0?((�1)m0 )

�
, �k D kk � pk. (8.161)

After substitution of Eq. (8.155) into Eq. (8.159) we get

hn0jσ 	 B F ( O�m0,n0 )jm0i D δm0,n0 (�1)n0 (b i 	 B F (�m0,n0 ))C (1 � δm0,n0 )

� (bo 	 [b i � [B F (�m0,n0 ) � b i ]])C i(�1)n0 (bo 	 [b i � B F (�m0,n0 )])p
1 � (b i 	 bo)2

.

(8.162)

8.3.2.3 Calculations of Cross Sections
With wave function (8.142) it is possible to calculate the total cross sections σ(k i )
like in Eq. (8.31), and after transformation (8.32) to get partial cross sections

dσ f,i (k i ! k f )
dΩ f

D k f

k2
f?ki?
π2

ˇ̌̌
ˇ̌ 1X

n0,m0D0

hn f j
� Ok f? C Ok0f?

	�1 jn0i

hn0jσ 	 B F (�m0m0 )jm0ihm0j
� Ok i? C Ok0i?

	�1 jnii
ˇ̌̌
ˇ̌
2

, (8.163)

where

k f D
q

k2 � (�1)n f Bo , k f? D
q

k2 � k2
f � (�1)n f Bo ,

ki? D
q

k2 � k2
i � (�1)ni Bo ,

Ok f? D
q

k2 � k2
f � σ 	 B o , Ok i? D

q
k2 � k2

i � σ 	 B o ,

Ok0f? D
q

k2 � k2
f � u � σ 	 B i , Ok0i? D

q
k2 � k2

i � u � σ 	 B i .

If B(r0) extends all over the area of the interface, then the cross section is propor-
tional to the interface area S, and instead of the cross section we must use the
indicatrix of reflection: w (Ω i ! Ω f ) D dσ f,i (k i ! k f )/S dΩ f .

The investigation of scattering on a system of magnetic inhomogeneities is per-
formed like on page 360. We can construct correlation functions for scattered waves
with given polarization and take into account correlation of the position and direc-
tion of the magnetic fields in two different inhomogeneities. In general, the formu-
las are very cumbersome. So as not to overload the book, we shall not present them
here. In real life we can use simpler or less simple models, which facilitate the
investigations, but discussion of such models is worth a separate scientific mono-
graph devoted to magnetism.
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8.4
Neutron Albedo

Above we considered scattering of waves in disordered media. Now we shall inves-
tigate scattering of particles as corpuscles. Our main task will be the calculation of
the albedo [385], which is met in reactor and radiation physics. We shall show that
the methods developed for waves can also be applied to corpuscles.

Albedo is the total probability that a particle incident on a wall will be reflected
in an arbitrary direction. Therefore, the problem is to find the total reflection coef-
ficient RL for a wall of thickness L if we have in our disposal the scattering cross
section σ0(Ω ! Ω 0) for a single scatterer. To solve this problem we first find scat-
tering in a thin layer, then with separation of the thin layer from a semi-infinite
wall, as shown in Figure 8.10, we find the albedo of an infinitely thick wall R1
and an analog of the Bloch wave vector q, which characterizes the extinction length
L0 D 1/q of the neutron density in the wall. The parameter L0 is an analog of the
diffusion length in the diffusion theory.

With the help of R1 and q, we can find albedo RL and transmission TL for a
layer of thickness L. For that we again do as shown in Figure 8.10, but this time we
split off the infinitely thick wall not the infinitesimally thin layer � , but the layer of
thickness L.

Besides characteristics such as R1 and q, it is also desirable to find the angular
distribution of reflected neutrons. However, in general we cannot find an analytical
solution for an arbitrary angular dependence of the cross section. The problem can
be solved only in special cases. In particular, it can be solved for isotropic scattering
and we shall show that the result is identical to the one obtained with the help
of the invariant embedding method (see [386]) developed by Ambartsumyan and
Chandrasekhar in their investigation of radiation of stars.

To apply the algebraic method to corpuscular physics, let us first define some
mathematical notions which we shall work with.

8.4.1
Main Notions

We shall use the following notions:

Elementary vector states

jΩ i . (8.164)

They describe neutrons propagating in the direction Ω , and they are normalized
according to the equation

hΩ 0jjΩ i D δ(Ω � Ω 0) . (8.165)

The direction Ω is characterized by angles with the polar axis along the internal
normal n to the wall interface.
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A general state vector

jψi D
Z

dΩ ψ(Ω )jΩ i . (8.166)

It describes a neutron which flies along direction jΩ i with probability ψ(Ω ).
Note that the letter ψ here has no relation to quantum mechanics.

The isotropic state of incident neutrons is described by the state vector

jψi D
Z

nΩ>0

dΩ ψ(Ω )jΩ i D
Z

nΩ>0

dΩ
cos θ

π
jΩ i . (8.167)

Normalization vector. To define the norm of any state we introduce the so-called
normalization vector:

jei D
Z
4π

dΩ jΩ i . (8.168)

The norm ν of any vector state jφi is defined with the help of jei as

νφ D hejjφi . (8.169)

In particular, the norm of states (8.164) and (8.167), calculated with account
of (8.165), is unity.

Operators. Scattering, absorption, and reflection change the states, and the changes
can be described by the operators

OF D
Z Z

jΩ iF(Ω  Ω 0)dΩ dΩ 0hΩ 0j , (8.170)

where F(Ω  Ω 0) is a numerical function which describes the transi-
tion of the neutron flight from the direction Ω 0 to direction Ω . Under the
action of the operator OF , the state jφi D R

φ(Ω )dΩ jΩi with the norm
νφ D hejjφi D

R
φ(Ω )dΩ is transformed to the state j�i D OF jφi DR 
R

F(Ω  Ω 0)dΩ 0φ(Ω 0)
�

dΩ jΩ i with the norm ν� D hejj�i D
R

dΩ
R

F
(Ω  Ω 0)dΩ 0φ(Ω 0).

8.4.2
Albedo of an Infinitely Thick Wall

Our approach here is very close to that of “invariant embedding” method used,
for instance, in [387] for calculation of backscattering of electrons. Let us separate
virtually a layer of little thickness � from an infinitely thick wall as shown in Fig-
ure 8.10, and introduce the probability of reflection from the thin layer, O�b D � OΣ b ,
where

OΣ b D
Z

nΩ<0

Z
nΩ 0>0

jΩ idΩ Σs(Ω  Ω 0)
dΩ 0

cos θ 0
hΩ 0j



Z

nΩ>0

Z
nΩ 0<0

jΩ idΩ Σs(Ω  Ω 0)
dΩ 0

j cos θ 0j hΩ
0j . (8.171)
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Figure 8.10 Chipping off a thin layer of matter from an infinitely
thick wall for calculation of the reflection, R, and extinction, X,
of the neutron flux in the wall. To find the albedo of a wall of
thickness L, we chip off a layer of thickness L from the infinite
wall.

The index b means that the reflection goes back to the same semispace from where
the incident neutron propagated. The first equality refers to reflection from the
left and the second equality refers to reflection from the right. The factor 1/ cos θ 0
shows that at small angles the probability of scattering increases, because the num-
ber of atoms increases on the neutron flight path. The factor Σs(Ω  Ω 0) denotes
the macroscopic differential cross section Σs(Ω  Ω 0) D N dσ s(Ω 0 ! Ω )/dΩ ,
where N is the number density of scatterers.

Let us introduce also an operator of transmission of the thin layer Oτ D OI� OsC O� f ,

where OI D R jΩ idΩ hΩ j is a unit operator, Os D � Σt OS , OS D R jΩ i [dΩ /j cos θ j]
hΩ j, Σt D N σ t D ΣaCΣs is the macroscopic total cross section, that is, absorption
Σa and scattering Σs . The operator O� f is O� f D � OΣ f , and

OΣ f D
Z

nΩ>0

Z
nΩ 0>0

jΩ idΩ Σs(Ω  Ω 0)
dΩ 0

cos θ 0
hΩ 0j



Z

nΩ<0

Z
nΩ 0<0

jΩ idΩ Σs(Ω  Ω 0)
dΩ 0

j cos θ 0j hΩ
0j . (8.172)

The index f means that after scattering the neutron is on the opposite side of the
layer with respect to the incident neutron. The first equality describes scattering
for the neutron incident on the layer from the left, and the second one describes
scattering for the neutron incident on the layer from the right.

Let us introduce operator OX , transforming the state jψi of neutrons incident
on the interface into the state OX jψi of the neutrons incident on the infinite wall
after the thin layer. Let us also introduce reflection operator OR for the infinite wall.
Operators OX and OR are related to each other via the system of equations

OX D Oτ C O�b
OR OX , OR D O�b C Oτ OR OX . (8.173)

Resolve OX from the first equation

OX D ( OI � O�b
OR)�1 Oτ , (8.174)

and substitute it into the second one. As a result we obtain the equation for OR:
OR D O�b C Oτ OR( OI � O�b

OR)�1 Oτ. Since the thickness � can be chosen to be arbitrarily
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small, all the matrices O�b, f and Os are small and the equation can be linearized:

OR D O�b C Oτ OR( OI � O�b
OR)�1 Oτ D O�b C ( OI � Os C O� f ) OR( OI C O�b

OR)( OI � Os C O� f )

D OR C OR O�b
OR � Os OR � OR Os C O� f

OR C OR O� f C O�b . (8.175)

It follows that

OR OΣ b OR C ( OΣ f � Σt OS ) OR C OR( OΣ f � Σt OS)C OΣ b D 0 . (8.176)

Suppose that independently of the incident angle the reflected neutrons have an
isotropic distribution. This means that OR is representable in the form

OR D R1
Z

nΩ<0

Z
nΩ 0>0

jΩ idΩ
j cos θ j

π
dΩ 0hΩ 0j D R1jψihej . (8.177)

Multiply Eq. (8.176) by jψi Eq. (8.167) on the right and by hej Eq. (8.168) on the
left. As a result we get

hej[ OR OΣ b OR C ( OΣ f � Σt OS ) OR C OR( OΣ f � Σt OS)C OΣ b ]jψi
D R2
1Σb � 2(Σt � Σ f )R1 C Σb D 0 , (8.178)

where

Σb D
Z

nΩ<0

dΩ
Z

nΩ 0>0

Σs(Ω  Ω 0)
dΩ 0

2π
,

Σ f D
Z

nΩ>0

dΩ
Z

nΩ 0>0

Σs(Ω  Ω 0)
dΩ 0

2π
(8.179)

are the cross sections for scattering back and forward, respectively, averaged over
incidence angles. Let us note that

Σb C Σ f D
Z
4π

dΩ
Z

nΩ 0>0

Σs(Ω  Ω 0)
dΩ 0

2π
D Σs

Z
2π

dΩ 0

2π
D Σs . (8.180)

The solution of Eq. (8.178) is representable as

R1 D
p

Σt � Σ f C Σb �
p

Σt � Σ f � Σbp
Σt � Σ f C Σb C

p
Σt � Σ f � Σb

D R1 D
p

Σa C Σtr �
p

Σap
Σa C Σtr C

p
Σa

,

(8.181)

where in the last equality we introduced the so-called transport cross section Σtr D
Σs � Σ f C Σb D 2Σb . At Σa D 0 the albedo of the semi-infinite wall is 1, and at
Σtr/Σa ! 0 the albedo goes to zero.
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8.4.3
Extinction of the Neutron Density in Matter

To find the albedo of a wall of finite thickness it is necessary to find how fast the
neutron flux decays in the depth of the wall. This decay is described by the opera-
tor OX . According to Eq. (8.174) it can be represented as

OX D ( OI � O�b
OR)�1 Oτ � OI C O�b

OR � Os C O� f . (8.182)

The operator OX transforms the state jψi at the interface to the state OX jψi at the
depth � inside the matter. The norm of this state is hej OX jψi D 1� 2� [ΣaC Σb(1�
R1)] � exp(�q� ). It means that at depth z from the interface the neutron density
decays as X(z) D exp(�qz) D exp(�z/L0), where

q D 2Σa C Σtr(1� R1) D 2
p

Σa(Σa C Σtr) , L0 D 1

2
p

Σa (Σa C Σtr)
.

(8.183)

Therefore, the operator OX can be represented as

OX (z) D exp(�z/L0)jψihej . (8.184)

8.4.4
Albedo of a Wall of Thickness L

To find the reflection OR L from a wall of thickness L we again consider a semi-
infinite wall and write down equations similar to Eq. (8.173), but now we chip off
not a thin layer, but a layer of thickness L:

OX L D OT L C OR L OR OX L , OR D OR L C OT L OR OX L . (8.185)

Here OX L D OX (L), and OT L is the transmission operator of the wall of thickness L.
Exclude OT L from the second equation. As a result we get OR D OR L C [ OX L �

OR L OR OX L] OR OX L. It follows that

OR � OX L OR OX L D OR L[ OI � OR OX L OR OX L]

! OR L D [ OR � OX L OR OX L][ OI � OR OX L OR OX L]�1 . (8.186)

Let us note that

OI � OR OX L OR OX L D
Z
jΩ idΩ hΩ j � R2

1X 2
Ljψihej D OI � αjψihej ,

α D R2
1X 2

L , (8.187)

where XL D exp(�qL). The reciprocal matrix ( OI � αjψihej)�1 can be represented
as

( OI � αjψihej)�1 D OI C cjψihej , (8.188)
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where c is determined from the evident equation OI D ( OI�αjψihej)( OI �αjψihej)�1

D ( OI � αjψihej)( OI C cjψihej) D OI � (α � c C cα)jψihej. So α � c C cα D 0, or

c D α
1� α

D R21X 2
L

1 � R21X 2
L

. (8.189)

Substitution of Eq. (8.188) with account of Eq. (8.189) into Eq. (8.186) gives OR L D
RLjψihej, where

RL 
 hej OR Ljψi D R1
1 � exp(�2qL)

1 � R21 exp(�2qL)
. (8.190)

In the absence of absorption we have R1 D 1, q D 0, and the right-hand side
of Eq. (8.190) becomes an uncertain ratio 0/0. This uncertainty is resolved with
the L’Hopital rule by differentiation of the numerator and the denominator of the
fraction (8.190) over

p
Σa at Σa D 0. Since, according to Eqs. (8.183) and (8.181),

q0 
 dq/d
p

Σa D 2
p

Σtr, and R 01 
 dR1/d
p

Σa D �2/
p

Σtr, then

limp
Σa!0

�
1� exp(�2qL)

1 � R21 exp(�2qL)

�
D q0L
�R 01 C q0L

D Σtr L
1C ΣtrL

. (8.191)

Besides the albedo, it is sometimes also useful to know the transmission OT L or
shielding of the radiation by the wall. Substituting of OR L from the second equation
of (8.185) into the first one, we get OX L D OT L C ( OR � OT L OR OX L) OR OX L, and we find
OT L D ( OI � OR2

) OX L( OI � OR OX L OR OX L)�1. Substitution of Eqs. (8.177) and (8.184), with
account of Eqs (8.187)– (8.189), gives OT L D TLjψihej, where

TL 
 hej OT Ljψi D exp(�qL)
1 � R21

1 � R21 exp(�2qL)
. (8.192)

8.4.5
Comparison with Diffusion Formulas for the Albedo

– You tell that diffusion theory is not correct? So now those, who
all their life used this theory, should to shoot themselves?
– Oh, no! There is less radical way to improve knowledge.

From discussion with an opponent.
Expressions (8.181) and (8.190) differ from the respective albedo formulas ob-

tained within diffusion theory. In the case of infinite wall diffusion, the albedo
(see, e. g., [388], Eq. (6.3.6) and [389], Eq. (3.3)) is of the form

R1 D 1 � 2D/L D

1C 2D/L D
, (8.193)

where D D 1/3(Σa C Σtr) is the diffusion coefficient and L D D 1/
p

3Σa (Σa C Σtr)
is the diffusion length. Equation (8.193) is easily reduced to the form

R1 D
p

Σa C Σtr �
p

(4/3)Σap
Σa C Σtr C

p
(4/3)Σa

, (8.194)



382 8 Disordered Media. Incoherent and Small-Angle Scattering

and it follows that at Σtr < Σa/3 the albedo, which is a probability and must be
positive, becomes negative.

The albedo of a wall of thickness L (see, e. g., [388], Eq. (6.3.5)) is represented as

RL D 1� 2(D/L D ) coth (L/L D )
1C 2(D/L D ) coth (L/L D )

, (8.195)

and at L! 0 we get an absurd result: the albedo goes to �1.
Absurdities show that the diffusion approach is valid only at Σtr � Σa and

L � L D . Since our expressions (8.181) and (8.190) never give absurd results, this
means that our algebraic approach is valid for a broader range of parameters than
the diffusion one.

8.4.6
Albedo of Ultrathin Powdered Matter

Let us consider the albedo of ultradispersive powder, or powder consisting of small
grains with radius in the range of several nanometers.

Dispersion creates additional scattering on a grain as a whole. It increases Σtr

and therefore increases the albedo. It is interesting to estimate the contribution
of additional scattering to the albedo. If the contribution is large, then in reactor
construction elements, active core, reflector, and moderator, we can economize in
terms of fuel elements and the reactor size [390, 391].

So our task is to estimate the total transport cross section, Σtr, which is the sum
of two terms Σtr D Σ c

tr C ΣN . The first one, Σ c
tr , relates to coherent scattering on a

grain as a whole, and the second one, ΣN , is related to scattering on separate nuclei
of the grain. The second term is itself a sum of two parts: an isotropic incoherent
one Σ ic

N D 4πN0jbicj2, where bic is the incoherent part of the scattering amplitude
of nuclei, and a coherent cross section Σ c

N .
Coherent scattering on nuclei is not isotropic in general. It describes diffraction

on the crystalline lattice of the grain and depends on the neutron wavelength. In
the case of thermal neutrons (λ D 1.8 Å), coherent scattering on nuclei can be
considered isotropic and represented as Σ c

N D 4πN0jbc j2, where bc is the coherent
scattering amplitude, because of random orientation of lattices in different grains.

Let us estimate Σ c
tr for scattering on a grain of radius a as a whole. The scattering

amplitude of a grain found in perturbation theory is

B D N0bc

Z
d3r exp(i qr) D 2πN0bc

i q

Z a

�a
r d r e i qr

D �4πN0bc a
q2

�
cos(qa)� sin(qa)

qa

�
. (8.196)

Therefore, the differential cross section is

dσ c
s (Ω ) D jBj2dΩ D a2 u2

q4

�
cos(qa)� sin(qa)

qa

�2

dΩ , (8.197)
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where u D 4πN0bc is the reduced optical potential of the medium: U D
„2u/2m � 10�7 eV. With it we can calculate the transport cross section, σtr,
σ c

tr D
R

4π dΩ


dσ c

s (Ω )/dΩ
�

(1 � cos θ ) D R
4π
jBj2(1 � cos θ )dΩ , and the macro-

scopic transport cross section,

Σ c
tr D γ N1σ c

tr D γ N0
σ c

tr

4πN0a3/3
D γ Σ c

N F , F D 6π
N0

k3 g(2ka) , (8.198)

where N1 is the number of grains in a unit volume if all the continuous material
can be transformed into grains, γ � 0.74 is packing density, and the function

g(2ka) D
Z 2k a

0
(x cos x � sin x )2 dx

2k ax3

�
(

ln(2k a)C0.27
4k a for 2k a � 1

2(k a)3/9 for 2k a � 1 ,
(8.199)

has a maximum max(g) � 0.25 at 2k a � 3.5, that is, at a � 0.28λ.
The factor γ enters all the parameters of formula (8.181) and is excluded, but it

is not excluded in the penetration depth. Therefore,

R1 D
q

Σa C Σ ic
N C Σ c

N (1C F )�pΣaq
Σa C Σ ic

N C Σ c
N (1C F )CpΣa

,

L0 D 1

2γ
q

Σa C Σ ic
N C Σ c

N (1C F )
(8.200)

and the albedo RL / R1[1� exp(�2L/L0)] of the wall of thickness L in the case of
an ultradispersive medium can be lower than that of a homogeneous medium.

8.4.7
Angular Distribution of Reflected Neutrons for Isotropic Scattering

Above we used the simple model (8.177) for the isotropic reflection operator. The
real distribution cannot be isotropic. In general, the reflection operator for a semi-
infinite wall can be represented as

OR D
Z

nΩ<0

Z
nΩ 0>0

jΩ idΩ j cos θ jR(Ω  Ω 0)
dΩ 0

2π
hΩ 0j , (8.201)

and the albedo averaged over the isotropic distribution of the incident neutrons is

R1 D
Z

nΩ<0

Z
nΩ 0>0

dΩ j cos θ jR(Ω  Ω 0)
dΩ 0

2π
. (8.202)

From the detailed balance principle it follows that in the absence of absorption
R(Ω  Ω 0) is a symmetrical function with respect to permutation of its argu-
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ments. We shall suppose that it is a symmetrical function R(μ, μ0) of μ D cos θ
even with absorption. To find R(μ, μ0) in general for an arbitrary angular depen-
dence of scattering on a single scatterer is a pretty complicated problem. We can
find R(μ, μ0) only for isotropic scattering on a single atom. Here we shall report
only the result without details of the derivation It was shown in [385] that R(μ, μ0)
can be represented as

R(μ, μ0) D α
2

H(μ)H(μ0)
μ C μ0

, (8.203)

where α D Σs/Σt , H(μ) D 1C μQ(μ), where Q(μ) D
1R

0
R(μ, μ0)dμ0. From these

definitions it follows that the function H(μ) satisfies the integral equation

1
H(μ)

D 1 � αμ
2

1Z
0

H(μ0)
μ C μ0

dμ0 . (8.204)

This equation completely coincides with Eq. (5) in Chapter 9.3 in [386], where it was
obtained from the kinetic equation. The solution of Eq. (8.204) is also presented
there, so we do not need to repeat it here.

It is important, however to mention that for calculation of the albedo R1 we do
not need the exact solution of Eq. (8.204). Integration in (8.202) over angles with
account of Eq. (8.203) gives

α(1C R1)2 D 4R1 ! R1 D
p

Σt �
p

Σap
Σt C

p
Σa

. (8.205)

The R1 coincides with Eq. (8.181) completely, because in the case of isotropic
scattering Σtr D 2Σb 
 Σs .

8.4.8
Angular Distribution for Anisotropic Scattering

Our approach can be applied to the general case of arbitrary scattering. Suppose we
have a powdered wall and want to find angular distribution of reflected neutrons.
There was an attempt to solve such a problem [392] for γ D quanta; however, it
was not fully successful. Here we only outline the way to solve the problem.

The starting point is the integral equation (8.175):

OR O�b
OR � Os OR � OR Os C O� f

OR C OR O� f C O�b D 0 . (8.206)

Multiply it by jΩ i on the right and by hΩ j on the left. As a result we get

hΩ j[ OR OΣ b OR C ( OΣ f � Σt OS) OR C OR( OΣ f � Σt OS )C OΣ b ]jΩ i D 0 , (8.207)
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which after substitution of all the operators and division by cos θ can be written asZ
nΩ 00>0

Z
nΩ 000<0

R(Ω , Ω 00)
dΩ 00

2π
Σsb(Ω 00  Ω 000)

dΩ 000

2π
R(Ω 000, Ω 0)

C Σsb(Ω  Ω 0)
cos θ cos θ 0

� 2Σt R(Ω , Ω 0)

C
Z

nΩ 00<0

Σs f (Ω  Ω 00)
cos θ

dΩ 00

2π
R(Ω 00, Ω 0)

C
Z

nΩ 00>0

R(Ω  Ω 00)
dΩ 00

2π
Σs f (Ω 00, Ω 0)

cos θ 0

D 0 . (8.208)

Let us denote

Σsb(Ω  Ω 0) D cos θ cos θ 0�(Ω , Ω 0) ,

Σs f (Ω  Ω 0) D cos θ cos θ 0F(Ω , Ω 0) . (8.209)

Then Eq. (8.208) becomes

Z
nΩ 00>0

Z
nΩ 000<0

R(Ω , Ω 00) cos θ 00dΩ 00�(Ω 00, Ω 000) cos θ 000dΩ 000R(Ω 000, Ω 0)

C �(Ω , Ω 0) � 2Σt R(Ω , Ω 0)

C
Z

nΩ 00<0

F(Ω , Ω 00) cos θ 00dΩ 00R(Ω 00, Ω 0)

C
Z

nΩ 00>0

R(Ω , Ω 00) cos θ 00dΩ 00F(Ω 00, Ω 0)

D 0 . (8.210)

We can denote cos θ D x , and all the symmetrical functions of the type Q(Ω , Ω 0)
met in Eq. (8.210) as Q(x , x 0, φ � φ0). Then the equation becomes

1Z
0

d y

1Z
0

dz

1Z
�1

dψ
2π

1Z
�1

d
d�
2π

R(x , y , φ � ψ)y�(y , z, ψ � �)zR(z, x 0, � � φ0)

C �(x , x 0, φ � φ0) � 2Σt R(x , x 0, φ � φ0)C
1Z

0

y d y

1Z
�1

dψ
2π

� [F(x , y , φ � ψ)R(y , x 0, ψ � φ0)C R(x , y , φ � ψ)F(y , x 0, ψ � φ0)]
D 0 .

(8.211)
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We supposed that all the functions of the azimuthal angle strongly decrease with
increase of φ and because of that extended integration over this angle to infinite
limits.

Multiplication of this equation by exp(�i sφ) and integration over φ/2π gives

1Z
0

d y

1Z
0

dz NR(x , y , s)y N�(y , z, s)z NR(z, x 0, s)C N�(x , x 0, s)� 2Σt NR(x , x 0, s)

C
1Z

0

y d y [ NF(x , y , s) NR(y , x 0, s)C NR(x , y , s) NF (y , x 0, ψ � φ0)] D 0,

(8.212)

where

Ng(s) D
1Z
�1

dψ
2π

exp(�i sφ)g(φ) .

Now it is necessary to find a complete system of polynomials Pn(x ) orthogonal in
the interval (0,1) with weight x:Z 1

0
x dx Pn(x )Pm(x ) D δmn ,

Represent all the functions as an expansion over them

g(x , y , s) D
X

n

gn(s)Pn(x )Pn(y ) ,

substitute these expansions into Eq. (8.212), and find algebraic equations for the
coefficients gn ,

R2
n(s)�n(s)C �n(s) � 2Σt Rn(s)C 2Fn(s)Rn(s) D 0 , (8.213)

from which it follows that

Rn(s) D
p

Σt � Fn(s)C �n(s)�pΣt � Fn(s)� �n(s)p
Σt � Fn(s)C �n(s)CpΣt � Fn(s) � �n(s)

, (8.214)

and the formal solution of the problem is

cos(θ 0)R(Ω 0  Ω ) D cos(θ 0)
Z 1
�1

d sei s(φ0�φ)
1X

nD0

Pn(cos θ 0)Pn(cos θ )

�
p

Σt � Fn(s)C �n(s) �pΣt � Fn(s) � �n(s)p
Σt � Fn(s)C �n(s)CpΣt � Fn(s)� �n(s)

.

(8.215)

We stop here because the rest involves the art of construction of polynomials, nu-
merical calculation of integrals, and fitting of parameters to experimental data.
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We considered only reflection from a semi-infinite medium. Reflection from a
medium of finite thickness can be also found, but we do not consider it here so as
not to increase the size of the book too much.

8.5
Conclusion

In this chapter we considered scattering in disordered media. This is a wide field of
neutron optics. We discussed specular and nonspecular reflection from disordered
matter. We showed that the coherent wave, which appears in random media, is
identical to the one which is created when neutron–matter interaction is described
by the optical potential. This optical potential is complex even in the absence of
losses in the matter. The imaginary part of it is the result of scattering or neutron
leakage from the coherent field.

The detailed balance principle and unitarity require one to include this potential
in the description of the random part of the wave function, which characterizes
scattering. Therefore, the perturbation theory which is used for investigation of
scattering on inhomogeneities should be modified to the distorted wave approxi-
mation. With this approach we considered several problems related to small-angle
scattering on magnetic and nonmagnetic inhomogeneities inside matter.

We also showed how algebraic matrix methods used for description of one-di-
mensional scattering on magnetic and crystalline objects can be generalized to the
case of continuous distributions over angles. Here matrices are replaced by inte-
gral operators, and we demonstrated the power of this method in calculating the
corpuscular problem of albedo reflection of neutrons from matter.

It is necessary to point out that the algebraic approach has a clear advantage com-
pared with diffusion approach for solution of such problems. For instance, let us
look at transport of ultracold neutrons along neutron guides. To find the transmis-
sion of a neutron guide of some length one usually solves the diffusion equation
(textbook [G]) after calculation of the diffusion coefficient D. This coefficient de-
pends on the characteristics of the neutron reflection from the guide walls. If the
reflection indicatrix contains a specular component which increases with decrease
of the grazing angle of the incident neutron, then the diffusion coefficient can be-
come infinite. This case corresponds to random walk when some steps can be very
long [370]. At infinite D, the diffusion approach becomes meaningless. On con-
trast to it, the algebraic approach is applicable at any reflection indicatrix. We do
not consider here the propagation of ultracold neutrons in neutron guides, but we
can promise to those who will try to solve this problem that they will encounter a
lot of interesting features related to unusual statistics.

We considered the general problem of neutron albedo and angular distribu-
tion for nonisotropic scattering only schematically. All the calculations can be per-
formed for any model with arbitrary precision and sufficient number of parameters
to describe the results of any experiment. Realization of this program and compar-
ison with existing methods (see [392]) is a subject for future work.
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9
Neutron Interference and Phase Observation

The fundamental principle of experiments to observe the effects of neutron in-
terference32) is, simply speaking, the measurement of some interference pattern
produced by superposing waves coherently after some operation on either one or
more of the wave functions split into different optical paths in any one of coordi-
nates for the wave function of a neutron. Therefore, many kinds of neutron inter-
ference experiments, that is, various kinds of neutron interferometry experiments,
can be considered and performed in view of the principle and the experimental
configuration.

For example, we can classify them by the selection of the splitting coordinate as
experiments involving spatial splitting or temporal splitting into two or more par-
tial waves, and spin splitting into two spinor components. On the other hand, we
can classify them by the configuration of the interferometer, that is, by the type of
essential optical element, as experiments involving a single crystal interferometer,
a grating mirror interferometer, a multilayer mirror interferometer, and so on. In
this chapter, various kinds of these neutron interferometers will be described in
the course of explanations of the experiments on neutron interference and phase
observation.

Among the many interesting and important reports already published about ex-
periments on neutron interference and phase observations, in this chapter we will
be mainly concerned with the experiments relating to the optical phenomena in-
troduced in the previous chapters or that are highly relevant to the foundation of
quantum mechanics.

32) Since we have no such source at present to
produce primarily coherent neutrons, unlike
the laser as a photon source, neutron in this
phrase means interference of waves for a
neutron.

Neutron Optics. Masahiko Utsuro,Vladimir K. Ignatovich
Copyright © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40885-6



390 9 Neutron Interference and Phase Observation

9.1
Neutron Interferometry with a Perfect Crystal Interferometer

9.1.1
Triple Laue Diffraction Type Silicon Crystal Interferometer

The first reported experimental attempt at neutron interferometry was performed
by Maier-Leibnitz and Springer by using a biprism interferometer [20] as men-
tioned briefly in Section 1.2. However, in that configuration it was difficult to insert
a sample like a phase shifter because only a slight separation between the split
beams was possible owing to the refractive index for neutrons being very near uni-
ty.

The great epoch that initiated the dramatic developments in neutron interferom-
etry experiments was the successful observation of interference patterns by Rauch,
Treimer, and Bonse [393] after their challenging and continuing efforts with a triple
Laue diffraction type silicon perfect single crystal interferometer, with an optical con-
figuration akin to the Mach–Zehnder interferometer in conventional optics and also
as an analogy to the X-ray interferometer realized with a perfect single crystal. The
configuration of their experiment is shown in Figure 9.1 with their experimental
results using the neutron beam from the TRIGA reactor at the Atomic Institute of
the Technical University of Austria [393].

As already explained in Section 3.4.2, the distances between the interferometer
parts (splitter S, mirror M, and analyzer A) in Figure 9.1a have to be set very ac-
curately to avoid defocusing effects and loss of coherence. After etching, the thick-
ness of the crystal plates in their interferometer was 4.3954 ˙ 0.0008 mm, and the
distances were 27.2936˙0.0009 mm. The crystal was tested as an X-ray interferom-
eter, and by a suitable mounting and the application of small weights, the inherent

Figure 9.1 The first successful neutron interferometry exper-
iment with a silicon perfect single crystal interferometer: (a)
configuration of the interferometer; (b) measured intensity
modulation of the deviated (H) and forward (O) beams as a
function of the different optical paths for beams I and II due
to an inserted Al sheet (The statistical error is smaller than the
size of the data points.) (Rauch et al. [393]).
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Moiré pattern could be balanced to give a homogeneous interference pattern over
the whole region of interest.

According to the dynamical diffraction theory explained in Section 6.1 ([34],
p. 202), the intensities of the forward diffracted beam (O-beam) and the deviated
diffracted beam (H-beam) after the crystal in the configuration shown in Figure 9.1a
are given by Eqs. (9.1) and (9.2), respectively:

Po/Pi D (1C y 2)�1
�

y 2 C cos2
�

A
q

1C y 2

��
, (9.1)

Ph/Pi D (1C y 2)�1 sin2
�

A
q

1C y 2

�
, (9.2)

where A D bcjF jλ t/a3 cos θB , y D a3(θB � θ ) sin 2θB/λ2 bcjF j, θB is the Bragg
angle, bc is the coherent scattering amplitude, jF j is the crystal structure factor, a
is the lattice constant, and t is the thickness of the crystal.

Equations (9.1) and (9.2) satisfy Po/Pi C Ph/Pi D 1. Insertion of a sheet with
thickness D and refractive index n into the path induces a phase shift Δ� D (1 �
n)2πD/λ. When the sheet is rotated by an angle �, the optical path difference be-
tween the split beams becomes ΔD D D [cos�1(θB C �) � cos�1(θB � �)]. An
ordinary Al sheet with D D 5 mm was used in the experiment. The modulation
of the superposed beam will be decreased by the effects of the wavelength width in
the beam and every possible inaccuracy in configuring the interferometer.

Their first measurements were carried out with a beam after a graphite crystal
monochromator with wavelength λ D 2 Å, wavelength width Δλ/λ D 0.6%, and a
cross section of 10 � 30 mm2 at the 250 kW TRIGA reactor. The modulated inter-
ference pattern was clearly demonstrated as observed in Figure 9.1b.

In the present kind of interference experiment, an index representing the degree
of interference, visibility V, originally introduced for interference in light optics, is
used:

V D Imax � Imin

Imax C Imin
, (9.3)

where Imax and Imin denote the maximum and minimum, respectively, of the inter-
ference intensity. We will also use the above terminology and the definition in this
book. For example, if we roughly estimate the visibility from the pattern given in
Figure 9.1b, we obtain the value for V as about 0.1–0.3. Of course, the magnitudes
of the maximum and minimum depend not only on the degree of interference of
neutron waves, but also on other conditions in the measurement.

An similar index is also often used to represent the degree of light and dark in
an interference pattern, named contrast, but different definitions for contrast ap-
pear in the literature depending on the research fields and situations. In some
cases, contrast is used with the same definition as the right side of Eq. (9.3), but
in many cases it is used to represent simply the attenuation of the difference
between light and dark parts in a pattern (i. e., attenuation of contrast), that is,
(Imax� Imin)/(Imax0 � Imin0), where Imax0 and Imin0 are the maximum and the min-
imum intensity, respectively, in a reference condition. Furthermore, in a certain
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field, Imax/Imin is quite generally called the contrast ratio. In the present book, the
word contrast is used with the meaning in the original reference to describe or
discuss the experiment or the result.

9.1.2
Experimental Verification of the Equivalence Principle on the Gravity Effect

With the success of the silicon perfect crystal interferometer mentioned above,
Overhauser and Colella immediately proposed a neutron interferometry experi-
ment to combine quantum mechanics with gravity [394] as one of the most in-
teresting and fundamental tests in present-day physics. The proposed principle of
the interferometry experiment is shown in Figure 9.2.

Since the gravity fall of free neutrons following parabolic curve with classical
gravity acceleration had already been precisely confirmed by measurements [395–
397], the Newtonian potential in the Hamiltonian for neutrons with mass m in the
interferometer shown in Figure 9.2 was assumed to be expressed by mgr on the
basis of the principle of equivalence, where g is the acceleration due to gravity and r
is the vertical height.

First, suppose at the outset that the paths are exactly given by the parallelogram
in Figure 9.2. Then, the most naive expectation might suggest that the phase dif-
ference for the segment BC will be same as that for DE. However, in the actual
situation, the phase difference for the path segment BD will exceed that for CE by
Δ� D s(kBD � kCE), where the wave number difference Δ k D kBD � kCE arises
with the magnitude given by the next equation at vertical height r for the neu-
tron with wavelength λ based on the gravity potential mg gr and the kinetic energy
„2(k � Δ k)2/2mi :

Δ k Š mg mi gr λ
2π„2

, (9.4)

Figure 9.2 Principle of neutron interferometry to test a gravita-
tionally induced quantum phase shift; the illustration is drawn
on the plane parallel to gravity, where the neutron beams are
Bragg-reflected at B, C, D, and E by protruding slabs (shaded)
of a single crystal of Si. θ is the Bragg angle (Overhauser and
Colella [394]).
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where mg and mi are the gravity mass and inertia mass of the neutron, respectively,
and the principle of equivalence predicts the equality mg D mi . The fact that Eq. (9.4)
includes g and „ indicates the combination of gravity and quantum mechanics.

As the next step, if one considers in a little more detail the actual path segments
expected in the configuration shown in Figure 9.2, the neutron after the finite flight
time for segment BD will strike the reflecting plane at a point a little lower than
point D on the straight line in Figure 9.2, resulting in an incident angle a little
larger than θ . Such a larger reflection angle will shift the reflection point E to the
left, that is, to a point nearer D. However, at that point slightly shifted leftward, the
horizontal partner ray passing through the same point will have an equally shorter
path length and so the same phase. Therefore, the resultant phase difference due
to these small deviations of the reflection point will produce no contribution to
first order in g in the interference pattern by the superposition of split waves. In
the same way, for segment BC, inducing a small deviation of point C to the right,
that is, upward, will make the segment a little longer, and the beam will then be
reflected by an angle a little smaller than θ to a point shifted a little to the right of E.
This will also correspond to an equally little longer path to the same point for the
rising waves from D, and so again there will be no contribution to the superposed
interference pattern.

According to these considerations, the observation of the interference pattern as
the first step in the configuration shown in Figure 9.2 has to be carried out. Then,
as the next step, the configuration is rotated by an angle of 180ı around the axis
AD, and the interference measurement is repeated in the situation of the relative
roles with the alternate paths interchanged. Consequently, the total shift in the
interference fringe can be expressed by the number of periods as

ΔN D 2Δ�/2π D 2mg mi gr sλ/ h2 , (9.5)

and we notice ΔN is proportional to the area, A D r s, enclosed by the two paths.
For an interferometer with area A D 6 cm2 and neutrons with wavelength λ D
1.42 Å, the expected fringe shift becomes ΔN D 10.7.

The possible effect due to elastic distortion of the interferometer during the 180ı
rotation can be measured by making use of X-rays, which have no mass. If the
experimental result disagrees with the theoretical expectation by putting mg D mi

in Eq. (9.4), then the validity of the principle of equivalence in the quantum limit
will be questioned.

The experiment was carried out by Colella, Overhauser, and Werner [398] with
neutrons of wavelength 1.445 Å (silicon Bragg angle θ D 22.1ı) at the Ford Nuclear
Reactor, University of Michigan. The configuration of their interferometer is differ-
ent from that shown in Figure 9.2, which makes use of the Bragg-case reflections;
instead it makes use of Laue-case reflections for both the splitter and analyzer as in
the interferometer of Rauch et al. shown in Figure 9.1a. The interferometer consists
of three protruding slabs with a thickness of 0.2 cm and a separation of 3.5 cm. The
count rates IH and IO in the direction of the H-beam and the O-beam, respectively,
were measured for angle ' by rotating the interferometer around the axis of the ex-
tension line of the incident beam. Special consideration was given to mounting the



394 9 Neutron Interference and Phase Observation

Figure 9.3 The difference counts IH � IO for a measuring time
of about 80 min as a function of interferometer rotation angle '

(Colella et al. [398]).

crystal to find the contribution of bending of the interferometer, which becomes
constant across the transverse dimensions of the interfering beams, and such an
arrangement limited rotations to �30ı < ' < 30ı . The sum of the count rates,
IH C IO , was confirmed to be independent of rotation angle ' as theoretically ex-
pected, and therefore the interference effect was most conveniently displayed by
plotting the difference IH � IO for rotation angle ' as shown in Figure 9.3.

The periodic structure in the figure is explained as the gravity effect by putting
g ! g sin ' in Eq. (9.5), and is connected to the phase difference � D q sin ' be-
tween the paths of the split beam in the interferometer, where q D 2πλgm2A/ h2 D
4πλgm2d(d C a cos θ ) tan θ / h2, m D mg D mi , θ is the Bragg angle, a and d are
the slab thickness and separation, respectively, in the interferometer. They derived
from the Fourier analyses of the experimental result the value qexp D 54.3, whereas
the theoretical value was qth D 59.6. The discrepancy between the two values was
attributed to the bending effect qbend of the interferometer base during rotation,
and such an explanation was supported by rotation experiments using X-rays.

Although the observed discrepancy between the theoretical expectation and the
experimental result reported by Colella, Overhauser, and Werner on the gravity
effect, the so-called (COW experiment), was mostly caused by the bending effect of
the interferometer base, the possibility of some slight discrepancy remaining even
after exact correction for the bending effects was assumed, and many experimental
verifications and theoretical analyses were performed thereafter to investigate more
accurately the reproducibility of the COW experiment.

In the gravity experiment performed by Littrell et al. [399, 400], special consider-
ation was given to the effects of bending of the silicon crystal, which had a very im-
portant influence on the experimental result of the COW experiment. They thought
it would be difficult to estimate exactly the bending effects from the experimental
result with X-rays, since the distribution of waves propagating in the Borrmann fan
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Figure 9.4 Gravity experiments with two-
wavelength and two-geometry interferometer
configurations. (a) The geometry of a skew-
symmetrical interferometer with the blade
separations d1 D 16.172 ˙ 0.003 mm and
d2 D 49.449 ˙ 0.003 mm and thickness
a D 2.621 ˙ 0.003 mm. (b) Experimen-
tal results of two-wavelength measurements

with the skew-symmetrical and symmetri-
cal interferometers, The experimental points
were plotted after the Sagnac effect (see the
footnote on page 423) and the bending ef-
fect phase shifts had been subtracted, and
the curves represent the gravity phase shifts
expected from theory (Littrell et al. [399, 400]).

region for neutrons with a high transmission ratio should be very different from
that for X-rays with high absorption in the crystal. Therefore, they employed anoth-
er experimental approach to correct the bending effect without X-ray measurement,
that is, by making use of two almost harmonic wavelengths, the fundamental one,
λ1, and the first higher harmonic, λ1/2, for the silicon crystal interferometer. The
beams following approximately the same paths through the interferometer and il-
luminated the same regions of each blade in the interferometer. Furthermore, to
separate and identify possible systematic discrepancies other than the previously
known bending correction, they used two interferometers of different geometry,
that is, in addition to the symmetrical interferometer as used in the experiment of
Colella et al., analogous measurements with a skew-symmetrical one as illustrated
in Figure 9.4a were also carried out. These experimental results were analyzed in
detail.

The experimental results obtained at the University of Missouri research reactor
are compared with the theoretical curves in Figure 9.4b. It was found the the exper-
imental values for the wavelength-independent parameter proportional to mg mi g
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for the gravity phase shift were lower than the theoretically expected value by 1.5%
for the skew-symmetrical interferometer data, and by 0.8% for the symmetrical
interferometer data, with relative uncertainties of 0.12 and 0.11%, respectively.

As known from Eq. (9.4), the sensitivity of the COW experiment becomes higher
by making use of neutrons with longer wavelength, or of an interferometer with
a larger enclosed area r s. In this respect, more recently an improved COW exper-
iment was performed by Zouw et al. by employing grating mirrors for very cold
neutrons; they attained an interaction time longer by two orders. Their experiment
will be described in Section 9.3, the result of which gave a significantly improved
accuracy of 0.4%. Their results were agreement with theory and the classical preci-
sion measurement of local gravity, which was assumed to conform to theory while
the earlier anomalous results on the 1σ level were excluded [401, 402]. In these
experimental situations, a future study on the principle of equivalence will be re-
quired with higher experimental accuracy.

9.1.3
Coherence Length and Dispersive/Nondispersive Arrangements

As the next task for interferometry experiments, we proceed to the investigation
of the coherence length of neutrons introduced in Section 1.3. Consider how the
coherence length affects the interference pattern produced by the superposition of
split waves in a silicon crystal interferometer. According to textbooks on quantum
mechanics (e. g., [C], Section 1, Eq. (12.20), or [D], Section 6.2.2, Eq. (6.59)), the
Gaussian wave packet for a free neutron can be extended with elapsed time t in the
flight to the spreading σx in real space as

σ2
x (t) D 1

4σ2
k

C „
2 t2

m2 σ2
k , (9.6)

where σk is the wave number width for the amplitude of the packet.
In a silicon crystal interferometer, propagation of either of the split partial waves

can be delayed by inserting a phase shifter in the path. Employing such a method,
Kaiser et al. carried out the first experiment to measure the coherence length of
neutrons in a neutron interferometer [403]. They used neutrons with wavelength
λ D 1.268 Å and measured wavelength width Δλ/λ Š 0.0125. The coherence
length derived from the measured amplitudes in the interference pattern was 94 Å
full width at half maximum for a Gaussian distribution. This did not correspond to
the expanding width, about 5� 106 Å, calculated from Eq. (9.6) with the flight time
of neutrons in the interferometer. They concluded that the present result could be
understood by supposing the minimum width σx (0) of the packet is directly mea-
sured in the experiment and that there is a nonspreading coherence length for the
packet arising from an asymmetrical internal structure, that is, shorter oscillation
periods (i. e., faster motion) in the front part and longer periods (i. e., slower mo-
tion) in the rear part than in the packet center. Then the packet distribution spreads
with time but the coherence length is invariant over the packet spread in space and
in time.
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Figure 9.5 Evolution of the real part of the wave function for
a propagating wave packet, indicating the effect of dispersion.
The abscissa from left to right represents the direction of prop-
agation and the time evolution is from the bottom to the top.
(Klein et al. [404]).

At the same time, Klein et al. [404] also explained the phenomenon using the
illustration shown in Figure 9.5 and an analysis based on the working of the phase
shifter in the superposition of the split waves, both with the internal structure ex-
panding as shown in Figure 9.5 but either of them shifted. Then the coherence
length obtained from the superposition in the experiment should correspond not
to the time-spreading width of the packet amplitudes, but to the magnitude σx (0).

By the way, when we consider a little more carefully the configuration of the
phase shifter inserted to extract an experimental value for the coherence length
in the interferometer, a certain kind of attenuation effect is expected to arise ow-
ing to the working of the phase shifter in a dispersive arrangement, and therefore
for the correct estimation of the intrinsic coherence length for a wave packet, a
more well considered arrangement (belonging to the nondispersive arrangement) is
required. In this respect, Rauch et al. carried out interferometry experiments [405]
at the Grenoble high-flux reactor with two kinds of configuration for inserting the
phase-shifting sample (Bi sample of 99.999% purity, i. e., 5N9 block) as shown in
Figure 9.6.

In contrast to the conventional configuration of the crystal interferometer, or
more typically in contrast to the sample configuration shown in Figure 9.6a, in the
nondispersive arrangement shown in Figure 9.6b both the front and the rear surfaces
of the sample are aligned parallel to the reflecting Bragg planes of the splitter and
reflectors, that is, perpendicular to the surfaces of the plates in the interferometer.
In another sense, as supposed from the refracted path through the sample, the for-
mer configuration corresponds to inducing a longitudinal (x-direction) shift of the
wave packet, while the latter a transverse (y-direction) shift [406]. The attenuation
ratio of contrast in the interference pattern can be derived by plotting the experi-
mental results for these different arrangements as (Imax � Imin)/(Imax0 � Imin0),
where Imax and Imin are the maximum and minimum, respectively, of the interfer-
ence intensity, and Imax0 and Imin0 are those without the sample. They performed
the experiments with an auxiliary Al phase shifter in addition to the Bi sample, and
obtained the results shown in Figure 9.6c and d by varying the angle of the insert-
ed Al shifter for incident neutrons with wavelength λ D 1.9225 Å and wavelength
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Figure 9.6 Two kinds of configuration
for phase shifter insertion and the exper-
imental results of interference contrast.
(a) Dispersive arrangement (sample thick-
ness D0 D 30.316 mm) and (b) nondis-
persive arrangement (sample thickness

D0 D 16.899 mm). (c) Measured contrast
of the interference pattern for the dispersive
arrangement (256th period) and (d) nondis-
persive arrangement (248th period), with the
reference pattern around the zero interference
order (dashed lines) (Rauch et al. [406]).

width Δλ D 0.0048 Å. Comparison of the experimental results indicates obviously
higher contrast for the case of the nondispersive arrangement.

The cause of the difference observed can be explained as follows. The wave num-
ber width of incident neutrons in the interferometer is usually broader than the
dynamical reflection width mentioned in Section 6.1 of the interferometer crys-
tal. When these neutrons are split, and further reflected in the interferometer, the
wave vector component perpendicular to the crystalline plane (y-component in Fig-
ure 9.6a, b) will be reversed for the incident neutrons with wave vector within the
narrow reflection width of the Bragg reflection defined by the dynamical diffraction
theory, whereas the other components (x- and z-components) are unchanged dur-
ing the propagation and maintain the broad wave vector distribution of the incident
neutrons. According to Eq. (1.16), or referring to Eq. (1.23), the phase difference
produced by the phase-shifting material is

� D �k(1� n)Deff Š �λb0N Deff , (9.7)
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where b0 is (the real part of) the coherent scattering amplitude, and, as mentioned
above, λ is strictly defined by the Bragg condition as λ D 2dhk l sin θB . Therefore,
such a configuration as to satisfy the condition Deff D D0/ sin θB for the broad
wave vector distribution in the x- and z-components of incident neutrons will be
required for the nondispersive arrangement to produce a higher contrast. The ar-
rangement of the sample in Figure 9.6b corresponds to such a configuration.

The attenuation ratio of the contrast derived from Figure 9.6d for the 248th peri-
od is 0.351. If we consider this attenuation ratio is caused by the coherence length
of neutrons, it becomes about 500 Å. However, they estimated that the attenuation
essentially derived from the thickness variation of the sample and the beam atten-
uation, with a negligible effect of the defocusing phenomenon indicated by Δ t in
Figure 9.6b; thus, the effect of coherency of the wave packet was only slight even if
the coherency was included.

In this way, the present experimental result and the estimation of the coherence
length, about 3 000 Å or more, from the Pendellösung interference experiment in
a silicon perfect crystal performed by Shull [32], introduced in Section 1.3, can be
considered to be compatible. As another estimation, Scheckenhofer and Steyerl
reported the value for the coherence length intrinsic to a neutron, if it exists, to
be larger than 106 Å from the diffraction pattern on an about 0.8 μm pitch grating
mirror observed using the gravity diffractometer [63] shown in Section 2.1.

In the case of the sample arrangement shown in Figure 9.6a with the sample
surfaces at large angles to the x-axis, the observed contrast was attenuated to a
much smaller value of 0.065, which was essentially caused by the effect of the wave
vector distribution width conserved on the incident neutrons as mentioned above.

Finally, if we apply these classifications of the sample arrangement to the exper-
iment of Kaiser et al. introduced previously [403], it will belong to the case of the
conventional dispersive arrangement for the insertion of a phase shifter.

Further discussions and experiments on the coherence length of neutrons will
be reported in Section 9.6.

9.1.4
Stochastic and Deterministic Processes in the Absorbing Element

As the next interesting optical phenomenon, let us consider two typical cases for
the insertion of an absorbing element for neutrons in the either of the split paths
as shown in Figure 9.7a and b. In Section 1.2, the refractive index formula given by
Goldberger and Seitz [15] was introduced as Eq. (1.14) for the case where absorption
is neglected, but they originally derived the refractive index formula with absorption
as follows [15]:

k02�k2 D (n2�1)k2 D 4πN
k

8<
:˙

"
k2σ s

4π
�
�

k2σa

4π

�2
#1/2

C i
k2σa

4π

9=
; , (9.8)

where n is the refractive index, N is the atomic density, σ s and σa are the scattering
and absorption cross sections, respectively, k is the wave number without the medi-
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Figure 9.7 Setup for the experiments with dif-
ferent kinds of absorbers in the left beam path
and the experimental results: (a) with gold
or indium foils as absorbers; (b) with a beam
chopper; (c) normalized amplitude of the
interference pattern as a function of transmis-

sion probability through the left beam, which
indicates the points for the foil absorbers
follow closely the curve for stochastic absorp-
tion, whereas those for the chopper absorber
follow the straight line for deterministic ab-
sorption. (Summhammer et al. [407]).

um, and k0 is the wave number in the medium with absorption, which, in general,
is a complex number.

Rewriting Eq. (9.8) with the coherent scattering amplitude bcoh, and taking the
negative sign for n < 1 in the medium with positive coherent scattering amplitude,
as mentioned in Section 2.1, one can express the forward diffracted beam (O-beam)
in the superposition of split paths I and II in the interferometer as

φO D φOI C φOIIe i � , (9.9)
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where the relative phase � is given by the relation [407]

� D �λNΔD
q

b2
c � (σ r/2λ)2 C i σ r NΔD/2 , (9.10)

where ΔD is the difference in the thickness of the phase shifter as seen along paths
I and II, and σ r is the reaction cross section including absorption and incoherent
scattering processes, σ r D σa C σinc.

In the case of absorbing foils, Figure 9.7a, the real part of � can be neglected for
an absorbing foil that is thin in comparison with the phase shifter, and absorption
is neglected for the Al phase shifter. Then the intensity at the O-detector becomes

IO a(� s) D jφOIe�σ r N L/2C φOIIe i � s j2 D jφOIIj2(1C aC 2
p

a cos � s) , (9.11)

where L is the absorbing foil thickness, � s D �N λbc ΔD is the phase difference
between paths I and II induced by the phase shifter, and a D je�σ r N L/2j2 is the
transmission probability of the absorbing foil to the O- or H-detector along beam
path I. Further, the equality φOI D φOII was assumed for an ideal interferometer
without both the absorber and the phase shifter.

In the next arrangement with a slow chopper, Figure 9.7b, since path I is either
fully opened or completely blocked, with the time-averaged effective transmission
probability a, the expectation for the intensity becomes

IO b(� s) D ajφOIC φOIIe i � s j2C (1� a)jφOIIj2 D jφOIIj2(1C aC 2a cos � s) .

(9.12)

The fundamental difference between these two arrangements can be considered
as whether a neutron is absorbed or not at a certain instance and at a certain spot.
This cannot be predicted for the foil absorber arrangement, whereas it can be pre-
dicted for the chopper with regard to the rotating blade in the spot or not. Therefore,
the former situation was named stochastic absorption, and the latter was named
deterministic absorption [407, 408].

The experimental results of Summhammer et al. obtained at the Grenoble high-
flux reactor are shown in Figure 9.7c, with the transmission probability depen-
dences of the interference amplitude closely following the corresponding theoreti-
cal lines. A remarkable point is the much larger amplitude of interference for the
foil absorber compared with the chopper absorber in the region of very small trans-
mission probability. Making use of the present characteristics enabled the coherent
scattering amplitude of strongly absorbing 3He gas to be successfully measured
with the silicon crystal interferometer [409].

Furthermore, an intermediate absorber element is also possible and represents a
gradual transition from deterministic to stochastic absorption. As practical devices
to realize such an element, one can suppose a lattice absorber or a very fast chop-
per. Actually, Summhammer et al. [407] carried out such an experiment by using a
lattice absorber, and obtained the result for interference amplitude in the transition
region between the two extreme cases given in Figure 9.7c.
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In the limit of a further lower transmission probability, a theory [410] predicts
an additional reduction of the interference pattern, or visibility, compared with the
purely stochastic case, owing to the effect of statistical fluctuations in the absorbing
element. Rauch et al. performed an interferometry experiment in the region of such
transmission probabilities by inserting Gd solutions of different concentrations in
one of the paths [411]. The values obtained at the very low transmission probabil-
ities lay slightly below the purely stochastic curve, which they thought might be
caused by experimental errors or by any fundamental phenomena as mentioned
above, such as fluctuations of the absorption probability [410].

9.1.5
Study of Quantum Entangled States
with a Skew-Symmetrical Perfect Crystal Interferometer

To end this section, we will look at an interesting study of the so-called postselection
procedure in which an additional spectral selection is applied to the beam behind
the crystal interferometer. The results from such an experiment lead us to consider
the fundamental concept of quantum entanglement33) on two coherent beams split
and separated from each other by a significant distance through the operation of a
phase shifter in an interferometer.

The experiment was carried out by Jacobson et al. [412] in the configuration with
a skew-symmetrical interferometer and a postselection analyzer crystal shown in
Figure 9.8 by using neutrons with wavelength λ0 Š 2.3 Å and wavelength width
δλ Š 0.036 Å at the University of Missouri research reactor. The interference
patterns for several kinds of bismuth phase-shifter thickness D were plotted by
changing the phase rotator angle α in a fine step. Especially, the forward diffracted
beam was operated by spectral filtering with a few kinds of silicon mosaic crystals
and the interference patterns after the spectral selection were investigated in detail.

The experimental results given in Figure 9.9 indicate that the visibility decreased
seriously at a large phase shift in the usual overall beam interference (Figure 9.9b)
but can be clearly enhanced and almost recovered in the narrow spectral beam
interference (Figure 9.9a). Further, comparison of the measured spectra in Fig-
ure 9.9c reveals that the spectrum in the case of severe visibility decrease was
strongly modulated after the transmission through a thick phase shifter.

On the basis of this evidence, they pointed out that interference has to be treated
in phase space rather than in ordinary space, and further that the plane-wave com-
ponents of the wave packet, that is, narrow-bandwidth components, interact over a
much larger distance than the size of the packets. Thus, spatially separated packets
could remain entangled in phase space and nonlocality will appear as a result of this
entanglement.

33) A quantum mechanical phenomenon
that two or more quantum states must be
described by connection to each other even
though they are separated far apart from each
other in real space.
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Figure 9.8 Experimental arrangement of a skew-symmetrical
perfect crystal interferometer and a postselection analyzer crys-
tal (Jacobson et al. [412]).

Figure 9.9 Experimental results for the in-
terference pattern: (a) Interference pattern
of the beam in a very narrow band reflect-
ed from a nearly perfect crystal analyzer
(δk/ k0 D 0.0003) in the antiparallel posi-
tion; (b) that of the overall beam without spec-

tral selection (δk/ k0 D 0.012); (c) spectral
modulation of the forward diffracted outgoing
beam measured by angular scan of the analyz-
er crystal with resolution 0.002 Å for different
bismuth phase-shifter thicknesses (Jacobson
et al. [412]).
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However, it must be remarked that a theoretical work on wave function col-
lapse [413] led to the conclusion that the coherence has to be lost at a statistical
level when many interfering particles interact with a macroscopic object. Therefore,
these states coherently separated in ordinary space seem to be notoriously fragile
and sensitive to dephasing effects, and are forced to transfer to a statistical mixture,
owing to interactions with a macroscopic object. Further discussions on quantum
entanglement will also appear in the next section.

9.2
Experiments on Spin Behavior with a Perfect Crystal Interferometer

9.2.1
4π Periodicity of Spin Precession in a Magnetic Field

The phase of the Larmor precession and the sign reversal of the wave function
for a neutron by rotation through 2π radians in a magnetic field were shown by
the Fresnel diffraction experiment in Section 3.4. In the present subsection, the
experiment of Werner et al. [414] which proved for the first time with a neutron
interferometer the Larmor precession phase and the 4π periodicity for neutrons will
be described. The experimental arrangement is essentially the same as that of the
COW experiment explained in the previous section, and an unpolarized neutron
beam with wavelength λ D 1.445 Å was used. Instead of the Al phase shifter in
Figure 9.1a, the magnetic device illustrated in Figure 9.10a to produce a variable
magnetic field was inserted in split path II, and the neutron count rates IH and
IO for the H- and O-beam, respectively, were measured for different values of the
magnetic field strength. The intensity difference IH � IO plotted for the change of
the magnetic field gave an obvious interference pattern, shown in Figure 9.10b.

Inserting into Eq. (3.35) for the Larmor precession of a neutron spin in a mag-
netic field, or into the half of the phase difference for the transmissions of the
magnetic fields ˙B given by Eq. (3.54), the value of the magnetic dipole moment
for a neutron; Nμn D μ/μN D �1.913, we obtain the equation for the optical path
length l in the magnetic field B to produce a 4π phase difference (complete peri-
od) between the paths with and without the magnetic field in an interferometer as
follows:

Bl D 272/λ , (9.13)

where B is expressed in gauss, the path length l in centimeters, and the wavelength
in angstroms.

On the other hand, the magnetic field measurement on the present magnet in
the interferometer gave the value for the effective magnetic path integral Bl as

hBli D 2.7Bgap (G cm) , (9.14)
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Figure 9.10 Observation of the phase shift of a spin-precessing
neutron in a magnetic field with a silicon crystal interferometer:
(a) configuration of the magnetic device used in the experiment;
(b) neutron count difference IH � IO between the deviated and
forward diffracted beams plotted as a function of the magnetic
field in the magnet air gap. The counting time was approximate-
ly 40 min per point (Werner et al. [414]).

where Bgap is the magnetic field in the magnet air gap. The oscillation period ob-
tained by interferometry, Figure 9.10b, is 62˙ 2 G. Thus,

hBli D 242/λ , (9.15)

which agreed with the theoretical value within the estimated experimental errors.
Furthermore, Grigorie et al. and Kraan et al. observed the neutron interference

and 4π periodicity of the spinor by making use of spin rotation in a magnetic field
gradient [415, 416].

9.2.2
Complementary Principle in a Double-Resonance Experiment

The complementary principle introduced by Bohr in 1928 is one of the most im-
portant principles in quantum mechanics. It requires the some of the elements
in complementary relation to each other to make up a complete classical descrip-
tion are actually mutually exclusively, and yet these complementary elements are
all necessary for the description of various aspects of the phenomenon. The prin-
ciple states that atomic phenomena cannot be described with the completeness
demanded by classical dynamics. For example (referring to textbook [C]; Chap-
ter 1, Section 3), in the case of a double-slit diffraction experiment, performing
a measurement to obtain the interference pattern at a sufficiently high resolution
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to precisely determine the angular (i. e., momentum) distribution of particles and
setting the position indicator behind the slits with sufficiently high resolution to
definitely determine which slit a particle passed through are not compatible, since
the momentum and the position of a particle are just such fundamental elements
as required by the complementary principle to be complementary.

As another expression (referring to textbook [A]; Chapter I, Section 1), if the use
of a classical concept excludes that of another, we call both concepts (e. g., position
and momentum coordinates of a particle) complementary (to each other), following
Bohr.

The result of the time-dependent experiment introduced below accompanied by
the energy transfer within a resonance coil in an interferometer has to be discussed
in terms of the mutually exclusive relation of two elements, the energy and the
time on a particle, in the sense of the complementary principle, or in other words
the energy–time uncertainty relation and the particle number–phase uncertainty
relation [417, 418].

Badurek et al. carried out a series of experiments demonstrating the time-de-
pendent superposition of spinors by making use of a radiofrequency spin-flipping
device inserted into split paths in a silicon crystal neutron interferometer [417, 418].
Especially, the double-resonance experiment [418] is very interesting in connection
with the complementary principle mentioned above and so will be introduced
below.

In the experimental arrangement shown in Figure 9.11a, the spin-reversal pro-
cess caused by the radiofrequency spin flip coil is associated with a change of the
total energy of neutrons according to emission or absorption of photons. The ener-
gy transfer according to emission or absorption of a photon was directly measured
in a separate experiment by Alefeld et al. by means of a high-resolution neutron
backscattering spectrometer [419]. The findings indicated two obviously split peaks
with energy separation 4μB0 after energy transfer of ˙2μB0 owing to the spin
reversal of �spin components, respectively, of the unpolarized incident neutrons,
when the unpolarized monochromatic incident neutrons pass through a resonance
spin flip device satisfying the resonance frequency condition ωHF D ωL D 2μB0/„
and the resonance amplitude condition B1 D π„/μ l for the Zeeman energy splitting.
Thus, the energy of a neutron detected in the backscattering spectrometry experi-
ment was either given or taken off the energy 2μB0.

Badurek et al. employed in their double-resonance experiment with the configu-
ration shown in Figure 9.11a the method of stroboscopic measurement, in which the
beat period T D 1/(ν r1 � ν r2) for two slightly different radiofrequencies ν r1 and
ν r2 was subdivided synchronously into eight consecutive time intervals of equal
width τ0 to gate the inputs of eight separate scalers. Then, the stroboscopic regis-
tration transformed the interference beating into a stationary intensity distribution
as a function of the time shift τ; τn D nτ0, n D 1, 2, 3 . . . 8, with respect to an
arbitrarily chosen reference time point.

Prior to the double-resonance experiment, a single-resonance experiment with
the radiofrequency coil inserted into only one of the split paths had been per-
formed [417]. In this case, at the resonance condition of the radiofrequency, ωrf D
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2μB0/„, the interference pattern of stroboscopic measurement synchronized to the
single resonance frequency indicated the Larmor precession on the x-y-plane for
the spin of the superposed beam, but no counting difference was observed for
the z-component, that is, there was no z-component of the polarization. In this way,
the energy change by the amount 2μB0 for one of the split beams for the incident
neutrons polarized in the z-direction resulted in the spin lying on the x-y-plane of
the superposed beam at the exit of the interferometer.

In both arrangements of these resonance experiments, the interference pattern
should become time-dependent if the energy difference is induced between two
split paths as a result of energy change by photon transfers; then stroboscopic mea-
surement is required. In the case of the double-resonance experiment, a quantum
beat condition from the difference of two radiofrequencies in synchronous opera-
tion arises between the spins of partial waves reversed in both of the split paths as
indicated by arrows in Figure 9.11a.

The experiment was performed at the Grenoble high-flux reactor by using neu-
trons with wavelength λ D 1.893 Å, wavelength width Δλ/λ D 1.2%, and polarized
by a couple of magnetic prisms (illustrated in Figure 3.15a) in series and then in-
cident in the skew-symmetrical interferometer shown in Figure 9.11a. There is a
finite path length of several centimeters for two coherent subbeams propagating
in parallel directions. This provides the advantage of facilitating the installation of
devices in one of the subbeams without them influencing each other. Each of the
radiofrequency flip coils consists of a single layer of 103 turns and connected to
the output stages of a high-performance stereo amplifier. The calculated resonance
amplitude was 0.55 A, somewhat lower than the experimentally determined value
of 0.60˙0.03 A. An initial degree of polarization Pi D 0.91˙0.02 and a maximum
spin-flip probability Wmax D 0.99˙ 0.02 of both coils were found at resonance fre-

Figure 9.11 Double-resonance experiment
with a silicon crystal neutron interferometer:
(a) Radiofrequency flip coils separately but
operated synchronously are inserted in each
subbeam within the skew-symmetrical inter-

ferometer, and a Heusler crystal analyzes the
polarization of the O-beam; (b) stroboscopically
measured interference pattern at a frequency
difference of 420 Hz between the two radiofre-
quency fields (Badurek et al. [418]).
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quency f r � 72 kHz. There exists a large Bloch–Siegert shift34) with respect to the
Larmor frequency f L D 58.3 kHz of the neutrons in the static field B0 D 2.0 mT,
which was produced by a Helmholz solenoid covering the whole region between
the polarizing prisms and the Heusler crystal analyzer. By means of an electron-
ic phase-shift circuit, 24 discrete values of phase differences within the interval 0,
2π could be established between the radiofrequency coils. Any time dependence of
the polarization behind the interferometer which varied synchronously with either
the frequencies of the radiofrequency coils or their difference, respectively, could
be discovered by means of a stroboscopic detection method based on an electronic
phase-locked-loop circuitry. The efficiencies of both flip coils with the rather large
frequency difference of 420 Hz remained as high as about 98% because of the ex-
tremely broad resonance curve.

Considering the neutron flux used, we can suppose only one neutron exists at
most within the interferometer. Therefore, if we could obtain from the stroboscopic
measurement any interfering beat pattern corresponding to the difference between
two radiofrequencies, we could say that a neutron emits or absorbs two photons,
each one for the radiofrequency in each of the two split paths35), while at the same
time the neutron shows a wave nature as the self-interference pattern in the super-
position of the split beams.

The result of the stroboscopic measurement shown in Figure 9.11b indicates an
obvious interference pattern with the period corresponding to the frequency dif-
ference of 420 Hz. Furthermore, they also performed a similar measurement with
an exceedingly small frequency difference of 0.002 Hz between the two resonance
coils and hence obtained a macroscopically observable beat effect in real time with
a period of about 500 s without any special stroboscopic electronics.

A series of these experiments provided some fundamental insight into the re-
marks by Vigier et al. [420] relating to the complementary principle in quantum
mechanics which had stimulated the present double-resonance experiment.

In the first experiment with a single resonance coil in one of the split paths, the
exchange of energy in one of subbeams caused a time dependence of the interfer-
ence pattern, but in order to convert the time-dependent interference pattern into
a stationary one by means of stroboscopic neutron registration, the phase of the ra-
diofrequency field had to be known with accuracy Δ' < 2π, and because of the par-
ticle number–phase uncertainty relation, ΔNΔ' � 2π [417], the mean number of
photons would be known only to ΔN > 1. Therefore, it was in principle impossible
to detect single-photon transitions simultaneously with the interference pattern.

In this context of the energy transfer not representing a measuring process, Vigi-
er et al. [420] proposed an experiment with two separate resonance coils inverting

34) The shift of the magnetic resonance
frequency by about [(rotating magnetic
field)/(axial direction static magnetic field)]2

induced by a magnetic field with frequency
twice that of the Larmor frequency.

35) Then, one would further want to assure
with an ultra-high resolution time-of-

flight spectroscopy of neutrons behind the
interferometer whether the neutron could
actually exchange the energy for flight by the
net amount of the difference or summation
of those of two photons.
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the spin state of each subbeam within an interferometer. According to the result
of the double-resonance experiment introduced above, Vigier et al. claimed that be-
cause of the indivisibility of each exchanged photon, the energy transfer had to be
associated with the particle properties of the neutron, and concluded that if one ac-
cepts Einstein’s postulate on energy–momentum conservation in all individual mi-
croprocesses, the individual neutrons inside the interferometer behaved as waves
and particles simultaneously [421], whereas in the Bohr–Heisenberg interpretation
of quantum mechanics the complementary principle permits a manifestation of
particle or wave properties only. On the other hand, Badurek et al. reported [418]
that the theoretical predictions for the outcome of the double-resonance experi-
ment they performed were identical for both interpretations and that all of the
observed interference phenomena can be easily explained in terms of wave me-
chanics, but that at the same time well-defined particle properties such as mass,
spin, and the associated magnetic moment can also be attributed to the neutron.

9.2.3
Experimental Test of the Einstein–Podolsky–Rosen Paradox

In this subsection, we proceed to the next fundamental subject of quantum me-
chanics: to test experimentally the Einstein–Podolsky–Rosen paradox (EPR para-
dox) [422]. As one of the typical products in the very fundamental discussions
between Einstein and Bohr at the early stage of quantum mechanics, Einstein,
Podolsky, and Rosen [422] submitted in 1935 a criticism of quantum mechanics
in the form of a paradox based on the analysis of a gedankenexperiment. In this
criticism, they insisted that the following requirements seem to be necessary for a
correct and complete physical theory:

1. Every element of the physical reality must have a counterpart in the physical the-
ory. (The condition of completeness.)

2. If, without in any way disturbing a system, we can predict with certainty (i. e.,
with probability equal to unity) the value of a physical quantity, then there ex-
ists an element of physical reality corresponding to this physical quantity. (The
condition of reality.)

To examine whether quantum mechanics satisfies both of these criteria, they per-
formed a gedankenexperiment in which they supposed two systems interacted from
time t D 0 to t D T , then after that time there was no longer any interaction
between them. The conclusion they arrived at from the gedankenexperiment was
that the description of reality as given by a wave function is not complete.

As further work to advance the EPR paradox by testing it through a practical
physical experiment, Bell developed the theoretical analysis [423] with the variant
gedankenexperiment advocated by Bohm and Aharonov [424] on the EPR para-
dox, as an argument that quantum mechanics could not be a complete theory but
should be supplemented by additional variables. He formulated his idea mathe-
matically and presented an inequality, so-called Bell’s inequality, to be satisfied by
the correlation in the experimental results if there exists such an additional vari-
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able, that is, any local, and not being quantum mechanical, hidden variable, which
up to now could not be observed. These additional variables are thought to restore
to the theory causality and locality, and be incompatible with the statistical predic-
tions of quantum mechanics. Therefore, it was pointed out to be crucial for the
definite test experiment in which there is no allowance for the measuring devices
to reach mutual agreement by exchange of signals with the velocity of light.

A few years after Bell’s work, Clauser, Horne, Shimony, and Holt (CHSH) fur-
ther extended the theorem of Bell which proves that certain predictions of quantum
mechanics are inconsistent with the entire family of local hidden-variable theories
to a more practical formula applicable to realizable experiments [425]. To test the
EPR paradox based on the locality assumption that the setting of one measuring
device does not influence the reading of another remote instrument, they consid-
ered an experiment consisting of an ensemble of correlated pairs of particles which
move so that one enters apparatus Ia located in direction a and the other enters
apparatus Ib in direction b. In each apparatus, a particle must select one of two
channels labeled +1 and�1. As a result of the analysis, they presented an advanced
version of Bell’s inequality, known as CHSH’s inequality, as follows:

�2 � S � 2 , (9.16)

where

S D E(a, b) � E(a, b0)C E(a0, b)C E(a0, b0) , (9.17)

and E(a, b) is the correlation coefficient in the detection of the pair of particles
defined by

E(a, b) D PCC(a, b)C P��(a, b)� PC�(a0, b) � P�C(a, b) , (9.18)

where P˙˙(a, b) is the probability of obtaining the results ˙ in the measurement
along a for particle 1 and at the same time the results˙ in the measurement along
b for particle 2.

The experimental realization of the situation proposed by Bell and CHSH to ver-
ify whether the local hidden variables exist or not was actually carried out about 10
years later by Aspect et al. for the case of photons [426]. They measured the linear
polarization correlation of the photons emitted in a radiative atomic cascade of cal-
cium, and derived the value for S in Eq. (9.17) as Sobs D 2.697 ˙ 0.015, strongly
violating CHSH’s inequality, Eq. (9.17), that is, the generalized Bell inequality, and
in excellent agreement with the quantum mechanical predictions. Therefore, the
argument mentioned above based on the realistic local theories to indicate the incom-
plete features of quantum mechanics is considered at present became difficult for
a system such as photons in atomic cascade decays. As explained in Section 9.1.5,
such a quantum phenomenon with correlated states in a certain coordinate in
phase space between the particles or between the split parts of a particle in spite of
being located far apart from each other in real space is called quantum entanglement.

With regard to these situations, testing Bell’s inequality or its generalized CHSH
inequality by making use of neutrons as matter waves is a very interesting and im-
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portant task. Recently, Hasegawa et al. performed a neutron-spin correlation exper-
iment with a perfect crystal interferometer [427]. In the case of the neutron inter-
ferometry experiment, the quantum entanglement realizable in actual experiments
is related not to the correlation between two particles as in the case of photons, but
to the different freedoms of a particle, that is, the quantum entanglement between
different freedoms, say, real space and spin in this case, of a single particle.

They employed a Bell-like inequality for single-neutron interferometry by mak-
ing use of the quantity S 0:

�2 � S 0 � 2 , (9.19)

where S 0 is expressed with expectation value E 0,

S 0 D E 0(α1, �1) � E 0(α1, �2)C E 0(α2, �1)C E 0(α2, �2) , (9.20)

and E 0(α, �) is the expectation value in a spin-path joint measurement in neutron
interferometry with the configuration shown in Figure 9.12a. They used this to
find neutrons with spin state (j "iC e i αj #i)/p2, and path state (jIiC e i �jIIi)/p2,
analogously to the expectation value of a joint measurement for correlated-photon-
pair experiments.

In the experimental configuration shown in Figure 9.12a, a spin-turner is insert-
ed between the first and second plates of the interferometer. The spin-turner is a
soft-magnetic MuMetal sheet of 0.5-mm thickness in an oval ring form and pro-
vided with two DC coils for magnetization. It induces an additional relative phase
shift between two beams, I and II, in the interferometer, working as the spin-phase
shifter, the induced relative phase difference being adjusted by rotation [428], as
for the spatial phase shifter based on the nuclear scattering amplitude inserted
between the second and third plates of the interferometer. In all interference oscil-
lations in the present experiment given in Figure 9.12, the relative spin phase was
shifted by about π radians.

By making use of the formula for the superposed beam given in Section 3.4, the
expectation value E 0(α, �) for the joint measurement of neutron count rates with a
single detector for the spinor and the path is given by the formula [427]

E 0(α, �) D N 0(α, �)C N 0(α C π, � C π) � N 0(α, � C π) � N 0(α C π, �)
N 0(α, �)C N 0(α C π, � C π)C N 0(α, � C π)C N 0(α C π, �)

,

(9.21)

tand is calculated from the measured count rates, where N 0(α j , �k ) is the count
rate with spin rotation α j and spatial phase shift �k . Thus, the present expecta-
tion value was thought to correspond to the correlation coefficient E(a, b) in the
conventional EPR argument.

Quantum theory predicts a sinusoidal behavior for the count rate, N 0qm(α.�) D
[1 C cos(α C �)]/2, and the same behavior is also derived for the expectation val-
ue, E 0qm(α.�) D cos(α C �). These functions will lead to the violation of Bell-
like inequality for various sets of polarization analysis and phase shift. The max-
imum violation is expected, for instance, for the following set: α1 D 0, α2 D



412 9 Neutron Interference and Phase Observation

Figure 9.12 Experiment to demonstrate the
violation of a Bell-like inequality in single-neu-
tron interferometry: (a) experimental setup
consisting of three stages, that is, preparation
of the entangled state using a spin-turner, ma-
nipulation of the spinor rotation angle α and
the spatial phase shift �, and detection; (b)

typical interference oscillations with contrasts
of 76% for one and about 73% for the other
three, where the dotted and broken lines in-
dicate (a) � D 0.78π, (a0)� D 1.78π, (b)
� D 1.29π, and (b0)� D 0.29π for deriving
the expectation values (Hasegawa et al. [427]).

π/2, �1 D �π/4, �2 D π/4, and if the experiment is ideal, the result should indi-
cate S 0 D 2

p
2 D 2.82 > 2. In an actual experiment, however, the visibility can be

reduced owing to various causes, and when the visibility is reduced, the expectation
value E 0obs is reduced as well. Therefore, to demonstrate the violation of the Bell-like
inequality, a visibility higher than 1/

p
2 D 70.7% is required for the experiment.
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The experiment of Hasegawa et al. was carried out with the silicon perfect crystal
interferometer at the S18 beamline of the Grenoble high-flux reactor. The neu-
tron beam was monochromatized to have a mean wavelength of λ0 D 1.92 Å
by the use of a silicon perfect crystal monochromator. The interference pattern
obtained indicated a visibility higher than 70% around the measuring condi-
tion mentioned above, as shown in Figure 9.12b. From these experimental da-
ta, they derived the following results for the expectation values: E 0obs(0, 0.79π) D
0.542˙0.007, E 0obs(0, 1.29π) D 0.4882˙0.012, E 0obs(0.5π, 0.79π) D �0.538˙0.006,
and E 0obs(0.5π, 1.29π) D 0.438 ˙ 0.012. Inserting these values led to the result
S 0obs D 2.051˙ 0.019.

Although this experimental result is not so distinct in violating the Bell-like in-
equality as the previously mentioned result from the two photons in atomic cascade
decays, the value derived from the single-neutron experiment slightly exceeds the
critical value of 2. Since it does not seem possible at present to undertake such a
two-neutron correlation experiment as performed with photons, it will be mean-
ingful to carry out further a single-neutron experiment with different experimental
configurations or different physical situations to verify whether Bell-like inequality
is violated or not.

9.3
Very Cold Neutron Interferometry with Grating Mirrors

9.3.1
Development of a Grating Mirror Interferometer and Experiment on the Gravity Effect

There are various advantages in using a perfect single crystal interferomerter,
which is made as a whole of a single crystal. On the other hand, there are a couple
of serious restrictions: the size of the interferometer, and as a result the spatial
spitting distance between the subbeams is limited, and that it can only be ap-
plied to thermal neutrons capable of being Bragg-scattered by the crystal lattices.
Therefore, other types of interferometers are required for application of neutrons
with longer wavelengths, such as cold or ultracold neutrons, since they have very
attractive properties for optical experiments as already described in previous chap-
ters. Actually, various development works for such kinds of interferometers for long-
wavelength neutrons have been performed up to now.

For example, Ioffe et al. [429] prepared and tested a diffraction grating interferom-
eter for cold neutrons manufactured by vacuum deposition of an about 1500 Å 58Ni
film onto a diffraction grating with a symmetrical photolithographed rectangular
profile 70-mm square with a depth of about 1000 Å and a period of 21 μm on a
glass plate, and discussed the application to ultracold neutrons.

On the other hand, Pruner et al. [430] developed a volume-phase grating interferom-
eter for cold and very cold neutrons utilizing holographical production of the gratings
from photosensitized slabs of deuterated poly(methyl methacrylate).
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Figure 9.13 A very cold neutron interferom-
eter. (a) Phase gratings; quartz glass plate
with a phase grating for neutrons and a light-
absorption grating (right, not to scale) and a
cross section of the phase grating (left), where
the height h determines the phase shift (Gu-
ber et al. [431]). (b) Top view of the neutron
interferometer; solid lines, neutron paths; dot-

ted lines, laser light paths; A1, coherent beam
splitter; A2, deflector; A3 analyzer; C, two an-
tiparallel solenoids; D, chopper selecting the
neutrons to be subjected to the field pulse; E,
second slit of the collimator; F, shielding slit;
C and D were both inserted for the Aharonov–
Bohm experiment (Zouw et al. [401]).

In this subsection, an interferometer for very cold neutrons using phase gratings in
quartz-glass plates developed by collaboration of Zeilinger’s group and Gähler et al.
will be described by introducing an experimental example applied for study of the
gravity effect [431].

A sketch of the structure of their diffraction gratings is shown in Figure 9.13a.
Two gratings are arranged side by side on a piece of 2.5-mm-thick quartz glass. The
grating used for neutrons was sputter-etched into the quartz, whereas the grating
for light was an absorption grating produced by evaporation of chromium onto the
quartz substrate. Both gratings are parallel to each other to better than 0.1 μm over
the whole length of the line. The grating constant for the absorption grating was
chosen to be 130 μm to obtain the same diffraction angle (5 mrad) for He–Ne laser
light as for the λ D 102 Å neutrons at the 2-μm phase gratings. The interferometer
employs three diffraction gratings, A1, A2, and A3 in parallel geometry as shown
in Figure 9.13b, and the entire setup was located for the test at the exit of a very
cold neutron guide as one branch bypassing the ultracold neutron turbine (see
Figure 2.18a) on the level-D floor at the Grenoble high-flux reactor. The result of
the test measurements indicated an obvious interference pattern with a maximum
contrast of over 60% in the O-beam count rate as a function of the first grating
position [431].

As mentioned previously at the end of Section 9.1, Zouw et al. carried out an
experiment to measure the phase shift due to the gravity effect by tilting the inter-
ferometer as illustrated in the inset in Figure 9.14. The experiment was performed
on the top floor of the Grenoble high-flux reactor by making use of the incident
very cold neutrons with an average wavelength of 9.5 nm and a wavelength width
of about 4 nm full width at half maximum.

The experimental results [401] are given by solid squares in Figure 9.14. The
least-squares fit of the theoretical formula with the gravitational phase shift, � D
q0Aλg sin ', where q0 D 2πmi mg/ h2, A is the area enclosed by the interferometer
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Figure 9.14 Experimental result of the gravitational phase shift
(solid squares) as a function of the tilt angle ' (refer to the in-
set). The solid line represents a least-squares fit to the theoret-
ical formula based on the measured neutron spectrum (Zouw
et al. [401]).

paths, and ' is the angle between the normal on A and the direction of g, to the ex-
perimental data points based on the measured wavelength spectrum and the local
gravitational acceleration g D 9.80507(2) measured by a precision spring balance
at the experimental site gave the value of

q0exp D 4.012(36) � 1013 rad s2 m�4 , (9.22)

The value obtained is consistent within the measurement accuracy of 1% with the
theoretical value independent of experimental parameters:

q0theor D 4.014763681(98) � 1013 rad s2 m�4 , (9.23)

derived from the precise ratio of the Planck constant to the neutron mass and the
assumption that mi D mg .

Zouw carried out an improved measurement with a significantly higher accuracy
of 0.4% by making use of a tailored incoming neutron spectrum through a filter,
and obtained the result

q0exp D (4.023˙ 0.015[stat.]˙ 0.007[syst.]) � 1013 rad s2 m�4 , (9.24)

in agreement with the theoretical value to the 1σ level [402], that is, much better
than the result obtained by Littrell et al. discussed in Section 9.1.

As mentioned in Section 9.1, the experimental result for the gravity effect ob-
tained by Littrell et al. indicated a disagreement of around 1% in magnitide with
the theoretical value, but the result obtained by Zeilinger’s group given in this sub-
section removed the disagreement by such a significant magnitude. In this way,
the disagreements of the earlier experimental results with the theoretical expecta-
tion by putting mg D mi in Eq. (9.4), which might have suggested the validity of



416 9 Neutron Interference and Phase Observation

the principle of equivalence should be questioned in the quantum limit, a long-
standing issue in the field of neutron interferometry since the experiment with
thermal neutrons by Colella et al., were much improved to support the principle of
equivalence to the level of 10�3 in the very cold neutron experiment. Therefore, a
higher experimental accuracy would be required to undertake a further study on
the principle of equivalence36).

9.3.2
Experimental Verification of Aharonov–Bohm Effect

As a starting point for the present problem, let us consider the wave function of
a particle acted on by forces. It is given, for example, by Pauli in his textbook [A],
Section 4, as follows.

The description of the states of a system of particles subject to forces emerged
as a generalization of that for free particles. Evidently, the corresponding concepts
and laws should be consistent with one another and contain the laws of classical
particle mechanics as limiting cases.

First, we shall give the modifications necessary in the wave equation in the pres-
ence of an external magnetic field. If A k are the components of the vector potential,
e the charge of the particle, and c the velocity of light, the magnetic field strength is
given by37)

Bk l D @A l

@xk
� @A k

@xl
. (9.25)

The electric field strength has an additional term

Ek D �1
c

@A k

@t
(9.26)

if A k depends explicitly on the time.
The fact that the classical Hamiltonian is obtained from the one without the mag-

netic field by replacing pk by pk � e
c A k makes it reasonable to write the wave equa-

tion of the particle in a magnetic field by replacing the operator „i
@

@xk
by „i

@
@xk
� e

c A k

in the wave equation without the magnetic field.
It is an important fact that the potentials A k are determined only up to an addi-

tional gradient term, since by such an addition the magnetic field strengths Bk l are
not altered. Hence, it is permitted to make the substitution

A0k D A k C @ f
@xk

, (9.27)

36) In this connection, in the gravity effect
study by making use of an ultracold atom
interferometer with laser-cooled atoms, the
experimental accuracy of Δg/g Š 3 � 10�9

was reported as being attained [432].
37) We prefer to write B as an antisymmetrical

tensor (Bkl D �Blk ) so that B23, B31 and

B12 denote, respectively, the 1-, 2-, and
3-components of B . The vector product [ Px , B]
then has the 1-component Px2 B12 � Px3 B31

and this is, in fact, equal to Σl B1l Pxl , since
B31 D �B13, B11 D 0.
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where f is an arbitrary function of the position coordinates. Since f can contain the
time explicitly, one has to set, at the same time,

U 0 D U � e
c

@ f
@t

(9.28)

to keep the expression for the force.
In the wave equation, not only the magnetic and electric field strengths but also

the potentials U and A k enter. If φ is a solution of the wave equation with the
potentials U and A k , we obtain a solution φ0, with the potentials U 0 and A0k given
by Eqs. (9.27) and (9.28) if we make the substitution

φ0 D φ exp
�

i e
„c

f
�

. (9.29)

The group of substitutions defined by Eqs. (9.27)–(9.29) is called the gauge group.
Quantities which do not change under these substitutions are called gauge-invari-
ant quantities. It is worth noting that not only the probability density φφ� but also
the current i and the stress tensor Tk l are gauge-invariant quantities. From this
point of view the form of the wave equation and in particular the special choice of
the Hamiltonian operator in the wave equation must be considered as quite natu-
ral. On the other hand, the wave equation depends essentially on the assumption
that the field quantities U and A k themselves can be considered as classical quan-
tities (given space–time functions) of such a kind that the possible influence of the
quantum of action on the definition of these field quantities can be disregarded.

In 1959, Aharonov and Bohm [433] pointed out very interesting properties of
the electromagnetic potentials in the quantum domain as follows. In classical elec-
trodynamics, the vector and scalar potentials were first introduced as a convenient
mathematical aid for calculating the fields, whereas the fundamental equations of
motion can always be expressed directly in terms of the fields alone. In quantum
mechanics, on the other hand, the potentials cannot be eliminated from the basic
equations in the canonical formalism. Nevertheless, these equations, as well as the
physical quantities, are all gauge-invariant, so it has been considered that even in
quantum mechanics the potentials themselves have no independent significance.
However, Aharonov and Bohm showed that the above conclusions are not correct
and that a further interpretation of the potentials, that is, consideration of the so-
called Aharonov–Bohm effect (AB effect), is needed in the quantum mechanics, and
further they described possible experimental configurations to test the effects they
predicted.

The principle of their experiment to verify the predicted effect is described as fol-
lows. Consider a single coherent electron beam to be split into two parts, and each
part is then allowed to enter a long cylindrical metal tube, as shown in Figure 9.15a.
After the beams pass through the tubes, they are combined to interfere coherently
at a location F. By means of time-determining shutters, the beam is chopped into
wave packets W1 and W2 with size long compared with the wavelength but short
compared with the length of the tubes M1 and M2. The potential in each tube is
controlled to be nonzero only while the electrons are well inside the tube (region
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Figure 9.15 Configuration of experiments proposed by
Aharonov and Bohm to demonstrate the effect of interference
interpreted by potentials: (a) experiment on time-dependent
scalar potential; (b) experiment on time-independent vector
potential (Aharonov and Bohm [433]).

II), and zero while the electrons are in region I or III; thus, it is ensured that the
electron is in a time-varying potential without ever being in a field. In such a situa-
tion, a term for electric potential Vi(t) D e'i (t), i D 1, 2, a function of time only, is
added to the Hamiltonian of the particle in each part for the region inside tubes 1
and 2, respectively. Then, the solution will differ from that without the potential just
by a phase factor. Thus, the total solution of the wave function φ0 for the electron
at the interfering position F after the superposition in region III will be given by

φ0 D φ0
1e�i S1/„ C φ0

2e�i S2/„ ,

S1 D e
Z

'1d t , S2 D e
Z

'2d t , (9.30)

and it is evident that the interference of the two parts at F will depend on the phase
difference (S1 � S2)/„, inducing a physical effect even though no force is ever
actually exerted on the electron.

Another special case of two paths in space only and independent of time, but
inducing an associated phase shift is illustrated in Figure 9.15b. It corresponds to
the situation including a current flowing through a very closely wound cylindrical
solenoid of radius R, center at the origin and axis in the z-direction, and creating
a magnetic field H . The magnetic field is essentially confined within the solenoid,
but the vector potential A is evidently nonzero everywhere outside the solenoid, be-
cause the total flux through every circuit containing the origin is equal to a constant:

φm D
Z

H 	 d s D
I

A 	 dx . (9.31)

In this way, the interference pattern between the two beams enclosing the vector
potential A, that is, passing on opposite sides of the solenoid, as illustrated in
Figure 9.15b, will evidently depend on the phase difference:

(S1 � S2)/„ D (e/„c)
I

A 	 dx D (e/„c)
Z

H 	 d s D (e/„c)φm , (9.32)

where φm is the total magnetic flux inside the circuit. This effect is called the vector
AB effect.

Concerning the effect in the present argument, they also pointed out as the
essential result of the present discussion that in quantum theory an electron,
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for example, can be influenced by the potentials even if all the field regions are
excluded from it. Furthermore, more recently an extension of the AB effect was
presented by Aharonov and Casher [434], who predicted that a neutral particle
possessing a magnetic dipole moment should experience an analogous phase shift
when diffracted around a line of electric charge (Aharonov–Casher effect, AC ef-
fect). A possible experimental configuration to verify the AC effect corresponds to
first replacing the solenoid in Figure 9.15b with an equivalent line of electrically
neutral magnetic dipoles, and next interchanging the roles of charge and mag-
netic dipole; thus, as a result one has two split paths of an electron enclosing the
solenoid to be replaced by two paths of a particle with a magnetic dipole moment
enclosing the static electric charge.

The AB effect predicted by Aharonov and Bohm was observed and measured
for the first time in 1986 in texperiments with electrons by Tonomura et al. [435].
The experimental verification of the AC effect with a neutron interferometer had
already been performed, for example, by Cimmino et al. [436]. Furthermore, the
experimental demonstration of the scalar AB effect for a neutral particle with a mag-
netic moment in a time-dependent magnetic field was carried out by making use
of an atomic interferometer in the time domain [437]. In addition to these studies,
various experimental investigations on the AB and AC effects by using electrons
and neutrons have been reported.

In the following, the experimental results for the scalar AB effect obtained by
Zouw et al. with the diffraction grating type of very cold neutron interferometer
shown in Figure 9.13a will be introduced [401, 402].

The whole configuration of the interferometer was arranged as shown in Fig-
ure 9.13b, in accord with Aharonov and Bohm’s proposal in Figure 9.15a, but with
the replacement of electrons by neutrons, and also the role of the term e' (' being
electric potential) in the Hamiltonian for the electric AB effect was replaced with
that of the term μH D μσH in the Hamiltonian for neutrons.

The experiment was performed on the top floor of the Grenoble high-flux reactor
by making use of incident very cold neutrons with an average wavelength of 9.5 nm
and a wavelength full width at half maximum of about 4 nm. In advance of the ex-
periment on the AB effect, the dispersivity of the phase shift from a static magnetic
field was demonstrated as shown in Figure 9.16a with the count rate pattern as
function of the DC current. The interference pattern was clearly washed out after
a few fringes owing to the phase shift being dependent on the neutron velocity,
and agreed well with the theoretical expectation assuming a Gaussian wavelength
distribution.

The next measurement to demonstrate the nondispersivity of the scalar Aharo-
nov–Bohm phase shift was carried out by applying switched magnetic fields to two
beam paths in opposite directions in such a way that the neutrons never experience
a classical force, that is, the field was switched on only while the chopper-pulsed
neutron was completely inside its homogeneous region. In the present experiment
using an unpolarized neutron beam, the spin-independent phase of the interferom-
eter had to be adjusted to multiples of π for the spin-dependent Aharonov–Bohm
fringes to have maximum visibility. This requirement was achieved by translating
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Figure 9.16 Experimental results for the scalar
Aharonov–Bohm effect with a diffraction grat-
ing type of very cold neutron interferometer.
(a) Phase shift pattern as a function of a DC
current through the coil; the disappearance of
the fringes demonstrates the dispersivity of a
phase shift from a static magnetic field. The
solid line represents a fit to an analytical mod-
el assuming a Gaussian wavelength distribu-

tion and no adiabatic effects. (b) Aharonov–
Bohm-type phase shift as a function of the
field pulse integral over time; the fringe visibil-
ity remains constant over the entire range,
demonstrating the nondispersivity of the
phase shift. The solid line is a fit to a sinusoid
with frequency μ/„ D 9.14 rad G�1 ms�1

(theoretical expectation, 9.16 rad G�1 ms�1)
(Zouw et al. [401]).

the first grating, as mentioned previously concerning the present diffraction grat-
ing type of interferometer. The experimental result is shown in Figure 9.16b with
the count rate as a function of the field integral over time, as calculated from the
current-pulse integral and the coil geometry. The interference contrast remained
constant over the entire range and far more fringes were visible than in the static
case. The frequency of the interference pattern agreed well with the expected value.
The present result clearly demonstrated the verification and the nondispersivity of
the scalar Aharonov–Bohm phase shift for neutrons.

9.4
Time-Dependent Interferometry

Some examples of time-dependent interferometry by making use of diffraction grat-
ing interferometers were introduced in the previous section. The experimental
approach was illustrated in Figure 9.13b; the incident neutrons were pulsed by a
chopper and the magnetic field controlled to synchronize with the pulse was exert-
ed only while the neutrons were completely within the magnetizing solenoid. The
experimental result shown in Figure 9.16b was obtained to verify the Aharonov–
Bohm phase shift. In that experiment using unpolarized incident neutrons, the
neutron beam was spatially split and switched magnetic fields had to be applied to
two beam paths in opposite directions to verify the scalar Aharonov–Bohm phase
shift (scalar AB effect).

In contrast to the experimental approach mentioned above, Badurek et al. [233]
made use of polarized neutrons for an experiment with the same purpose but ear-
lier than the experiment described in the previous section, that is, to demonstrate
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Figure 9.17 Experimental setup of time-de-
pendent neutron interferometry. A rotating
Fermi chopper imposes a time structure on
the neutrons polarized through reflection
from a supermirror. The operation of the sub-
sequent magnetic field oriented in a direction

orthogonal to the neutron polarization could
be selected according to the experimental pur-
pose, either constant in time or synchronously
switched on and off so as to exert the field
only while the neutrons are inside the field
region (Badurek et al. [233]).

for the first time the nondispersivity of the AB effect, by using the configuration
shown in Figure 9.17. In their configuration, the incident polarization vector P is
perpendicular to the beam direction, and a homogeneous time-dependent magnet-
ic field B(t) is exerted along the direction perpendicular to both of these directions,
and is switched on and off in such a way that it is zero both when the neutron en-
ters the magnetic field region and when it leaves that region again. Then, the two
spin eigenstates experience just a different change in frequency Δω D ˙μB/„,
and the particle momentum remains a constant of motion. Evidently, such a mag-
netic field leads to a phase shift on the neutron wave function predicted as the AB
effect with the time integral of Δω, and thus it is nondispersive as required for a
topological effect and of different sign for the two spin eigenstates.

The experiment was performed with neutrons of a wide wavelength range from
2 to 6 Å at the experimental neutron guide laboratory of the FRM-I research reactor
of the Technical University of Munich.

In advance of the time-dependent interferometry, measurement with a constant
magnetic field was performed and the result is shown in Figure 9.18a. No intensity
oscillations behind the analyzer can be observed, since the phase difference accom-
panied by a relative displacement of two eigenstates exceeds the limited length of
coherent spread of the neutrons used with the wide spectrum.

On the other hand, in the case of the time-dependent measurement, the switch-
ing times of the magnetic field were chosen appropriately according to the require-
ment of the force-free scalar Aharonov–Bohm situation as explained in the figure
caption. Then, the interference pattern after the magnetic field can be measured
as the intensity of the neutrons reflected by the supermirror analyzer by triggering
the detector synchronously to the chopper burst. The experimental result shown
in Figure 9.18b demonstrates unambiguously that the phase shift caused by the
magnetic field is not accompanied by a reduction of contrast and hence there is
essentially no limit on the number of observable intensity oscillations whatever the
spectral width of the incident beam may be, provided one can prepare adequate
pulsed magnetic fields to meet the requirement mentioned in the figure caption.

The present experiment demonstrated for the first time the nondispersivity of
the AB effect, as a spin-rotation analog of the scalar AB effect, and indicated the
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Figure 9.18 Number of neutrons counted after the second
supermirror plotted against the phase difference between the
spin eigenstates as introduced by the magnetic field: (a) a stat-
ic magnetic field exerted in the region between the polarizer
and the analyzer; (b) as in (a) but now with the magnetic field
switched on and off to exert a field only while the neutrons are
inside the magnetic field region (Badurek et al. [233]).

essential feature of the topological nature of the Aharonov–Bohm-type phase, that is,
independent of the velocity (wavelength) of the interfering particles.

In addition to the experiments already introduced in Chapter 3 and in the present
chapter, further various experimental studies with neutron interferometers have
been reported relating to the neutron spin as investigations on the properties of
the topological phase.

We would like to add at the end of this section in relation to time-dependent
interferometry that Felber et al. [266] presented a little later than Badurek’s experi-
mental report the concept of using neutron time interferometry as a very attractive
counterpart of conventional spatial interferometry and performed some theoretical
analyses on the concept.

9.5
Neutron Interferometry with Single-Layer and Multilayer Mirrors

As mentioned at the beginning of Section 9.3, the perfect single crystal type of in-
terferometer is essentially restricted applications for thermal neutrons, and there-
fore various types of interferometers with single-layer and multilayer mirrors have been
developed and applied for neutrons with wavelength longer than that of thermal
neutrons. A single-layer mirror could be used for ultracold neutrons, whereas mul-
tilayer mirrors have a variety of applicabilities covering cold neutrons and also very
cold neutrons.

As an example of a proposal for an ultracold neutron interferometer, Steyerl
et al. [438] considered a Michelson-type interferometer with the arrangement illustrat-
ed in Figure 9.19, and analyzed the performance as well as the expected neutron
intensity in the case of it being inserted in place of a set of the sample mirrors in
Figure 2.3 in the gravity diffractometer introduced in Chapter 2.
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Figure 9.19 Confuguration of a version of a Michelson interfer-
ometer to be applied for ultracold neutrons: A single semitrans-
parent mirror m acts both as a beam splitter and an analyzer,
and two horizontal mirrors, M1, M2, and one vertical mirror are
arranged such that the area enclosed by each slit path of an ul-
tracold neutron beam is nearly zero, thus eliminating shifts due
to the Coriolis force (Steyerl et al. [438]).

In the present geometry of the split paths, a significantly wide band width of hor-
izontal neutron velocities may be admitted for experiments requiring a high resolu-
tion only in the vertical direction. The geometry is arranged such that the effective
area enclosed by the coherent beams is virtually zero, thus rendering the interfer-
ometer insensitive to the Coriolis force, which is thought to give rise to a small
fringe shift proportional to the enclosed area, as known from the phenomenon
called the Sagnac effect38) in conventional optics.

For the realization of the ultracold neutron interferometer described above, the
manufacturing precision for a mirror size of 10�10 cm2 with an allowable angular
deviation due to misadjustment or long-range surface waviness must not exceed
about 10�7 rad. In addition precautions must be taken to keep temperature varia-
tions below tolerable limits.

Another approach for the development of an interferometer for cold and very
cold neutrons was carried out by making use of multilayer mirrors by Ebisawa
et al. at the Kyoto University Research Reactor Institute [440]. In the case of sin-
gle-crystal interferometers introduced in earlier sections of this chapter, all optical
components of the splitter S, the reflector for subbeams M, and the analyzer A
consist of a common single crystal as illustrated in Figure 9.1a. In contrast, in the
case of a multilayer interferometer composed of two or more sheets of artificial

38) Suppose one introduces two split continuous
coherent light beams traveling in opposite
directions along the trajectory of a closed
loop enclosing an area, and then superpose
them at the joining point on the loop. If a
rotation is applied to the closed loop, a phase
difference is induced in the interference
pattern owing to the difference between
the distances traveled by each beam. This

effect reported by Sagnac [439] is named the
Sagnac effect, and is nowadays applied for
practical uses such as in optical gyroscopes
to measure the phase difference proportional
to the angular velocity of the optical system
containing a closed loop, as, for example, in
ring laser gyroscopes in global positioning
systems.
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mirrors, the relative positions and angular settings of these components prepared
independently must be technically arranged and controlled with the precision of
the neutron wavelength to be used in the experiments. Ebisawa et al. arranged
these optical components on a common flat baseplate, and developed an effective
approach for high-precision control of the mirror positions and the setting angles
by making use of the combination of precision induction sensors and piezo actu-
ators. These components and technologies were further applied for the realization
of multilayer mirror spin interferometers for cold and very cold neutrons, to be
described in detail in the following and also in the next section.

As a more practical arrangement for the multilayer mirror interferometer, Funa-
hashi et al. employed the geometrical configuration of a Jamin type of interferometer
arrangement shown in Figure 9.20 consisting of a couple of multilayer mirrors
with an intermediate monolayer between them. This moderated very effectively
the severe technical requirement of parallelism and relative positions between four
optical elements, a splitter, two reflectors, and an analyzer, compared with the con-
figuration setting these four elements independently. They successfully observed
interference patterns as shown in Figure 9.21 in multilayer interferometry with
cold neutrons [441].

The experiment was performed by using beamline MINE at the cold neutron
guide tube of the JRR-3M reactor, Japan Atomic Energy Research Institute, Tokai.
The neutrons in the incident beam with a wavelength of 12.6 Å and a wavelength
width of 3.5% full width at half maximum were coherently split into Φb and Φc

by the reflection from the first pair. The relative phase difference induced for the
incident angle θ1 and the wavelength λ can be expressed as

Δ�1 D 2π
2D sin θ1

λ
, (9.33)

where D denotes the effective distance between the two multilayer mirrors in a
single pair, and is given by the relation D D T C N d for the intermediate mono-
layer thickness T and the multilayer of layer number N with unit bilayer thick-
ness d. In the experimental results shown in the inserts (i) in Figure 9.21 for the
measurements with only a single pair of multilayers, the interference fringes are

Figure 9.20 Arrangement of the multilayer mirror interferome-
ter. The angles θ1 and θ2 denote the grazing angles for the first
and second pair of multilayer mirrors, respectively. FWHM full
width at half maximum. (Funahashi et al. [441]).
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Figure 9.21 Experimental results with a mul-
tilayer interferometer. (a) Intensity registered
by the neutron counter for the case with a
multilayer pair consisting of a unit bilayer
thickness d of 180 Å and an effective dis-
tance between the two multilayer mirrors D
of 10 100 Å. (b) The same as (a) but for a
pair consisting of a unit bilayer thickness d

of 140 Å and an effective distance between the
two multilayer mirrors D of 3 700 Å. in both
(a) and (b), (i) is the reflected intensity from a
single pair, and (ii) is the interference fringes
observed by changing the relative angle be-
tween the first and second pairs. (Funahashi
et al. [441]).

not obviously observed, since the phase difference Δ�1 becomes much larger than
2π(λ/Δλ) for the wavelength width Δλ of the beam.

With the addition of the second pair as illustrated in Figure 9.20, the phase dif-
ferences induced within each pair mostly cancel each other and the resultant phase
difference remaining between Φb0 and Φc0 is given by

Δ�1 � Δ�2 D 2π
2D
λ

(sin θ1 � sin θ2) Š 2π
2D
λ

δθ , (9.34)

where δθ D θ1 � θ2.
In this way, scanning δθ over the region from�(λ/2D)(λ/Δλ) to (λ/2D)(λ/Δλ),

one observes interference fringes with the period λ/2D according to Eq. (9.34), as
obviously indicated in the main plots (ii) in Figure 9.21. From these results, the
present approach of the multilayer mirror interferometer can be applied to much
wider wavelength regions of cold and very cold neutrons, compared with the sin-
gle crystal type of interferometer, the application of which is restricted to thermal
neutrons. Those neutrons with longer wavelength are expected to be advantageous
for precision measurements to study various phenomena in fundamental physics.
Especially, as introduced in the next section, a variety of experimental studies have
been performed by making use of the present type of interferometers consisting of
magnetic multilayers and/or polarized incident neutrons.
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9.6
Spin Interferometry Experiments with Magnetic Multilayer Mirrors

9.6.1
Development of a Phase-Spin-Echo Interferometer

In this subsection, we would like to study some details of the phase-spin-echo interfer-
ometer with magnetic multilayers developed by Ebisawa et al. at the Kyoto University
Research Reactor Institute. A short description of the principle of the device was
given in Section 3.4.

With regard to their spin interferometer, Figure 3.16 illustrates the schematic
configuration of the optical elements, the typical interference pattern observed,
and the outline of the magnetic multilayer used as the spin splitter and analyzer,
respectively. The overall setup is shown in Figure 9.22a [158]. In the present con-
figuration, two identical multilayer spin splitters (MSS1 and MSS2) are mounted
on the goniometer in the respective precession fields, and work with simultaneous
occurrence of phase-echo and spin-echo.

The incident neutrons are polarized in the (x-y)-plane as illustrated by an arrow
in a circle in Figure 3.16c, perpendicular to the quantization z-axis defined by the
guide field, by the combination of a polarizer and π/2 flipper 1 in Figure 9.22a.
According to the rule of spin superposition described in Section 3.4, the present
spin state jSx y i can be expressed as the superposition of the spin eigenstates j "z i
and j #z i as follows:

jSx y (�)i D 1
2

˚j "z i C e i �j #zi
� D e i �/2

p
2

n
cos

� �
2

	
j "x i � i sin

� �
2

	
j #x i

o
,

(9.35)

where � is the phase difference between the spin eigenstates. Therefore, the expec-
tation value of the x-component hSx i is given by

hSx (�)i D cos � . (9.36)

Figure 9.22 Cold neutron phase-spin-echo
interferometer with magnetic multilayers: (a)
arrangement of the interferometer with two
identical multilayer spin splitters, MSS1 and
MSS2, mounted on respective goniometers
(dotted lines) in the precession fields; (b)

measured spin-echo profile for a phase-spin-
echo interferometer composed of PG/G5/NT
multilayers for MSS1 and MSS2 at a split-
ter setting angle of about 1.7ı (Ebisawa
et al. [158]).
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Then, the neutrons are reflected by the first multilayer pair element as a spin split-
ter MSS1 in the precession coil.

In a similar way, the neutrons coming out of the second multilayer spin splitter
MSS2, positioned parallel to MSS1, but now in the role to superpose split spins,
are analyzed by the combination of π/2 flipper 2 and the polarization analyzer, and
the final expectation value of the x-component, hSx i, can be determined from the
neutron counts registered by the detector. Thus, the conditions of the spin echo of
the split beam and also phase echo by Eq. (9.34) as described below can be simulta-
neously attained, and this results in a neutron spin-phase-echo interferometer with
a couple of magnetic multilayer pairs.

The present interferometer was developed and tested by making use of a cold
neutron beam with a wavelength of 8.0 Å and a wavelength width of 4.5% from
the CN-1 guide at the cold neutron source facility of the Kyoto University research
reactor, Kumatori. It was used for experiments on neutron optics studies. Further-
more, the configuration and elements of the spin interferometer were duplicated
and provided for various neutron optics experiments with incident neutrons with a
longer wavelength of 12.6 Å and a wavelength width of 3.5% as one of the joint-use
instruments at beamline C3-1-2 in the cold guide hall at the JRR-3M reactor, Japan
Atomic Energy Agency (JAEA), Tokai.

In the multilayer pair shown in Figure 3.16a, the parallel spin component j "zi
among the incident neutrons with wavelength λ satisfying the Bragg condition
λ D 2d sin θ is reflected by the multilayer at the surface side, whereas the antipar-
allel component j #zi passes through both the magnetic layer and the intermediate
gap layer, and is then Bragg-scattered by the inner nonmagnetic multilayer. Thus,
the spin state jSx y i is split into parallel and antiparallel eigenstates, and accord-
ing to the optical path difference depending on the thickness of the gap layer, an
additional phase difference �a is induced as

�a D 4πD n?(θ ) sin θ
λ

, (9.37)

where n?(θ ) is the effective refractive index of the gap layer for a neutron with
wavelength λ at grazing angle θ given by

n?(θ ) D
�

1� N bc

π

� λ
sin θ

	2
�1/2

. (9.38)

Therefore, the phase-spin-echo interferometer with simultaneous occurrence of
spin-echo and phase-echo conditions is realized by arranging a couple of identical
spin splitters in a parallel geometry and a π flipper between them in the flight path
between a couple of π/2 flippers in the guide field as illustrated in Figure 9.22a.

Several kinds of multilayer pairs were prepared with different layer thickness
and layer numbers, and as an example, the experimental result for the interfer-
ence pattern for a multilayer element consisting of a magnetic multilayer (seven
bilayers of permalloy-45 (Fe55Ni45; PA) with thickness 100 Å and titanium with the
same thickness, and a gap layer with thickness 2000 Å) and a nonmagnetic mul-
tilayer (seven bilayers of nickel with thickness 100 Å and titanium with the same
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thickness), was given in Figure 3.16b. The experimental result for an extended re-
gion of the precession current is shown in Figure 9.22b for the case of the same
magnetic and nonmagnetic multilayers, but the gap layer was 5000-Å germanium.
Both of these interference patterns indicate high contrast obtained as a result of
simultaneous occurrence of the spin-echo and phase-echo interference.

9.6.2
Observation of the Transverse Coherence Length

The concept and theoretical formula for coherence length and coherence time were
introduced for the interference of light. From the viewpoint of experiment, the
coherence length or coherence time can be estimated in relation to the visibility
mentioned in Section 9.1 to attenuation down to 1/e of the original value, where
the visibility V can be defined by the expression

V(ΔI τ) D Imax(ΔI τ)� Imin(ΔI τ)
Imax(ΔI τ)C Imin(ΔI τ)

, (9.39)

with the intensities Imax(ΔI τ) and Imin(ΔI τ) as the maximum and minimum, re-
spectively, in the interference pattern for a spatial shift Δ and a temporal shift τ.
Although there are some common features in such concepts and formula used in
light optics that are also applicable to neutron optics, we notice important differ-
ences and essential difficulties in applying the framework in light optics to neutron
optics, which handles matter waves. For example, every spectral component of neu-
trons propagates with a different velocity (e. g., refer to textbook [D], pp. 433–437).

Concerning matter waves described by the Schrödinger equation, and assuming
a quasi-stationary state or a sufficiently slow time dependence, Rauch represent-
ed these related fundamental relations by using the coherence function Γ (Δ) as a
function of the three-dimensional spatial shift Δ [406]. Especially, for the case of
Gaussian momentum distributions having widths δki (i D x , y , z) in each of the
three orthogonal directions x , y , z, he obtained a Gaussian coherence function for
continuous wave experiments:

Γ (Δ) D
Y

iDx ,y .z

e�[(Δ i δki )2/2] . (9.40)

The coherence function and the visibility of the interference pattern from the su-
perposition of split beams I1 and I2 can be related as

V(Δ) D 2
p

I1 I2

I1 C I2
jΓ (Δ)j . (9.41)

Thus, the coherence length Δ cx for a one-dimensional spatial shift is directly related
to δkx in the present theoretical framework as

Δ cx D
p

2
δkx

. (9.42)
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Therefore, it would be an interesting task to evaluate the visibility to be observed
in a certain spatial direction in neutron interferometry experiments and to inves-
tigate the consistency with the results from the Gaussian description of the coher-
ence function. Especially, it would be very stimulating if any discrepancy, more or
less, against the results from the wave function description using the Schrödinger
equation might come out from an interferometry experiment with long-wavelength
neutrons.

In Section 9.1 we studied measurements of longitudinal coherence length where
the possibility of a coherence length inherent to a neutron was discussed. In the
present subsection, two different experimental approaches for measuring the trans-
verse coherence length, that is, in the direction perpendicular to that of the wave prop-
agation, of a neutron and the experimental results will be described.

The first experiment was carried out by Hino et al. [442] by making use of the
multilayer spin interferometer described in the previous subsection. In their ex-
periment, the mutual geometrical arrangement of the spin splitter (MSS1) and the
spin analyzer (MSS2) in Figure 9.22a was reversed from that in Figure 9.23a to
that in Figure 9.23b. Then, in contrast to the superposition of two subbeams in
Figure 9.23a with the transverse separations canceling each other by the reflection
by the spin splitters in parallel arrangement on both sides of π flipper, in the case
of the symmetrical arrangement shown in Figure 9.23b the transverse shifts are
additionally summed and the possible resultant effects due to the transverse shift
dependent on the gap layer thickness and on the mirror angle should be observed
in the interference pattern with the spin analyzer. The spin polarization visibility
to be observed in the spin interferometry is expected to indicate mostly the effect
of the transverse coherence length of a neutron since the present arrangement in-
duces a transverse spatial separation but spin convergence of " and # components.
The experimental results are plotted in Figure 9.23c for an incident angle to the
splitter of 1.15ı , where the divergence angle of the incident neutron was varied by
changing the slit width in the incident neutron line [442].

Assuming the visibility decrease in the observed results as the difference be-
tween the dotted line and the solid line for a gap layer thickness in Figure 9.23c is
caused by the transverse separation in the subbeam superposition, one can relate
the results to Eqs. (9.40)–(9.42) in the coordinate of the transverse direction. The
estimated transverse coherence length based on Eq. (9.42) has a value larger than
10 μm.

As the next viewpoint, the intersections of these lines extrapolated to the condi-
tion of no incident divergence gave values smaller than unity, in contrast to the ex-
pectation from Eqs. (9.40) and (9.41) of unity. The present observed effect might be
related to some intrinsic coherent separation of a neutron, which should diminish
somewhat the observed visibility depending on the transverse separation. However,
the intersections observed experimentally do not seem to be consistent with such
a supposed dependence on the transverse separation, and only the intersection for
the symmetrical spin splitters with a thicker gap layer of 1.0 μm decreased to sig-
nificantly less than unity. Anyway, they considered that one of the most probable
causes of the present visibility decrease without the incident neutron divergence is
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Figure 9.23 Arrangements for transverse
spatial separation but spin convergence of "
and # components. (a) and (b) Two kinds
of arrangements for a couple of multilayer
spin splitters, in which each splitter element
consists of, from the surface side, a magnet-
ic layer (80-nm-thick permalloy-45), a gap
layer (germanium with thickness D), and a
nonmagnetic layer (80-nm-thick nickel). (c)
Observed visibility of the spin-echo signal as

a function of the incident neutron divergence
angle. The solid and open symbols indicate
PNSE reflected by a couple of spin splitters
with gap layer thickness 0.5 and 1.0 μm, re-
spectively. The squares and circles correspond
to the results for the parallel, that is, (a), and
symmetrical, that is, (b), arrangements of the
couple of spin splitters, respectively (Hino
et al. [442]).

the effect of surface roughness in the spin splitters, since there is a tendency for
evaporation of a thicker gap layer to induce a greater roughness of the interface and
surface, or a greater thickness inhomogeneity, on the upper magnetic layer. From
these considerations, they concluded conservatively that the present experimental
results could not convincingly indicate the existence of an intrinsic maximum co-
herent separation of a neutron.

The second experiment on the transverse coherence length was carried out by
Kitaguchi et al. by making use of slightly different optical elements and interferom-
etry [443]. They employed etalons39) as the beam splitter and the analyzer, as shown
in the plan view in Figure 9.24a, after vacuum-evaporating a magnetic multilayer
of PA and germanium on the surface of one side, and a nonmagnetic multilayer of
nickel and titanium on the surface of the other side. Further, to observe the visibili-
ty variation, the relative arrangement of the splitter and the analyzer was twisted as
illustrated in the vertical section in Figure 9.24a, and the visibility measurements
were performed for a stepwise change of the tilting angle α, instead of changing
the incident beam divergence as in the previous experiments of Hino et al.

The multilayer in the beam splitter and analyzer consists of eight bilayers with an
effective lattice constant of about 240 Å, and the spacing in the etalon is 9.75 μm.
The measurements were performed by using cold neutrons with a wavelength
8.8Å and a wavelength width 2.4% at beamline MINE2 of the JRR-3M reactor. As

39) An etalon is an optical element consisting
of two reflecting surfaces facing each other
and separated by certain gap. Various kinds
of high-precision optical etalons are available
commercially.
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Figure 9.24 Multilayer spin interferometry
with optical elements of etalons for the mea-
surement of the transverse coherence length.
(a) Setup of the beam splitter, first etalon
(1st BSE) and analyzer, second etalon (2nd
BSE), and the vertical section indicating the
vertical shift of subbeams to be superposed
after the reflection by 2nd BSE. (b) Visibility
change measured as a function of the verti-
cal shift between superposed subbeams. The
open circles correspond to the case of the

sharper incident beam with standard devia-
tion of the vertical wave number distribution
δkz D 0.024 nm�1, and the solid circles cor-
respond are that of the incident beam with
standard deviation of the vertical wave num-
ber distribution δkz D 0.011 nm�1. The
solid and broken lines are the results calculat-
ed with Eq. (9.40), and the horizontal arrows
show the coherence length estimated with
Eq. (9.42) (Kitaguchi et al. [443]).

shown by the experimental results in Figure 9.24b, the coherence lengths of 58˙2
and 129 ˙ 10 nm were obtained for the incident beam collimations 1 and 2, re-
spectively, in good agreement with the theoretical values of 59 and 130 nm from
applying Eq. (9.42) to the vertical direction. In this way, the transverse coherence
length derived from the visibility decrease in the present experiment gave reason-
able agreement with that estimated from the standard deviation in the momentum
distribution of the incident neutron. There was thus no obviously positive indica-
tion of a finite intrinsic transverse coherence length of the neutron.

9.6.3
Observation of Quasi-Bound States of the Neutron in a Magnetic Resonator

As described in Figures 2.20 and 2.21 for unpolarized neutron experiments, mul-
tilayers with a double-hump potential are capable of working as resonators to bind
neutrons temporarily in the potential. Applying the present principle to a spin-
dependent potential as illustrated in Figure 9.25a, we can design such a magnetic
resonator such that " spin neutrons with energy lower than the height of the poten-
tial barrier in a magnetic resonator temporarily compose a quasi-bound state, and #
spin neutrons feel a nearly flat potential distribution in the resonator and so are
easily transmitted. It would be a very interesting task to investigate experimentally
the Larmor precession of neutrons in such a magnetic resonator as well as to ana-
lyze theoretically the behavior of spinors in the condition of magnetic resonance.

As an extension of the study given in the previous section on the neutron opti-
cal element of magnetic multilayers, Hino et al. prepared a Fabry–Pérot magnetic
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Figure 9.25 Experiments involving neutron
magnetic resonance and quasi-bound states
with a multilayer spin interferometer. (a) Po-
tential energy structure and (b) outline of the
neutron optical path for an incident neutron
with grazing angle θ in a Fabry–Pérot magnet-
ic resonator. PA permalloy-45. (c) Layout of a
neutron spin interferometer for the magnetic

resonance experiment, where (1) is a polar-
izer, (2) is a π/2 spin flipper coil, (3) is a pre-
cession coil 1,(4) is a π spin flipper, (5) is an
accelerator coil, (6) is the second precession
coil and the experimental sample (Fabry–Pérot
magnetic resonator), (7) is a polarization ana-
lyzer, and (8) is a 3He neutron detector (Hino
et al. [267]).

resonator consisting of potential barriers of PA and gap layers of germanium as il-
lustrated in Figure 9.25b, and investigated in detail the experimental characteristics
of the magnetic resonator in comparison with theoretical analyses [267, 444].

The wave functions for neutrons reflected from and transmitted through a multi-
layer can be expressed by using the reflection and transmission coefficients r and t
on the multilayer given by Eq. (2.19). These coefficients are further represented by
Eq. (3.14) by making use of the transfer matrix M as explained in Section 3.2. Fur-
thermore, the reflection and transmission coefficients for a magnetic multilayer, r˙ and
t˙, can be derived from the 4�4 transfer matrix M , given by Eq. (3.20). Therefore,
the wave jφtri transmitted through a magnetic multilayer becomes

jφtri D
�

tCe i k y

t� e i k y

�
, (9.43)

where t˙ are the transmission coefficients for " and # spins, respectively, and can
be decomposed to the form

t˙ D T 1/2
˙ e iΔ�˙ e�i k d e˙i δ/2 , (9.44)

in which Δ� is the additional phase due to a resonator, T and d are the transmis-
sion probability and the total thickness, respectively, of the multilayer, and δ is the
precession angle of an incident neutron at the resonator surface.



9.6 Spin Interferometry Experiments with Magnetic Multilayer Mirrors 433

In this way, the expectation values for the spin components of the transmitted
neutron are given by the next relations:

hSx I tri D „2 hφtrjσx jφtri D „ cos(Δ�C � Δ�� � δ)

p
TCT�

TC C T�
, (9.45)

hSy I tri D „2 hφtrjσ y jφtri D �„ sin(Δ�C � Δ�� � δ)

p
TCT�

TC C T�
, (9.46)

hSz I tri D „2 hφtrjσz jφtri D „2
TC � T�
TC C T�

, (9.47)

where Δ�C�Δ�� corresponds to the additional precession angle Ω induced by the
transmission of the magnetic multilayer.

The experimental arrangement shown in Figure 9.25c employed the so-called
spin-echo configuration [55] in which the Larmor precession number before (4) in
the midpoint is subtracted from that after the π flipper and thus their difference is
observed. Inserting a Fabry–Pérot magnetic resonator at position (6) in the present
arrangement, the resultant precession number δN of neutrons becomes

δN D N0�N1�Nacc�ΔN D �
�

H1 l1
v1
� H2 l2

v2
� Hacc lacc

v2

�
� Ω

2π
, (9.48)

where � D 2jμj/ h D 29.16 kHz/mT, N is the Larmor precession number, ΔN is
the additional precession number due to the sample, l is the optical path length
for the magnetic field H, v is the neutron velocity, and the subscripts 1, 2, and acc
denote the first and second precession coils and the acceleration coil, respectively.

In the case of the transmission geometry shown in Figure 9.25c, v1 D v2, and
H1, H2, l1, l2, and lacc are constant. Therefore, the difference between the Larmor
precession numbers with and without the sample in the conditions of a constant
grazing angle θ and a constant acceleration field Hacc indicates the precession
number due to the sample at that grazing angle.

The experiment was carried out by using neutrons with a wavelength of 1.26 ˙
0.044 nm, a divergence angle of 1.0 mrad, and a magnetic field strength of 2 mT at
the sample position in the cold neutron spin interferometer located in beamline
C3-1-2 at the JRR-3M reactor, JAEA, Tokai.

The experimental results compared with the calculated ones are shown in Fig-
ure 9.26 for the sample of a double-hump Fabry–Pérot magnetic resonator. The
theoretical calculations were performed using Eqs. (9.43)–(9.46), taking the wave-
length distribution of neutrons into consideration. The experimental results for
the transmission probability and the precession number agree well with the corre-
sponding theoretical calculations. The solid vertical line in Figure 9.26c at a grazing
angle of 1.41ı represents the critical angle of the potential barrier for " spin neu-
trons.

The dotted vertical line in Figure 9.26d indicates the grazing angle giving the
maximum transmission probability for " spin neutrons. We notice in the figure
that the Larmor precession number at that grazing angle becomes the same for
a sample with a gap layer thickness of 40 nm and for a sample with a gap layer
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Figure 9.26 Experimental results compared
with the theoretical calculations on the mag-
netic resonance and quasi-bound states of
neutrons as function of the grazing angle to
a PA(20 nm)–Ge(40 nm)–PA(20 nm) Fabry–
Pérot magnetic resonator. (a) and (b) Experi-
mental transmission probabilities (solid and
open circles) and calculated results (solid
lines), for (a) " spin and (b) # spin neutrons.

(c) Comparison between the experimental
result (solid circles) and calculated ones (sol-
id and dot-dashed lines) on the precession
number for a multilayer with Ge gap layer
thickness X I X D 40 nm (solid line) and
X D 1 (dot-dashed line), and (d) the calcu-
lated precession number compared with the
transmission probability distribution (Hino
et al. [267]).

with infinite thickness, that is, at that condition it seems that the reflections by
the potential barrier have almost no contribution to add to the Larmor precession.
In contrast, at a grazing angle a little below that of the maximum transmission
probability but above that of the minimum transmission probability, a remarkable
increase of the additional Larmor precession is induced. The present relation is
very important with regard to the estimation on the quasi-bound states based on the
resonant peak in the neutron transmission probability in the unpolarized neutron
resonance experiment mentioned in Section 2.5.

The experiment using a multiple-hump Fabry–Pérot magnetic resonator with a
larger number of potential barriers will be introduced in the next section. It will
indicate the steep growth of the additional precession number around the trans-
mission probability peak according to the increase of the barrier number, or in a
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more exact expression, the precession number increases in proportion to the num-
ber of the potential valley.

Hino et al. considered the increase of the precession number as the result of the
increase of the phase difference between " spin neutrons and # spin ones due to
the dwell time of the " spin neutrons in the magnetic resonator, although the Larmor
precession might not be so simply supposed to be a real clock in the neutron behav-
ior. They estimated [267, 444] the possible dwell time in their experiment to be the
on the order of 10 ns �(gap layer number). On the other hand, the time length as
the product of the additional Larmor precession number at the resonant peak and
the precession period for neutrons in the nonmagnetic gap layer is on the order
of several microseconds per gap layer. The dwell time length of neutrons estimat-
ed from the resonance width in the reflection and transmission curves is between
these two estimates.

9.6.4
Observation of Larmor Precession on Resonant Tunneling Neutrons

We introduce in this subsection two extensions by Hino et al. for the experiment us-
ing the setup shown Figure 9.25c to observe the Larmor precession in the resonant
tunneling transmission of neutrons through a Fabry–Pérot magnetic resonator.
The first extension is the resonator with further increased layer number [267],
and typical results from spin interferometry of the spin precession number com-
pared with the theoretical calculation for a resonator with the potential structure
of [PA(20 nm)–Ge(40 nm)]10–PA(20 nm) are given in Figure 9.27a. The dot-dashed
line indicates, like that in Figure 9.26b, the theoretical calculation for a gap layer
with infinite thickness.

In Figure 9.27a, the transmission probability of the resonator for " spin neu-
trons is also plotted as a dotted line. As shown in the figure, even in the present
case of a resonator with a many more potential barriers, the experimental results
for the precession number and the transmission probability agreed well with the
corresponding calculations with the Schrödinger equation.

Another extension was provided in a study on a resonator sample with a large
absorption cross section for neutrons. As we learned in Section 2.2, the contribu-
tion of neutron absorption in optics was assumed to be expressed in the formalism
with a complex scattering amplitude, as Eq. (2.16). According to such a formalism,
the contributions of the absorption for " and # spin components of neutrons in a
magnetic multilayer resonator are also expressed here by the complex potential, to
be inserted into Eq. (1.19):

U D Unucl ˙ μB C iUab , (9.49)

where Unucl and Uab are the optical potentials calculated from the coherent scatter-
ing amplitude bcoh and the absorption cross section σa with insertion of Eqs. (2.17)
and (2.18), respectively. The double signs correspond to the " spin and # spin com-
ponents, respectively, of a neutron.
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Figure 9.27 Results of spin interferometry
similar to those in the previous subsection but
with further extended cases of the resonator
sample: (a) much increased layer number,
that is, a resonator with the potential struc-
ture of [PA(20 nm)–Ge(40 nm)]10–PA(20 nm)

(Hino et al. [267]); (b) Fabry–Pérot magnet-
ic resonator including a strongly absorbing
gap layer for neutrons, that is, a resonator
with the potential structure of SSD(20 nm)–
Ge/Gd(26 nm)–SSD(20 nm) PA permalloy-45,
SSD Supersendust (Hino et al. [445]).

Hino et al. [445] prepared a Fabry–Pérot magnetic resonator of SSD–(Ge/Gd)–
SSD (where SSD is Supersendust; Fe86.8Si6Al4 Ni3.2) with a gap layer of a neu-
tron absorber by evaporating a mixture of Ge(70%) and Gd(30%) with a thick-
ness of 26.0 nm between the magnetic layers of SSD with a thickness of 20 nm.
They performed the spin interferometry experiment with the SSD–(Ge/Gd)–SSD
resonator by using the spin interferometer with the C3-1-2 beamline cold neu-
trons of wavelength 12.6 Å ˙ 0.44 Å and a divergence angle of 0.7 � 10�3 rad at
the JRR-3M reactor, JAEA, Tokai. In the preparation of and the theoretical calcu-
lation on the resonator, the optical potentials of SSD were assumed to be 190 and
78.4 neV for " and # spin components, respectively, and the optical potentials Unucl

and Uab of the (Ge/Gd) layer were estimated as 80 and 30 neV, respectively. With
the present condition of the resonator potentials, the critical grazing angle of to-
tal reflection for the " spin component of 12.6-Å-wavelength neutrons becomes
1.31ı .

The experimental results compared with the calculated curve by using the one-
dimensional Schrödinger equation are shown in Figure 9.27b. We notice the trend
for the experimental results to follow rather well the distribution of the calculat-
ed curve, thus indicating the expression with the complex optical potential for the
effects of neutron absorption is acceptable in the present case of resonant transmis-
sion. However, we also notice an obvious quantitative discrepancy between results
of the present experiment and the calculation, in contrast to the more exact agree-
ment obtained in the case of a negligible absorption shown in Figure 9.27a. The
present result and the remaining discrepancy will stimulate further study on the
optical effects of strong neutron absorption in such a case of resonant transmission
of neutrons.
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9.6.5
Experimental Test of Wave Packet Theories with Very Cold Neutron Interferometry

In this book, the neutron wave function in free space is very often expressed simply
by plane waves as the fundamental solution of the Schrödinger equation. Such for-
mulations appeared, for example, in Eqs. (1.22), (2.19), (2.20), (3.9), and (6.18). In
the actual situations where incident neutrons have a wavelength distribution with
a finite wavelength width, the incident waves have to be expressed by an incoher-
ent superposition of plane waves over the wavelength distribution. We denote here
such a formalism the plane wave model, or simply plane waves (PW).

On the other hand, in Section 9.1 we considered a wave packet as a coherent su-
perposition of elementary waves in order to investigate the coherence length of a
neutron. Especially in interferometry experiments, it is very important to consider
the phase of waves exactly based on the practical geometry and the experimental
situation, and therefore the concept of the wave packet was fundamentally neces-
sary as described in Figure 9.5. One of the standard expressions of the neutron
wave packet is a coherent assembly of waves which satisfy the Schrödinger equa-
tion, that is, the coherent superposition of plane waves, as given by Rauch [406] for
the neutron wave packet in free space:

Φ (r, t) D
Z

a(k)e i(k�r�ω t )d3k , (9.50)

where a(k) is the amplitude factor for the wave vector component k. We denote
here such an expression Schrödinger’s packet (SP). It is often pointed out in text-
books (e. g., as a formulation in textbook [D], pp. 357–362), or as described previ-
ously in Figure 9.5, that such a wave packet will disperse in space and time accord-
ing to propagation owing to the wave number distribution a(k).

Furthermore, fundamentally different types of wave packet can be supposed. For
example, de Broglie proposed in 1927, that is, at the very beginning of the de-
velopment of quantum mechanics, such a wave packet for matter waves as pos-
sessing a singular center inside the packet and propagating by maintaining a cer-
tain spatial distribution around the center. His concept on matter waves requires a
theoretical framework fundamentally different from that of the Schrödinger equa-
tion, and so could not be accepted in the course of the successful development of
quantum mechanics. Even late in his life, that is, a few decades after the estab-
lishment of quantum mechanics, he again insisted on his concept of wave me-
chanics in his book [446]. Around these years, a slightly modified interpretation of
the Schrödinger equation was also proposed (e. g., [447]), based on a similar con-
cept to de Broglie’s theory on the mechanics of matter waves. With regard to these
fundamental interest in the optics of matter waves, some theoretical analyses and
experimental investigations relating to de Broglie’s wave packet will be included in
this subsection .

The de Broglie wave packet in free space can be expressed as follows:

Ψ0(k0, r , tI s0) D C0 exp[i(k0r � ω0 t)]
exp(�s0jr � v0 tj)
jr � v0 tj , (9.51)
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where k0 is the wave vector of the packet, v0 D „k0/m, and s0 denotes a parame-
ter determining the spread of the packet. In contrast to PW and SP satisfying the
homogeneous Schrödinger equation, the present wave packet, Eq. (9.51), is the so-
lution of the nonhomogeneous equation with a singular source term proportional
to C0δ(r � v0 t) [448, 449], where δ(x ) is Dirac’s delta function. We denote such a
wave packet de Broglie’s packet (DB).

We cannot distinguish between these three kinds of wave formalism, PW, SP,
and DB, from the results of any conventional neutron optical experiment, includ-
ing the experiments introduced up to here in this book. Even with the neutron in-
terferometry experiments introduced up to now in this book, evaluation of neutron
waves as SP or DB was not possible. In such a situation, a specially arranged spin
interferometry experiment with neutrons in tunneling transmission was performed
by Utsuro and the results were compared with the calculated results from these
wave packet theories, that is, SP and DB [449], in order to examine the possibility
to distinguish between these two wave packet theories.

According to the theoretical analysis [449], the solution for the tunneling-trans-
mitted wave packet, that is, the wave function of the neutron transmitted through a
layer with finite thickness l with the grazing angle below the critical grazing angle
for total reflection, can be expressed for DB as follows in the Cartesian coordinates
with the z-axis perpendicular to the layer surface and the x-axis along the direction
of the incident wave vector projected on the surface:

Ψ0T(rx y , z, tI s0) D D0 TF � e�kBz l � e i ω s0 t e i k0x (x�v0x t )e i k0z(z�l�v0z t )

� Λ0(rx y , z, tI s0I l) , (9.52)

Λ0(rx y , z, tI s0I l) D
exp


�s0ρ(rx y , z, tI l)1/4 cos α(rx y , z, tI l)�
ρ(rx y , z, tI l)1/4 , (9.53)

ρ(rx y , z, tI l) D



rx y (t)2 C (z � l � v0z t)2 � v2
0z l2

v2
B z

�2

C 4(z � l � v0z t)2 v2
0z l2

v2
B z

, (9.54)

α(rx y , z, tI l) D 1/2 arctan � (rx y , z, tI l) , (9.55)

� (rx y , z, tI l) D

8̂<
:̂

2(z � l � v0z t) v0z
vBz

l

rx y (t)2 C (z � l � v0z t)2 � v2
0z

v2
Bz

l2

9>=
>; , (9.56)

where D0TF is the complex amplitude coefficient, and the notation rx y (t)2 D (x �
v0x t)2 C y 2, kB z D (2mU/„2 � k2

0z )1/2, vB z D „kB z/m, and ω s0 D „(k2
0 C s2

0)/2m
was used.

The present solution for the tunneling-transmitted packet, in contrast to the wave
packet of Eq. (9.51) with the singularity only at a single point r D v t, has the
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singularity on the surface of an elliptic cylinder expressed by

rx y (t) D v0z l
vB z

,
z D l C v0z t

)
, (9.57)

which indicates that the wave packet propagates along the broad surface of a cylin-
der. As the result of such a characteristic propagation, the tunneling-transmitted
DB is expected to show a phase distribution fundamentally different from that of
SP and also from that of the refractively transmitted DB.

Furthermore, the optical propagation path of the tunneling-transmitted DB di-
verges, as given by the radius in Eq. (9.57), in proportion to the layer thickness l,
in contrast to the cases of SP and of refractively transmitted DB for which we can
follow a single optical path for the packet center after the tunneling. The present
character of the tunneling-transmitted DB will have a much broader phase distribu-
tion with different values depending on the transverse location in the propagating
space.

The experiment to test the DB model represented by the above-mentioned for-
malism was carried out by using a spin interferometer for very cold neutrons recent-
ly arranged at the high-flux reactor, Grenoble [450], with insertion of a couple of
Fabry–Pérot magnetic resonators with a number of magnetic layers. In such an
arrangement, two spin components will behave through the first resonator at a cer-
tain condition of the grazing angle as the parallel (") spin component in tunneling
transmission and as the antiparallel (#) spin component in refractive transmission,
and then after the π flipper their transmission conditions through the second res-
onator will be exchanged, and they are again superposed and analyzed after the
second resonator to observe the spin interference pattern. If the above-mentioned
analytical model for DB is correct, the resultant spin interference pattern should
show the effects of the diverged phase (i. e., spin precession) distribution for the
tunneling-transmitted component through a number of the magnetic layers, as
the visibility decrease in the spin interference pattern, and most of other spin-pre-
cession effects through the resonators will compensated each other in the present
arrangement of the spin-phase-echo geometry.

According to the theoretical relations of Eqs. (9.52)–(9.56), it can be expected [451]
that the measurement for the present effects will become more advantageous by
making use of neutrons with a longer wavelength giving a larger critical grazing
angle. From the viewpoint of a practically available neutron intensity, the use of
very cold neutrons supplied at the very cold neutron beam port on the top floor
of the high-flux reactor, Grenoble, was considered to be the best condition for the
experiment.

The experiment was performed by using the very cold neutron spin interferom-
eter with the configuration shown in Figure 9.28. A couple of the magnetic multi-
layer resonators with 11 magnetic layers (i. e., 10 gap layers) with a layer structure
of [PA(20 nm)–Ge(40 nm)]10–PA(20 nm) were prepared specially at the same time
for the experiment. The main point of the experiment was to determine whether
the visibility of the measured spin interference pattern decreases or not in the cas-
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Figure 9.28 Experimental setup of the very
cold neutron (VCN) spin interferometer ar-
ranged at the Grenoble high-flux reactor: (1)
multilayer monochromator and polarizer; (2)
π/2 spin flipper coils; (3) first Fabry–Pérot
magnetic resonator (solid line in the circle) on
the first goniometer; (4) π spin flipper coil; (5)

accelerator coil; (6) second Fabry–Pérot mag-
netic resonator (solid line in the circle for the
parallel twin arrangement, and dotted line for
the symmetrical twin arrangement, to the first
resonator) on the second goniometer; (7) po-
larization analyzer; (8) 3He neutron detector
(Hino et al. [450]).

es of tunneling transmission for the parallel spin component and of the refractive
transmission for the antiparallel component, compared with that in the case of
refractive transmission for both spin components. Further, the experimental net
visibility40) derived from the experimental results can be compared with the theoret-
ically calculated values based on the three kinds of wave formalism, PW, SP, and
DB, as explained above.

To enhance the effects due to tunneling transmission in the experiment, the
potential structure of the magnetic resonator with 10 bilayers, [PA(20 nm)–Ge
(40 nm)]10–PA(20 nm), similar to the sample in the experiment reported in Fig-
ure 9.27a, was employed, and a couple of the same resonator samples specially
prepared in the same evaporation procedure were named as samples A and B
for identification. Very cold neutrons with an average wavelength of 5.7 nm and a
wavelength width of 10% were used, and these wavelength values were also used
in the theoretical calculations for comparison with experiment.

In advance of the interferometry experiment, a numerical simulation calculation
on the slit geometry was performed to determine the possible interference effects
of the three slits (all with the same width of 3 mm) in a serial arrangement as
shown in Figure 9.28. The effect was found to be minor for the exact measurement
of the net visibility [452].

Further, in advance of the twin resonator measurements, experiments with a sin-
gle resonator setup were carried out by inserting the resonator in either the first or
the second goniometer, and the experimental results were used for the determina-
tion of the subcritical and transcritical resonant angles for the parallel spin compo-
nent, and also for determining the magnitude (1.40 T) of the magnetic potential of
the PA layers. These are important conditions for realizing tunneling transmission

40) The value for the visibility calculated
from the count rates for the measured
interference amplitudes by using Eq. (9.39)
after the correction for the background
count rates with the resonator samples,

and further divided by the corresponding
value for the visibility without the samples.
The appropriateness of the present
procedure was supported by the theoretical
consideration [451].
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Figure 9.29 Gauss fit procedure to derive the exact value for the
net visibility corresponding to the condition of precise matching
of twin resonator angular settings from the measured visibility
distributions for parallel twin resonators; (a) at the subcritical
resonant grazing angle; (b) at the transcritical resonant grazing
angle (Utsuro [451]).

or refractive transmission and also for accurate theoretical simulations. The exper-
imental results for the single resonator setup were also used for the evaluation of
the wave packet models by comparing them with the theoretical calculations.

In the case of the twin resonator experiments, a Gauss fit procedure on the net
visibility distribution for parallel twin resonators was employed as shown in Fig-
ure 9.29 to derive the exact value for the net visibility corresponding to the condi-
tion of precise matching of twin resonator angular settings.

The final results of the neutron spin interference visibility in the grazing angle
regions below and around the critical angle for total reflection of parallel spin neu-
trons are plotted on the two-dimensional graphs, taking the visibility in the subcrit-
ical condition as the ordinate and that in the transcritical condition as the abscissa,
in Figure 9.30a and b, for the cases of the single and twin resonator setups, respec-
tively [451]. In addition, the experimental results are compared with the calculated
ones based on the three kinds of wave packet models.

The experimental results are expressed by marks with error bars as the root-
squared sum of the statistical errors and the standard deviations in the sinusoidal
and Gauss fitting procedures. The letters A and B identify the sample for the single
resonator setup, and the marks with error bars for S A or S B and those for Tw i n1
and Tw i n2 represent the experimental reproducibility, since at the end of the first
experiment the resonator sample arrangement was completely disassembled. Af-
ter about a half year or more, fine adjustments of the interferometer as well as the
sample setting were made and then the second measurements were performed.
The experimental result S B 0 corresponds to the single resonator setup in the sym-
metrical sample direction as indicated by the dotted line on the second goniometer
in Figure 9.28.
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Figure 9.30 Resultant net visibility de-
rived from spin interferometry experiments
(marks with error bars) compared with the
results of theoretical calculations from three
kinds of wave packet models (curves): (a)
single resonator measurements; (b) twin
resonator measurements. PW, plane waves;
SP, Schrödinger wave packet model; DB, de
Broglie wave packet model; SP-Single-uni,
Schrödinger wave packet model for a single

resonator without consideration of layer thick-
ness distributions; DB-Twin-coh, de Broglie
wave packet model for parallel twin resonators
with a strong coherency between the phases
induced by tunneling through twin resonators;
DB-Twin-random, the same model but with
a complete incoherency between the phases
induced by tunneling through twin resonators
(Utsuro [451]).

The theoretical curves were plotted by changing the uniformity of the layer thick-
ness, that is, the width of the layer thickness distribution, for the single resonator
setup (0–7% from the right to the left along the curves in Figure 9.30a) for a fixed
distribution width of 7% of the magnetic potential for the magnetic layers and a
fixed wavelength resolution of 10%, or by changing the uniformity of the magnetic
potential, that is, the distribution width of the magnetic potential for magnetic lay-
ers, for the twin resonator setup (0–10% from the right to the left along the curves
in Figure 9.30b) for a fixed wavelength resolution of 10%.

In the case of the SP model for the single resonator setup, two curves as typical
cases were plotted by changing the distribution width of the layer thickness (0–5%
from the right to the left in Figure 9.30a) for a fixed packet wavelength width of 2%
as the dotted line with the notation SP-Single, and by changing the packet wave-
length width (0.1–3% from the right to the left in Figure 9.30a) for the completely
uniform thickness of layers as the dot-dashed line with the notation SP-Single-uni.
Furthermore, in the case of the SP model for the twin resonator setup, the calculat-
ed curve for the most typical case was plotted by changing the packet wavelength
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width (0.1–3% from the right to the left in Figure 9.30b) for a fixed magnetic uni-
formity, that is, the distribution width of 5% for the magnetic potential.

We can derive several conclusions from these comparisons between the experi-
ments and the theoretical calculations. In the first place, the comparisons for the
case of the single resonator setup indicate there is a significant discrepancy in the
PW model, which suggests the important role of the coherent natures in the spec-
tral, spatial, or spin structures of the wave packet in the visibility measured in the
neutron spin interferometry experiment.

Next, in the case of the twin resonator setup, theoretical calculations for both
the PW and the SP models could not explain well the experimental results of the
interference visibility in the subcritical condition for the parallel spin component.
On the other hand, the theoretical calculation with the DB model assuming strong
coherency between the tunneling-transmitted packet phases agrees well with both
results of the twice-repeated experiments for the parallel twin resonator arrange-
ment. Further, the calculated result of the DB model assuming complete inco-
herency between the tunneling-transmitted packet phases seems to correspond to
the symmetrical twin resonator arrangement indicated by a dotted line for the sec-
ond sample in Figure 9.28. We can understand these relative correspondences to
be reasonable in view of the possible matching between the additional phases due
to the tunneling transmission through twin resonators in the case of the parallel
arrangement, and the complete nonmatching between those through the two res-
onators with the geometry of the second sample reversed compared with the first
one with regard to the optical paths on the elliptic cylinder mentioned previously
in the case of the symmetrical twin arrangement.

Thus, the present results raise a fundamental question on the description of the
interference phenomena by the Schrödinger equation for neutrons in tunneling
transmission, and suggest the possibility of a certain distributed phase being in-
duced additionally with characteristics such as those introduced above by the DB
model in tunneling transmission.
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10
Contradictions of the Scattering Theory,
and Quantum Mechanics

In this chapter we discuss contradictions of the present-day quantum scattering
theory [453] and some hot questions of standard quantum mechanics. It is ad-
dressed to those who are not satisfied with their level of understanding.

First we show that at present there are three scattering theories, and every one
contains contradictions. We try to resolve them, but arrive at new ones. We shall
be able to overcome all contradictions except one. The resolution of the remaining
contradiction requires nonlinearity of interaction. We have no nonlinear scattering
theory, and are able to introduce nonlinearity only implicitly [453].

First we formulate problems and give their solutions without detailed discussion.
We decided to do so for readers to be able to grasp the whole picture of contradic-
tions without entering into the details. However, the details are important and they
are given in Section 10.5.

Since we found contradictions in the scattering theory, we looked critically at
other issues of quantum mechanics such as uncertainty relations, the Einstein,
Podolsky, and Rosen (EPR) paradox, and the interpretation of quantum mechanics.

10.1
How many Scattering Theories Do We Have?

– I could easily show that the author is not right by pointing out to
any standard textbook. The author does not want textbooks, but it
is necessary to have something to start with.
– You can start with the Holy Bible, but why not to start with my
arguments?

From discussions with a referee.

We discuss three-dimensional scattering of slow scalar particles, which is the main
tool for research in condensed matter physics with neutrons. No relativistic con-
cepts will be required. First we want to show that we have three scattering theories.

Neutron Optics. Masahiko Utsuro,Vladimir K. Ignatovich
Copyright © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40885-6
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10.1.1
Theory of Spherical Waves

The simplest theory is borrowed from the scattering theory of classical waves such
as sound and light. The scattering on a point scatterer fixed in space is described
by the wave function

ψ D exp(i k 	 r) � b
exp(i k r)

r
, (10.1)

which contains the plane exp(i k 	 r), and the spherical exp(i k r)/r waves corre-
sponding to the incident and scattered particles, respectively. The parameter b has
dimension of length and is called the scattering amplitude41). The amplitude b gives
the differential cross section dσ D jbj2dΩ for elastic scattering into an element of
solid angle dΩ and the total, integrated over angles, cross section σ D 4πjbj2. We
see that the scatterer can be interpreted as an obstacle of radius 2b for the incident
wave.

If the scatterer is not a pointlike one, the amplitude b becomes a function of
the scattering angle Ω (see, e. g. textbook [B]), then dσ(Ω ) D jb(Ω )j2 dΩ , where
σ D R jb(Ω )j2 dΩ . The angular dependence appears after expansion of the total
wave function of scattered particles over spherical harmonics (see formula (123.11)
in textbook [B] with account of our notation):

b(Ω ) D i
2k

1X
lD0

(2l C 1)Pl (#)(Sl � 1) ,

where # is the polar angle with respect to the direction of the incident beam, Pl are
the Legendre polynomials, and Sl is the scattering matrix of the lth harmonic.

If the scatterer can be excited by an incident particle, the amplitude b can also
depend on energy, and the wave number k in spherical wave (10.1) can differ from
jkj of the incident plane wave [454].

In classical physics such a description characterizes perturbation of the wave be-
cause of an obstacle. In quantum mechanics it is the change of the wave function
caused by the scatterer. However, such a description of scattering is contradictory.
In quantum mechanics we measure not a wave function after scattering, but par-
ticles with their energies and momenta. The spherical wave in Eq. (10.1) does not
describe such particles.

41) As a distinction from all textbooks, we
choose a sign minus before spherical waves,
which is more convenient because in this
case positive b corresponds to a positive, or
repulsive, optical potential, while negative b
corresponds to a negative, or attractive,
optical potential.
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10.1.2
The Standard Scattering Theory

The theory of spherical waves is a particular case of the standard scattering theory
(textbook [B]) [455, 456]. In fact, the standard theory is not a theory at all, but a set
of recipes for calculation of scattering cross sections.

The main recipe is the “Fermi golden rule”. According to it, one must take a
matrix element h f jV jii of the interaction V between the initial, jii, and final, j f i,
states of the neutron and the scattering system, construct an expression for the so-
called probability, wt , of scattering per unit time, and divide it by the incident flux
density J of the single particle. This ratio is then averaged over initial states and
summed over final states of the scattering system.

A scattering amplitude, which is squared to get the cross section, is not calculat-
ed42). The recipes listed give directly the cross sections.

10.1.3
The Fundamental Scattering Theory

The fundamental theory is used mainly for justification of the standard one. It
attempts to formulate the scattering process rigorously (see, e. g., [457, 458]). Three
types of states of the scattering system are distinguished in it: the current state
Ψ (t) of the particle interacting with the scatterer, and asymptotical “really free”
states in infinite past, jini, and infinite future, jouti, where interaction is absent
(switched off). The current state at t D 0 is related to asymptotical states by the
Möller operators U(C), U(�) W Ψ (t D 0) D U(C)jini, and Ψ (t D 0) D U(�)jouti.
These operators help to relate two asymptotical states

jouti D U�1(�)U(C)jini ,

and to define the S matrix: S D U�1(�)U(C). Matrix elements of the S matrix give
the probability amplitudes of scattering, which with the help of some tricks are
transformed into scattering cross sections. Below we show that the fundamental
theory does not provide a proof of the validity of the standard one.

10.2
Analysis of the Three Theories

10.2.1
Scattering of Spherical Waves

Spherical waves exp(i k r)/r do not satisfy the free Schrödinger equation and there-
fore they do not describe free particles. They are the solution of the inhomogeneous

42) There is a description with the T matrix,
but calculation with it requires squaring the
generalized δ functions.
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equation

(Δ C k2)
exp(i k r)

r
D �4πδ(r) , (10.2)

and characterize the current state (in the terminology of the fundamental theory)
when the neutron is still interacting with the scatterer located at the point r D 0.

Usually it is said that the spherical wave is an asymptotical wave function far
away from the scatterer where all the powers 1/r n , n � 2, can be neglected, and at
these distances the spherical wave does satisfy the free Schrödinger equation.

Indeed at r ¤ 0 the right-hand side of Eq. (10.2) is zero; therefore, the spherical
wave satisfies the free equation. However, it is not sufficient to describes a free
particle there. A bound-state wave function outside the potential well also satisfies
the free equation, but it does not represent a free particle there, because it decays
exponentially at infinity.

Let us accept the exponential decay as a feature of nonfree particles. The spheri-
cal wave contains two parts: one is a superposition of exponentially decaying waves
(they bind the neutron to the scattering center) and the other one is a superposi-
tion of free propagating waves. The correct asymptotic of the spherical wave is the
second part.

To find it we use a two-dimensional Fourier expansion of the spherical wave:

b
exp(i k r)

r
D i b

2π

Z
d2 pkq
k2 � p 2

k
exp

�
i pk 	 rk C i

q
k2 � p 2

k jzj
	

, (10.3)

where the z-axis is chosen in the direction from the scattering center at r D 0 to the
observation point r . The two-dimensional integration runs over an infinite plane of
vectors pk parallel to a plane which is perpendicular to the z-axis. It includes such
pk, for which pk � k. Waves with these pk decay exponentially along the z-axis.
To get the correct asymptotics of the spherical wave we must neglect them, and
restrict the integration range to pk � k. This part of the integral (10.3) is

b
exp(i k r)

r
� i b

2π

Z
pk�k

d2 pkq
k2 � p 2

k
exp

�
i pk 	 rk C i

q
k2 � p 2

k jzj
	

D i b
2π

Z
d3 p δ(p 2/2 � k2/2) exp(i p 	 r)Θ (p?z > 0)

D i kb
2π

Z
4π

Θ (k Ω 	 r > 0)dΩ exp(i kΩ 	 r) , (10.4)

where we used the relation d2 pk/
q

k2 � p 2
k D d3 p δ(p 2/2� k2/2) valid at p 2

k � k2,

introduced the step Θ function, which warrants that only waves propagating away
from the scattering center will arrive at the observation point, and in the last equal-
ity integrated over d p . The result Eq. (10.4) represents the correct asymptotic of the
spherical wave. It contains a superposition of the scattered plane waves of free par-
ticles with wave vectors k Ω of length k pointing in the direction of the unit vector Ω
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in the interval dΩ of the solid angle Ω . The amplitudes f (Ω ) D i kb/2π D b/λ
of the scattered waves represent probability amplitudes for scattering into the an-
gle Ω .

So, we corrected the logical deficiency of the theory of spherical waves; however,
we immediately arrived at a contradiction.

10.2.1.1 Contradiction 1
Instead of the cross section we obtained the dimensionless probability of scattering,
which seems to be

dw1(Ω ) D j f (Ω )j2 dΩ D jb/λj2 dΩ . (10.5)

10.2.1.2 The Need for a Cross Section
We need a cross section because without it we cannot use such an evident formula
as T D exp(�N0σ t d) for neutron transmission through a sample of thickness d
and atomic density N0. It contains the total cross section σ t , which together with
N0d gives a dimensionless exponent. The factor σ cannot be replaced by the di-
mensionless probability!

10.2.2
Cross Section in the Standard Theory

The standard theory is a set of rules or recipes for calculation of cross sections (see,
e. g., [456]). The main recipe is the Fermi golden rule, which defines the probability
of scattering per unit time:

dwt D 2π
„
ˇ̌hλ f , k f jV jλ i , k ii

ˇ̌2
�(E f k ) , (10.6)

where k i, f are the initial and final momenta of the neutron, and λ i, f are the initial
and final quantum numbers of a scatterer. The factor �(E f k ) in (10.6) denotes the
density of final neutron states:43)

�(E f k ) D δ(Ei k C Ei λ � E f k � E f λ)
L3 d3k f

(2π)3 , (10.7)

where the δ function represents the energy conservation law, Ei, f k and Ei, f λ are
the initial and final energies of the neutron and scatterer, respectively, and L3 is
some arbitrary volume.

The golden rule itself contains a contradiction.

10.2.2.1 Contradiction 2
The probability of scattering per unit time Eq. (10.6) does not depend on time;
therefore, its integral over time, which must give the total probability, is meaning-
less.

43) The presentation given in [456] is slightly
rationalized here.
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In the standard theory the cross section is defined as the ratio of the probability
Eq. (10.6) and the flux density of a single incident neutron: dσ D dwt/ Ji . To define
the flux density Ji for the single neutron, its wave function jk i, f i is represented
in the form of a normalized plane wave: jki D L�3/2 exp(i k 	 r), where L is the
linear dimension, which is the same as in Eq. (10.7). The flux density with this
wave function is defined as Ji D „ki /mL3. The ratio of Eq. (10.6) to this Ji gives
the cross section:

dσ(k i , λ i ! k f , λ f ) 
 dwt

Ji
D 2πm
„2ki

ˇ̌hλ f , k f jV jλ i , k ii
ˇ̌2

� δ(Ei k C Ei λ � E f k � E f λ)
L6d3k f

(2π)3
. (10.8)

With account of E f k D „2 k2
f /2m and d3k f D mk f dE f dΩ f /„2, we define the

double-differential cross section as

d2σ
dE f dΩ f

(k i , λ i ! k f , λ f ) D m2k f

„4ki

ˇ̌hλ f , k f jV jλ i , k ii
ˇ̌2

� δ(Ei k C Ei λ � E f k � E f λ)
L6

(2π)2 . (10.9)

To compare this with experiment it is necessary to average Eq. (10.9) over the initial
states and to sum over all the final states of the scatterer:

d2σ
dE f dΩ f

(k i ! k f ,P) D
X
λ i ,λ f

P(λ i )
m2k f

„4ki

ˇ̌hλ f , k f jV jλ i , k ii
ˇ̌2

� δ(Ei k C Ei λ � E f k � E f λ )
L6

(2π)2 , (10.10)

where P(λ i ) is the probability for the scatterer to be initially in the state jλ ii.
The notion of the flux density for a single particle and the arbitrary volume L3

are artificial features of the standard scattering theory. The introduction of L is not
a harmless step. Sometimes [366] it leads to false physical effects.

The rules of the standard theory are used to calculate directly the cross section;
however this cross section contains coherent and incoherent parts. The coherent
part can be defined with the coherent amplitude, which is an average of the scat-
tering amplitude not only over chemical, isotopic compositions and spin states of
nuclei, but also over the initial states of the scatterer. The standard theory does not
consider it, though such a coherent part of the scattering cross section can give
additional information about the scattering process.

10.2.3
Fundamental Scattering Theory [457, 458]

In the fundamental theory the incident particle is described by a wave packet jφi.
When it is far from the scatterer (target), its dynamics is governed by the free



10.2 Analysis of the Three Theories 451

Hamiltonian H0 W jφ(t)i D exp(�i H0t)jφi. The wave packet is represented by
the Fourier expansion:

jφi 
 jφ(k)i D
Z

d3 p a(k � p )jpi , (10.11)

where k is the average momentum of the wave packet, and jpi D exp(i p r) is a
plane wave.

Because of scattering, the wave function (10.11) transforms to the function

jφ si 
 jφ s(k)i D
Z
OS jpid3 p a(k � p ) , (10.12)

where OS is the scattering matrix. Substitution of the unity matrix OI D R jqi d3q hqj
before OS in Eq. (10.12) gives

jφ si D
Z
OI OS jpi d3 p a(k � p ) D

Z
d3 q b(q, k)jqi , (10.13)

where b(q, k) D R hqj OS jpi d3 p a(k � p ). The probability of scattering is defined
as

dw D d3q jb(q, k)j2 D d3q
ˇ̌̌
ˇ
Z

d3 p hqj OS jpia(k � p )
ˇ̌̌
ˇ
2

. (10.14)

However, this definition is faulty! According to it the scattering probability is de-
fined as the transformation of the wave packet of the incident neutron jφi
into a plane wave jqi. Such a transformation violates unitarity completely be-
cause it transforms a normalized wave function into a nonnormalizable plane
wave.

According to unitarity the wave function after scattering is to be represented as
ψs D OS jφ(k)i D R f (k ! k0)d3k0 jφ(k0)i, where f (k ! k0) d3k0 is the probability
amplitude of scattering to the state with the average wave vector k 0 in the interval
d3k0. It is dimensionless because the incident and scattered wave packets have the
same dimensionality.

Thus, the fundamental theory introduces dimensionless probabilities, like the
self-consistent theory of spherical harmonics, which we can consider as the funda-
mental theory of scattering of plain waves instead of wave packets.

In standard textbooks the initial wave packet is considered not as a property of
particles but as a result of the preparation of the initial state. In such a case it is
logically more consistent to consider scattering of plane waves into plane waves
and to average the scattering probability over the distribution of initial plane waves
in the incident beam.

10.2.3.1 Contradiction 3
The fundamental scattering theory contains an error and does not justify the
recipes of the standard one.
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10.3
General Definition of the Scattering Cross Section

In all textbooks, the scattering cross section is defined as the ratio of the num-
ber of events per unit time to the flux density of the incident particles. This is a
phenomenological definition because it is equivalent to the definition via the ex-
periment shown schematically in Figure 10.1. If we have a small sample s in the
neutron flux from a source S, then the ratio of the detector count rate PND to the
flux density J of the incident neutrons is the effective area Σ of the whole sample
which is able to intercept neutrons from the incident flux and direct them to the
detector. The ratio of Σ to the total number of particles in the sample Ns D N0V ,
where N0 is the number density of atoms and V is the sample volume, gives the
effective cross section of a single atom: σ D PND/ J N0V . It is clear that this defini-
tion contains no information about the interaction of a single neutron with a single
atom. It is only a parameter used for description of the experimental results.

10.3.1
Phenomenological Definition of the Cross Section in the Self-Consistent Theory
of Spherical Waves

With the asymptotical wave function (10.4) we can obtain the phenomenological
cross section for a single atom. According to the common definition, the total flux
of scattered particles through an infinite plane S(n) with normal n, which points
to the observation point r from the scatterer, is

JS D
Z

S(n)

d2 rk
2 i



ψ�s (r, t)r?ψs(r , t) � ψs (r, t)r?ψ�s (r , t)

�
, (10.15)

where r? is a derivative along the normal to this plane. Substitution of the wave
function (10.4) in the form of a two-dimensional Fourier expansion gives

JS D jbj2
Z

k2
k<k2

d2kk
k?
D kjbj2

Z
2π(n)

dΩ . (10.16)

S
S

D

Figure 10.1 Phenomenological definition of a cross section as a
ratio of the detector count rate to the flux density of the incident
neutrons. S source, s sample, D detector.
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If the flux density for the incident neutrons is accepted as k, then the phenomeno-
logical differential cross section is

dσ/dΩ D jbj2 . (10.17)

We see that this cross section does not have the meaning of the scatterer’s cross
area, but it means an area pierced by scattered neutrons in a plane perpendicular
to a given direction.

10.3.2
Relation between Cross Section and Probability

To see how to relate the scattering probability to experimental data, let us consider
the experiment shown schematically in Figure 10.2. Our sample is now sufficiently
wide to embrace all the incident neutrons, its thickness d is sufficiently small for
us to neglect multiple scattering, and we suppose that all the atoms scatter inco-
herently. If the count rate of the incident neutrons is PNi (it is measured without
the sample) and the detector count rate of the scattered neutrons in the presence of
the sample is PND , then the ratio W D PND/ PNi , which is the sole outcome of such
an experiment, gives the probability of scattering of a single neutron in the whole
sample.

To find probability w1 of a single neutron scattering on a single atom, we must
divide the total probability W by the number of atoms Na the neutron meets on
its way through the sample. If we suppose that Na D σN0d, then w1σ D W/N0d,
which is possible only when w1 D 1, because W/N0d is just the experimentally
defined σ. However, according to Eq. (10.5) we can expect that w1 / (b/λ)2 �
1; therefore, we cannot accept Na D σN0d and must introduce the area of the
neutron wave function A � σ such, that Na D N0Ad, and w1A D σ. The area A
includes not only the wave front of the neutron but also the size of the nucleus;

D

Ṅi
A

d

ṄD

Figure 10.2 The definition of the scattering
cross section of a single atom. A thin sam-
ple of thickness d and large area is pierced by
PNi neutrons per unit time. The count rate of

the detector is PND . The total probability for
scattering of a single neutron in the sample is
W D PND / PNi . If the cross area of the single
neutron’s wave function front is A, then the

probability of scattering of a single neutron on
a single atom is w1 D W/N0 Ad, where N0
is the number density of atoms in the sample
and N0 Ad is the number of atoms swept by
the wave function front during flight of the
neutron through the sample. It follows that
the cross section is σ D Aw1 D PND / PNi N0 d.
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however, in the following we suppose that the size of the nucleus can be neglected.
Comparison of theory with experiment means comparison of σtheor D Aw1 and
σexp D PND/N0d PNi . We suppose we are able to calculate probability w1, but we can
say nothing about A.

10.3.2.1 A Consequence of the Introduction of the Parameter A

The only thing, I am absolutely sure in my life, is that wave pack-
ets do not exist!

Roland Gähler

Introduction of area A means that the free neutron’s wave function is supposed to
be a wave packet. We can consider area A as a fitting parameter for experimental
data; however, it is more fruitful to find it from some different considerations and
experiments. Usually the wave packets are not considered because in the funda-
mental theory, which operates with wave packets in the initial state, it is proven that
the wave packet structure and dimensions do not matter, that is, the parameter A
is excluded from the cross section. In some respect this appears trivial because
we can accept σexp D 4πjbj2, and not worry about w1 and A; however, with w1

and A we can hope to gain insight into the scattering processes beyond the pheno-
menology.

Let us look at how the fundamental theory does relate cross section to the scat-
tering probability.

10.3.2.2 Relation between the Cross Section and the Probability
in the Fundamental Theory
The transition from probability to cross section is a little bit different in different
books. In [457], the authors suppose “for the sake of simplicity” that at t D 0 the
scatterer coincides with the center of the wave packet of the initial particle as is
shown in Figure 10.3, and they find the cross section as the ratio of the probability
and neutrons density in the packet. Taylor [458] introduces the impact parameter
of the scatterer with respect to the center of the wave packet and integrates over
the impact parameter. However, both of these methods are equivalent to multipli-
cation of the scattering probability by the packet cross area A, and acceptance of

ρz = pt

Figure 10.3 Position of the scatterer at t D 0 with respect to
the center of the wave packet of the incident particle. In (a) they
coincide. This is used in the derivation of Eq. (10.45). In (b) the
target is at the impact parameter � from the packet center. This
geometry is used in the derivation of Eq. (10.47).
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an implicit assumption that there are no scattering if the scatterer is outside the
wave packet. This assumption is in accord with common sense, and above we also
followed it. However, the scattering amplitude does not depend on any trajectory,
so the implicit assumption is not verified, and in the next paragraph it is shown to
be even wrong.

10.3.2.3 Scattering of Wave Packets
To avoid the error of the fundamental theory and to derive correctly the cross sec-
tion from the probability and the wave packet form, we need to study the process
of scattering of wave packets when the final state is the same wave packet as the
initial one. This is done in Section 10.5. The result of this study shows that the
scattering of wave packets does not depend on their structure and proceeds like
the scattering of plane waves. Moreover, in the case of scattering on a point scatter-
er, the probability of scattering into a given angle does not depend on the impact
parameter.

This result looks puzzling, but it is a consequence of linearity of the theory. A
wave packet is a superposition of plane waves, which are enhanced inside and can-
cel each other outside the wave packet. However, they exist in the whole space and
scatter independently of each other. So we arrive at a new contradiction.

10.3.2.4 Contradiction 4
We introduced wave packets to transform the probability into a cross section. How-
ever, this does not help because scattering on a target does not depend on how large
the impact parameter of the target is with respect to the wave packet center.

To resolve this contradiction we need nonlinearity of interaction to ensure that
the scattering of a separate plane wave at a point takes place only when the full sum
of the plane waves at this point is nonzero. We do not have nonlinearity, therefore
we do not have a scattering theory. Nevertheless we have to use the parameter A if
we want to do something! So we assume that introduction of the parameter A is an
implicit introduction of nonlinearity into the interaction.

10.4
Wave Packets

The parameter A is unavoidable for the deduction of the cross section; therefore,
it cannot be a result of an arbitrary preparation of the initial state of the particle. It
must be a property of the neutron itself. However, if it is a property, the wave packet
should not spread. In other case we should observe an increase of the scattering
cross section when a sample shifts away from the source. Nobody has ever observed
such an increase, though, in fact, no one has tried to look for it.

A packet has finite area A only if it is normalizable; however, in quantum me-
chanics all normalizable wave packets spread. So we arrive again at a contra-
diction.
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10.4.1
Contradiction 5

The wave packet is to be normalizable, but then it spreads, and area A cannot be a
property of a particle.

10.4.1.1 The Singular de Broglie Wave Packet
The last contradiction can be resolved if we use the singular de Broglie wave pack-
et [446]:

ψdB(s, k, r , t) D C exp(i k 	 r � i ω t)
exp(�sjr � k tj)
jr � k tj , (10.18)

where k D v is the neutron velocity (in units „ D m D 1), ω D (k2 � s2)/2, C Dp
s/2π is the normalization constant, defined via relation

R
d3r jψ(s, k, r , t)j2 D

1, and s is a parameter which gives the packet width in momentum space and
reciprocal width in configuration space. The value of ω is less than that of the
kinetic energy v2/2 by the amount s2/2, which can be considered as a bound energy
of the packet. The size A of the packet is proportional to 1/s2.

The singular de Broglie wave packet satisfies the inhomogeneous Schrödinger
equation

[2 i@/@t C Δ] ψdB(s, k, r, t) D �4πC ei(v2Cs2)t/2δ(r � k t) , (10.19)

with a source on the right-hand side, which is zero everywhere except at a single
point. It looks as if we have arrived at a new contradiction: we discussed the theory
with free initial and final states, which are solutions of the homogeneous equation,
whereas Eq. (10.19) is an inhomogeneous one. However, it is not a contradiction.
It is in our will and right to redefine the notion of a free particle.

10.4.2
Estimation of s

There is no theory which can give us the size A of the packet, so we must find it
experimentally. At present we have only one kind of experiment from which we
can deduce the size s, that is, experiments on storage of ultracold neutrons (see
Chapter 1), where an anomaly was found.

Anomalous losses at every collision with the walls can be attributed to the wave
packet form of the neutron wave function [173]. Indeed, the wave packet is a su-
perposition of plane waves with different wave numbers p . Some of them have the
normal component, p?, with respect to the wall, larger than pc D pu0, where
u0 D 4πN0b is the optical potential of the vessel walls. We can suppose that the
fraction of such wave vectors in the full spectrum of the wave packet determines
the probability of nontunneling transmission through the wall.

In the linear theory such an explanation is not valid because reflection from a
wall works like a filter. The part of the wave packet with p 2 > p 2

c goes out through
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the wall, and the part with p 2 < p 2
c remains inside the bottle, and it is these com-

ponents that constitute ultracold neutrons. In the nonlinear theory we can suppose
that the wave packet is a property of the neutron, so the reflected and transmitted
parts are the same as the incident packet.

If anomalous losses of ultracold neutrons in bottles are related to this mecha-
nism, then they give information on the value of s. An estimations made in [173]
shows that the width s for ultracold neutrons must be on the order 3 	 10�5k, or
the area A of the neutron with ultracold neutron energy should be on the order of
several square millimeters and it should decrease with the neutron energy44)! This
conclusion about the dimensions of the wave packet leads immediately to a new
contradiction.

10.4.3
Contradiction 6

The size of the wave packet must be large but it cannot be large.
Indeed, since the scattering probability is proportional to jbj2k2, and A � 1/s2,

then the cross section is σ � jbj2(k2/s2). The ratio k2/s2 � 109 is large. There-
fore, to get a cross section σ on the order of 1 b, or 10�24 cm2, we must put the
amplitude b to be less than 10�16 cm. However, then the optical potential 4πN0b
becomes more than 4 orders of magnitude less than the experimentally measured
value.

10.4.4
Resolution of Contradiction 6. Quantization of the Scattering Angle

We rejected spherical harmonics and arrived at contradiction 1. We resolved it by
the introduction of a wave packet and its cross area A. We rejected recipes of the
standard scattering theory as logically inconsistent, and the rejection is equivalent
to resolution of contradiction 2. We turned toward the fundamental theory, but even
there we found contradiction 3. To resolve contradiction 3, we considered scattering
of a wave packet into wave packets, and immediately arrived at contradiction 4.
We found that its resolution requires nonlinearity. We do not have a nonlinear
scattering theory, and must accept nonlinearity implicitly. Only with nonlinearity
can we accept resolution of contradiction 1 and neglect contradiction 5. Finally, we
are left with contradiction 6.

To resolve contradiction 6, we must return to contradiction 1 and analyze what
probabilities we found after abandoning the spherical waves. The analysis shows
that the definitions of probabilities (10.5) and (10.14) from wave functions (10.4)
and (10.13), respectively, are wrong. Such definitions give nonunique scattering
probabilities [453]. In particular, the scattering cross section of neutrons on an atom

44) The results of the two experiments reported
in [459, 460] contradict each other. This
contradiction can be resolved only by further
experiments.
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becomes different if we calculate it directly in the laboratory frame or if we calculate
it first in the center-of-mass reference system and then return to the laboratory
frame.

Indeed, suppose we have a one-dimensional wave function of the form ψ(x ) DR
d p f (p ) exp(i p x ). It is wrong to say that the probability of finding the particle

in the state with momentum p is dw (p ) D j f (p )j2d p , because this probability
changes with transformation of the coordinates. For instance, change of coordi-
nates x D y/2, p D 2q transforms the integral to ψ(y ) D R

dq2 f (2q) exp(i q y ).
If we accept the probability for the particle to have momentum q as dw (q) D
4j f (2q)j2dq, then after back-transformation y D 2x , q D p/2 we get dw (p ) D
2j f (p )j2d p , which is twice as large as before.

Therefore, to get the probability of scattering for the wave function

ψs D
Z
2π

g(Ω ) dΩ exp(i kΩ 	 r) , (10.20)

we must replace the integral (10.20) with the integral sum:

ψs D
NX

jD1

g(Ω j ) δΩ j exp(i kΩ j 	 r) D
NX

jD1

F j exp(i kΩ j 	 r) , (10.21)

where discrete values F j D g(Ω j )δΩ j are introduced. With this representation
the probability of scattering in the direction Ω j is jF j j2, and the probability of
scattering into 2n states with index j, j1 � n � j � j1 C n, around some average
direction Ω j1 is

dwn(Ω j1) D
j1CnX

jD j1�n

jF j j2 � W j1 ΔΩ ,

where we used the notation

ΔΩ D
j1CnX

jD j1�n

δΩ j � 2nδΩ j1 , W j1 D jg(Ω j1)j2δΩ j1 ,

and supposed that probabilities W j change negligibly in the interval j1 � n �
j � j1 C n.

In the approximation of the integral by the integral sum, the directions Ω j and
intervals δΩ j can be chosen arbitrarily. In the spirit of quantization, we can sup-
pose that all the amplitude elements F j D g(Ω j ) δΩ j are equal, that is, there is
a quantum of area

R
δΩ g(Ω ) dΩ . In the case of isotropic scattering, the function

g(Ω ) is a constant; therefore, quantization of the area is equivalent to quantiza-
tion of the element of the solid angle δΩ . The value of the quantum δΩ is very
important because the correct choice of it helps to resolve contradiction 6.

Change of variables changes the function g(Ω ) and the interval δΩ , but the
amplitude quantum, F(Ω ) D g(Ω ) δΩ , and the number of quanta in the integralR

4π g(Ω ) dΩ are invariant.
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10.4.4.1 The Value of the Angular Quantum and Resolution of Contradiction 6
The probability amplitude of scattering according to Eq. (10.4) is g(Ω ) D i bk/2π;
therefore, the amplitude quantum is F(Ω ) D (i bk/2π)δΩ . The probability of scat-
tering into some interval of solid angle ΔΩ D 2nδΩ is Δw D 2njF(Ω )j2 D
jbk/2πj2δΩ ΔΩ , and the cross section found with the help of area A is

dσ
dΩ
D Δw

ΔΩ
A D

ˇ̌̌
ˇ bk
2π

ˇ̌̌
ˇ
2

A δΩ . (10.22)

It follows immediately that to have agreement with an experimental dσ/dΩ D jbj2
we must putˇ̌̌

ˇ k
2π

ˇ̌̌
ˇ
2

A δΩ D 1 . (10.23)

This means that the size of the angular quantum δΩ correlates with the size of
the wave packet. This means that we can have a large area A and it will not lead to
contradiction 6 because of compensation by the smallness of the angular quantum
δΩ . Moreover, we see that if the quantum δΩ does not depend on energy, then
A � 1/ k2, that is, cross area A decreases with increase of the particle’s energy. We
can also estimate the value of the angular quantum δΩ . If we estimate A from the
ultracold neutron anomaly as π109/ k2, then δΩ � 10�8.

10.4.5
Final Remarks

Thus, we have resolved all the contradictions except one, which requires nonlinear-
ity. All these contradictions are logical. They do not invalidate the results obtained
in physics up to now. However, the interpretation of some phenomena can change.
Moreover, new directions for research can be opened and new fine effects can be
found which in the traditional approach are invisible.

The next section contains the details, which are addressed to those who want to
check the results presented in this section. After that we touch briefly on some prin-
cipal points of quantum mechanics, such as uncertainty relations the EPR paradox,
and diffraction of a particle by two slits, and discuss some experiments to investi-
gate the wave packet property of the neutron wave function. But before proceeding,
we want to note that the contradictions listed do not invalidate the results of other
chapters of the book, because there we almost everywhere studied the problems of
reflectometry and diffractometry, which deal with probabilities and not with cross
sections.

10.5
Details

Here we first briefly recall main points of the fundamental theory, and how it ar-
rives at the probability of scattering. Then we discuss how the probability is trans-
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formed to the cross section, and show how to calculate the scattering of a wave
packet rigorously.

10.5.1
Main Points of the Fundamental Scattering Theory According to [457, 458]

There are several common points in all the books devoted to the fundamental scat-
tering theory (we shall limit ourselves to [457, 458]):

A wave packet jφi for the incident particle far away from the scatterer (target) is
introduced. Its dynamics is described by the free Hamiltonian H0 W jψini 

jφ(t)i D exp(�i H0 t)jφi. The wave packet can be represented by the Fourier
expansion (10.11).

The current wave function of the particle jΨ i at time t � 0, when the particle in-
teracts with the target, is introduced. Its dynamics is described by the full Hamil-
tonian H, which contains the interaction potential V W jΨ (t)i D exp(�i H t)jΨ i.

The limiting Möller operator [458] ΩC, defined as ΩC D limt!�1U(0, t), where
U(0, t) D e i H t e�i H0 t , is introduced. It relates exp(�i H t)jΨ i to the asymptotics
exp(�i H0t)jφi at t ! �1, so Ψ (0) ΩCjφi.

The Möller operator depends on the interaction potential. From the time deriva-
tive of the operator i(@/@t)U(0, t) D �e i H t Ve�i H0 t we find ΩC D 1 �
i
R 0
�1 e i H t 0Ve�i H0 t 0 d t0, and it follows that

jΨ i D
0
@1� i

0Z
�1

d t0 e i H t 0Ve�i H0 t 0

1
A jφi

D
Z

d3 p ai (k � p )

2
41� i

0Z
�1

d t0 e i(H�Ep )t 0V

3
5 jpi , (10.24)

where ai (k � p ) are the Fourier components of the incident wave packet, and
we used the relation exp(�i H0t)jpi D exp(�i Ep t)jpi. Integration over t0 in
Eq. (10.24) leads toZ

d3 p ai (k � p )
�

1 � 1
H � Ep � i�

V
�
jp i D

Z
d3 p ai (k � p )jψp i ,

(10.25)

where the functions jψp i replace the plane waves jpi in the packet.
The intermediate function, which in the wave packet expansion (10.25) during in-

teraction replaces the plane wave jp i, is

jψp i D
�

1� 1
H � Ep � i�

V
�
jpi . (10.26)

It satisfies the stationary Schrödinger equation with the full Hamiltonian, (H �
Ep )jψp i D 0, and, according to the standard theory, contains incident plane and
scattered spherical waves.
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The asymptotical state j�i at an infinite future after scattering is introduced. Its dy-
namics is governed again by the free Hamiltonian H0 W j�(t)i D exp(�i H0 t)
j�i. This state is also a wave packet of the type j�i D R d3 p jpias (k � p ).

The asymptotical relation between states jψi and j�i W exp(�i H t)jΨ i ! exp(�i
H0 t)j�i or Ψ (0) ! Ω�j�i is established at t ! C1, from which it follows
that

j�i D Ω�1
� Ψ (0) D lim

t!1 e i H0 t e�i H t
Z

d3 p ai (k � p )jψp i

D lim
t!1 e i H0 t

Z
d3 p ai (k � p )e�i Ep t jψp i . (10.27)

Substitution of unity I D R jp 0id3 p 0hp 0j after exp(�i H0t) gives

j�i D lim
t!1

Z
d3 p ai (k � p )

Z
d3 p 0 e i Ep 0 t jp 0ihp 0jjψp ie�i Ep t . (10.28)

The relation between two asymptotical states is established by substitution of Eq.
(10.26) into Eq. (10.28):

j�i D lim
t!1

Z
d3 p 0jp 0i

Z
d3 p ai (k � p )

�
"

δ(p � p 0) � hp 0j
 

e i(Ep 0�Ep )t

H � Ep � i�
V

!
jpi
#

. (10.29)

A matrix T is introduced. It is defined with the help of the simple relation

1
H � Ep � i�

V D 1
H0 � Ep � i�

�
1� V

1
H � Ep � i�

�
V

D 1
H0 � Ep � i�

T . (10.30)

The scattering S matrix is introduced as follows. Substitution of Eq. (10.30) into
Eq. (10.29) gives

j�i D lim
t!1

Z
d3 p 0jp 0i

Z
d3 p ai (k � p )

�
"

δ(p � p 0) � e i(Ep 0�Ep )t

Ep 0 � Ep � i�
hp 0jT jpi

#
. (10.31)

At t !1 we can use the relation

lim
�!0

exp(i x t)
x � i�


 i

tZ
�1

exp(i x t0) d t0 , (10.32)

which transforms (10.31) to j�i D R
d3 p 0jp 0i R d3 p hp 0j OS jp iai (k � p ), where

the OS matrix is defined via its matrix elements

hp 0j OS jpi D δ(p � p 0) � 2π i δ(Ep 0 � Ep )T(p 0, p ) , (10.33)

with T(p 0, p ) D hp 0jT jpi.
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In fact, the fundamental theory considers scattering of plane waves because the
matrix elements of the S matrix are calculated between plane waves.

Let us note that in the whole formalism described above there is no dependence
of matrix elements on the position of the target with respect to the wave packet.
We must remember this in discussing the tricks used in [457, 458]. But first let us
consider scattering of a wave packet not to plane waves but to wave packets of the
same form as the incident one.

10.5.2
Elastic Scattering of a Wave Packet on a Fixed Center

Every spherically symmetrical wave packet ψ(s, k, r, t) can be represented by the
Fourier integral

ψ(s, k, r , t) D
Z

d3 p a(p , k, s) exp[i p 	 r � i ω(p , k)t] , (10.34)

where the Fourier coefficients a(p , k, s) and the frequency ω(p , k, s) are functions
of terms which are invariant with respect to rotation in the coordinate reference
frame. Scattering of a wave packet is scattering of its plain waves. Every plane wave
exp(i p 	 r) after scattering on a center fixed at a point r1, which can be identified
with the impact parameter �, transforms to the new superposition of plane waves:

exp(i p 	 r) � e i p �� i p b
2π

Z
2π

dΩ exp(i p Ω 	 (r � �)) . (10.35)

Substitution of Eq. (10.35) into Eq. (10.34) gives the scattered field in the form

ψs(s, k, r , t) D
Z

d3 p a(p , k, s) exp(i p 	 �)

�
Z

dΩ f (p , Ω ) exp[i p Ω 	 (r � �) � i ω(p , k, s)t] , (10.36)

where f (p , Ω ) D �i p b/2π. If the spectrum of p of the packet is very narrow
and is concentrated near k, we can replace p in f (p , Ω ) by k, and represent the
scattered wave field in the form

ψs(s, k, r , t) D
Z

dΩ f (k, Ω )
Z

d3 p a(p , k, s) exp(i p 	 �)

� exp[i p Ω 	 (r � �) � i ω(p , k, s)t] . (10.37)

We see that every wave vector p after scattering rotates by the angle Ω .
Since a(p , k, s), p 	 �, and ω(p , k, s) are all invariant with respect to rotation, we

can write them in the form a(p Ω , k Ω , s), p Ω 	 �Ω , and ω(p Ω , k Ω , s). After that we
can change the integration variable p ! p Ω , and omit the index Ω of p Ω . As a
result, Eq. (10.37) is transformed to

ψs(s, k, r , t) D
Z
2π

dΩ f (k, Ω )
Z

d3 p a(p , k Ω , s)

� exp[i p 	 (r � �C �Ω ) � i ω(p , k Ω , s)t] , (10.38)
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which is equivalent to

ψs(s, k, r, t) D
Z

dΩ f (k, Ω )ψ0(r � �C �Ω , k Ω , t, s) , (10.39)

where ψ0 denotes the wave packet of the same form as the incident one.
So, we see that the packet is scattered as a whole with probability amplitude

f (k, Ω ) D �i bk/2π, which, surprisingly, does not depend on the impact parame-
ter � like in the case of plane waves. The independence of the probability amplitude
of the impact parameter is the result of the linearity of the scattering theory. The
plain waves comprising the wave packet are present in the whole space, and they
are scattered independently of each other. To make them feel like the sum of all
the waves at the scattering point, we have to introduce nonlinearity into the inter-
action. We do not have a nonlinear theory, but we want to get the scattering cross
section; therefore, we multiply the probability by the wave packet area A and this
step means that we implicitly, together with authors of [457, 458], introduce non-
linearity at such a step.

10.5.3
Transition from Probabilities to Cross Sections

Now we show how the probability is transformed to a cross section in [457, 458], but
start with steps related to transformations of probability (10.14) that are common
to both books.

According to Eqs. (10.14), (10.31), and (10.33), the scattering probability is

dw (k ! p 0) D
D d3 p 0 (2π)2T(p 0, p i )T

�(p 0, p 0i )ai(k � p i )a
�
i (k � p 0i )

� d3 pi d3 p 0i δ
�
p 02/2 � p 02i /2

�
δ
�
p 02/2� p 2

i /2
�

.

(10.40)

The spectrum of p i in the wave packet is supposed to be sufficiently narrow
around k, so p i and p 0i in the matrix elements T(p 0, p 0i ) and T(p 0, p i ) can be
replaced by k. Therefore,

T(p 0I p i )T
�(p 0, p 0i ) � jT(p 0, k)j2 . (10.41)

The product δ(p 02/2� p 02i /2) δ(p 02/2� p 2
i /2) in Eq. (10.40) is identical to δ(p 2

i /2�
p 02i /2) δ(p 02/2� p 2

i /2). Momentum pi in δ(p 02/2� p 2
i /2) is approximated by k, and

d3 p 0 δ(p 02/2 � k2/2) is replaced with k dΩ 0, where Ω 0 is the scattering angle.
The factor δ(p 2

i /2 � p 02i /2) is represented as

δ
�
p 2

i /2 � p 02i /2
� D 1

2π

1Z
�1

d t exp
�
i t
�
p 2

i � p 02i
�

/2
�

. (10.42)

The difference in the exponent is approximated by p 2
i � p 02i D (p iC p 0i ) 	(p i� p 0i ) �

2k 	 (p i � p 0i ), and as a result the product ai (k � p i )a
�
i (k � p 0i )d

3 pi d3 p 0i δ(p 2
i /2�
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p 02i /2) is reduced to

Z
d3 pi ai (k�p i ) exp(i k	p i t)

Z
d3 p 0i a�i (k�p 0i ) exp(�i k 	p 0i t) D jφ(r)rDk t j2,

(10.43)

where the Fourier expansion (10.11) of the wave packet is used. If we direct the z-
axis along k and change the integration variable d t to dz D kd t, then Eq. (10.40)
is reduced to

dw D dΩ 0 2πjT(p 0, k)j2
1Z
�1

dz jφ(0, 0, z)j2 . (10.44)

10.5.3.1 Transition to the Cross Section According to [457]
Since the wave packet is normalized to unity,

R jφ(0, 0, z)j2 dz has dimensionality
1/cm2. It can be interpreted as a density of incident particles per unit area. So the
ratio of probability (10.44) to the density of incident particles is the cross section:

dσ D dwR jφ(0, 0, z)j2 dz
D dΩ 02πjT(p 0, k)j2 . (10.45)

10.5.3.2 Transition to the Cross Section According to [458]
In [457] the wave packet was

R
d3 p ai(p � k) exp(i p 	 r � i p 2 t/2), and the scatterer

was at the point r D 0. Therefore, the center of the wave packet at t D 0 coincides
with the scatterer. In [458] the wave packet was chosen to be

R
d3 p ai(p� k) exp(i p 	

(r � �)� i p 2t/2), and the scatterer was again at the point r D 0; therefore, at t D 0
the packet is at the impact parameter � from the scatterer and Taylor instead of
Eq. (10.44) obtained the probability

dw (�) D dΩ 0 2πjT(p 0, k)j2
1Z
�1

dz jφ(�, z)j2 . (10.46)

The cross section is obtained by integration over the impact parameter:

dσ D
Z

d2�dw (�) D dΩ 0 2πjT(p 0, k)j2

�
1Z
�1

d3r jφ(r)j2 D dΩ 0 2πjT(p 0, k)j2 , (10.47)

where normalization of the incident wave packet was taken into account.

10.5.3.3 Analysis of Procedures in [457, 458]
The approximation (10.41) is equivalent to the assumption that scattering of the
wave packet is identical to the scattering of a plane wave with momentum k into
a plane wave with momentum p 0. The division of the probability by jφ(0, 0, z)j2
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in Eq. (10.45) or integration over the impact parameter in Eq. (10.47) is absolutely
equivalent to multiplication of the probability by the packet’s cross area, that is,
dσ D Adw , as was deduced from the experiment outlined in Figure 10.2. The con-
siderations about the position of the wave packet with respect to the scatterer are
absolutely not related to scattering itself. They only show that there is believed to be
no scattering if the wave packet does not overlap with the scatterer. This description
of scattering is equivalent to the suggestion that the point scatterer is illuminated
not by every plane wave but by the full wave packet. In other words, in Eq. (10.35),
describing scattering of the plane wave exp(i p r), the scatterer at the point � is il-
luminated not by the wave exp(i p�) but by φ(�) exp(i p�), which means that the
component exp(i p�) enters twice, that is, the interaction is nonlinear.

10.6
The Hot Problems of Quantum Mechanics

A manuscript must convey new physics. The existing work on the
subject must be briefly reviewed and the author must indicate in
what way existing theory is insufficient to solve certain specific
problems, then it must be shown how the proposed new theory
resolves the difficulty. Your paper does not satisfy these require-
ments, hence we cannot accept it for publication.

A Physical Review editor

To discuss the hot problems of quantum mechanics, it is best to start with the fa-
mous EPR paradox [422], where the weak points are especially clearly seen, though
they were never discussed. The paper [422] triggered a flood of theoretical and ex-
perimental works proving the existence of so-called spooky action at a distance in
quantum mechanics, which by EPR themselves was considered as the most unac-
ceptable solution of their paradox.

10.6.1
The EPR Paradox, Its Logic, Error, and Consequences

The paper shows that two particles have a joint (“entangled”) wave function, and
one of the two particles has exact position and momentum simultaneously, which
contradicts uncertainty relations. This contradiction shows that quantum mechan-
ics is incomplete theory. There are two ways to resolve the contradiction: (1) the
theory must be completed by the introduction of new, not yet known (hidden)
parameters or (2) one has to admit that quantum mechanics is a nonlocal theo-
ry, where manipulation of one particle instantly affects the state of another one
notwithstanding how far apart the particles are.

In this section we review the entanglement and the uncertainty relations. We
then attack the problem of the paradox in quantum mechanics from a different
prospective – instead of trying to resolve the paradox, we a take closer look at it and
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find that the source of the paradox is a matter of simple definition, which has no
solid underlying reason. Redefining such a definition has a profound and far-reach-
ing consequence. It eliminates the paradox itself and takes on the foundations of
quantum mechanics, which are unquestionably familiar in our minds. We will see
that particles, in fact, can have exactly defined positions and momentum simul-
taneously and that the uncertainty relations have a completely different physical
meaning. For entangled states, we will show that a joint wave function is simply
a list of possible product states; therefore, the nonlocality or action at a distance
does not exist. Although these statements may sound absurd to both experienced
and inexperienced physicists, I invite the reader to find a flaw in my reasoning (no
one has found one yet). We will also review some of the key experiments that were
specifically designed to prove the existence of the paradox, and show that these
experiments in fact do not prove anything.

10.6.1.1 Entangled States
Consider two particles that interacted in the past and then flew apart far away.
So they do not interact any more. However, because of the past interaction they
have a joint wave function Ψ (x1, x2) which is not a product, ψ1(x1)ψ2(x2), of two
independent functions.

The joint function Ψ (x1, x2) can be expanded over eigenfunctions, u n(x1), of,
say, the first particle

Ψ (x1, x2) D
X

n

u n(x1)A n(x2) , (10.48)

where A n(x2) are expansion coefficients. From this expansion it follows that if one
measures the first particle and finds it in a state u k (x ), then the state of the second
particle is discovered to be A k(x2). However, the second particle does not interact
with the first one; therefore, its state A k(x2) existed before measurement of the
first particle. If this were not so, then the measurement of the first particle would
instantly affect the state of the second one notwithstanding how far apart the par-
ticles are, which is absolutely unacceptable because no action can propagate faster
than the speed of light.

The EPR logic, however, can be continued. If the state of the second particle
before measurement of the first one is A k (x2), then the state of both particles
before any measurement is A k (x2)u k (x1), that is, all the wave function is not
Eq. (10.48), but the simple product ψ1(x1)ψ2(x2) of two independent functions,
and the measurement only discovers what these functions ψ1(x1) and ψ2(x2) are.
The sum (10.48) is only a list of potentially realizable product states.

Such a clear-cut logical conclusion, however, is not accepted by many physicists.
The state (10.48) of two particles is considered as a real quantum mechanical object,
and the measurement of the first particle is believed to change the state of the
second particle immediately. The existence of such a “spooky” action at a distance
is even “supported” by many experiments. Later we shall consider some of them,
and propose a different experiment, which can prove that there is no action at a
distance, but now we shall discuss the second point of the EPR paper.
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10.6.1.2 Error of the EPR Paper and Definition of Physical Values

Ha! We needed to wait 73 years for some one . . . would open our
eyes to an Einstein’s error!

A referee

The joint function Ψ (x1, x2) can be expanded over another set of eigenfunctions,
vn(x1), of the first particle:

Ψ (x1, x2) D
X

n

vn(x1)Bn(x2) , (10.49)

where Bn(x2) are expansion coefficients. If the first particle after measurement is
found to be in a state vk (x ), then the state of the second particle is Bk (x2), and
it must exist before any measurement. Thus we conclude that the second particle
should have two states: A k (x2) from Eq. (10.48), and Bk (x2) from Eq. (10.49) si-
multaneously. It may happen that A k (x2) corresponds to a state with a precisely
defined position, and Bk (x2) corresponds to a state with a precisely defined mo-
mentum. Therefore the second particle has simultaneously precisely defined posi-
tion and momentum, which contradicts the uncertainty relations. Therefore, there
is a paradox, which shows that quantum mechanics is not complete.

However, what does it mean for a particle to have a precisely defined, say, mo-
mentum? According to EPR it means that the particle should be in a state which is
described by an eigenfunction of the momentum operator. Such a function can be
only a plane wave exp(i kx2).

Considering a plane wave state ψ(x ) D exp(i kx ) of a particle, the authors [422]
wrote that the particle has a momentum, k, but does not have a position. About
position one can

only say that the relative probability that a measurement of the
coordinate will give a result lying between a and b is

P(a, b) D
bZ

a

jψ(x )j2d x D b � a . ([189]6)

It is immediately seen that P(a, b) in ([422]6) is not a probability, because it is not
dimensionless and not normalizable. So, the relation ([422]6) is an error. To define a
relative probability, one needs a normalizable wave function ψ(x ). The plane wave
is not normalizable and must be rejected.

The standard textbooks offer normalized plane waves such as L�1/2 exp(i k0x ),
where L is some arbitrary dimension of the space. However, introduction of L
means either imposition of periodic boundary conditions or restriction of the space
by two impenetrable walls. The first recipe does not help, because the wave func-
tion remains not normalizable, and the second recipe changes the plane wave into
a combination of sin(k x ) and cos(k x ) functions, which are not eigenfunctions of
the momentum operator.
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For EPR only a plane wave is acceptable because according to their definition the
particle has a momentum only [422] if its state is described by an eigenfunction of
the momentum operator �i d/dx :

If ψ is an eigenfunction of the corresponding operator A, that is,
if

ψ 0 	 Aψ D aψ , ([189]1)

where a is the number, then the physical quantity A has with cer-
tainty the value a whenever the particle is in the state given by ψ .

This definition in general is not right. With it no physical system has a momentum
because no normalizable function is an eigenfunction of the momentum opera-
tor. According to [470], the correct definition for the value a of a physical quantity
described by an operator OA is the expectation value

a D
Z

ψC OAψdx . (10.50)

With this definition all the Hermitian operators, even noncommuting ones, have
simultaneously defined values for any state ψ, and uncertainty relations do not
matter.

So, after correction of the error ([422]6), which unambiguously leads to the defi-
nition (10.50), we arrive at the conclusion that the paradox does not exist.

For Eq. (10.50) to be acceptable as a definition of the value of a physical quantity,
OA we have to discuss the meaning of uncertainty relations and of dispersion

Δ2a D
Z

ψC( OA � a)2ψdx . (10.51)

10.6.1.3 The Meaning of the Uncertainty Relations and of Dispersion
The uncertainty relations have only a trivial meaning [462]. The inequality

h(x � x0)2ih(k � k0)2i � 1/4 (10.52)

shows how the range of a normalizable function f (x ) (the size of the interval,
where f (x ) is essentially concentrated) is related to the range of its Fourier image:

f F (k) D
Z

f (x ) exp(�i kx )dx/
p

2π . (10.53)

Equation (10.52) is valid in all branches of physics where functions are used, and
it is nothing special in quantum mechanics. To show this, let us recall the proof of
Eq. (10.52).

Take an arbitrary function f (x ) of finite range, and its Fourier image, f F (k),
Eq. (10.53). The functions have the norm

C1Z
�1
j f (x )j2dx D

C1Z
�1
j f F (k)j2dk 
 N <1 . (10.54)
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With the function f (x ) we can calculate the positively defined integral

I D 1
N

Z
j(α(x � x0)C d/dx � i k0) f (x )j2 D α2AC αBC C > 0 , (10.55)

where α is an arbitrary real parameter,

x0 D 1
N

Z
x j f (x )j2dx , k0 D 1

N

Z
kj f F (k)j2dk , (10.56)

A D 1
N

Z
(x � x0)2j f (x )j2dx D 1

N

Z
(x2 � x2

0 )j f (x )j2dx 
 h(Δx )2i,
(10.57)

B D 1
N

Z
x

d
dx
j f (x )j2dx D

Z
dx

d
dx

(x j f (x )j2) �
Z

dx j f (x )j2

D � 1
N

Z
dx j f (x )j2 D �1 , (10.58)

C D 1
N

Z
(k � k0)2j f F (k)j2dk D 1

N

Z
(k2 � k2

0 )j f F (k)j2dk 
 h(Δ k)2i .

(10.59)

Substitution of Eqs. (10.57)–(10.59) into Eq. (10.55) gives

α2h(Δx )2i � α C h(Δ k)2i � 0 . (10.60)

This inequality is valid for arbitrary α only when Eq. (10.52) is satisfied.
We see that uncertainty relations do not depend on the Schrödinger equation, and

therefore they contain nothing, specific to quantum mechanics.
A particle in quantum mechanics is described by a wave packet. The wave packet

has a dimension, and the dispersion Δx2 is not a statistical uncertainty, but a pa-
rameter characterizing the size of the packet. It is easily checked, for instance, in
the case of Gaussian packets.

10.6.1.4 Locality, Nonlocality, Measurements, and Hidden Parameters
The EPR paradox does not exist because particles can have position and momen-
tum simultaneously. However, there is a question about entangled states in the EPR
paper which, though logically resolved, also needs experimental confirmation. The
problem in a simplified version is as follows. If a wave function Ψ (x1, x2), of two
far-apart particles is

Ψ (x1, x2) D u1(x1)v1(x2)C u2(x1)v2(x2) , (10.61)

does it mean that in an every experimental run it is reduced to one of the products
u i vi (i D 1, 2) and the experiment only recovers which product is it, or is the wave
function in every run (10.61), and measuring the first particle in the state, say,
u1, immediately adjusts the state of the second particle to v1? The first version
corresponds to local quantum mechanics, whereas the second one corresponds to
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a nonlocal theory where action propagates instantly to arbitrarily long distances or
to the Copenhagen interpretation of quantum mechanics with instant reduction of
wave packets.

To be specific we shall consider only two of the most popular systems discussed
in the literature: two spin-1/2 particles in an s-state, and two photons with zero total
electric field.

10.6.1.5 A Pair of Spin-1/2 Particles in an s-State
Bohm and Aharonov [424] considered the decay of a scalar molecule into two atoms
with spin 1/2. Because of Fermi statistics, the spin wave function of the two atoms
in the molecule is

jψ(1, 2)i D 1p
2

[jψC(1)ψ�(2)i � jψ�(1)ψC(2)i] , (10.62)

where ψ˙(1, 2) refers to states of atom A or B with spin projection ˙1/2 on an
arbitrarily selected, say, z-axis.

According to [424] after atoms have been separated far apart

enough so that they cease to interact, any desired component of
the spin of the first particle (A) is measured. Then, because the to-
tal spin is still zero, it can be concluded that the same component
of the spin of the other particle (B) is opposite to that of A.

They continue

If this were a classical system there would be no difficulties, in
interpreting the above result, because all components of the spin
of each particle are well defined at each instant of time.

However

In quantum theory, a difficulty arises, in the interpretation of the
above experiment, because only one component of the spin of
each particle can have a definite value at a given time. Thus, if
the x component is definite, then y and z components are inde-
terminate and we may regard them more or less as in a kind of
random fluctuation.

This means that there must be an action at a distance because if there were not how
could the second particle know which one of the spin components should cease to
fluctuate when we measure a spin component of the first particle. However, let us
look at whether the spin components really do fluctuate and at what we really do
measure.

In fact every particle has an absolutely defined polarization, and we can attach to
it a classical unit vector – a spin arrow. We can consider it as a hidden parameter.
When we know the direction of the spin arrow, as in the case of polarized beams,
we are able to manipulate the particle at our will in the framework of quantum
mechanics without violation of causality.
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A particle polarized along a unit vector Ω D (sin θ cos ', sin θ sin ', cos θ ),
where θ and ' are polar angles, is described by the spinor

jψΩ i D e i' 1C σ 	 Ωp
2(1C Ωz )

 
1
0

!
, (10.63)

where σ D (σx , σ y , σz ) are Pauli matrices, and ' is an arbitrary numerical phase.
The values of the spin projection to any axis are well defined simultaneously, and
there are no fluctuations.

Let us look at a molecule in a state (10.62). The question is: will the spinor
function of two atoms after decay of the molecule remain the same as given in
Eq. (10.62), or will the decay change it to a state described by a product of two inde-
pendent spinors? An answer to this question can be found only in an experiment,
but first we should answer another question: what should we measure, and what
does the measurement mean?

According to [424] we can measure a spin component. That is wrong. We can-
not measure a spin component. We can only count a particle after its transmission
through a filter (analyzer). If the analyzer is aligned along a unit vector a, the prob-
ability of transmission for the particle in the state (10.63) is

w (Ω ) D hψΩ j1C σ 	 a
2

jψΩ i D 1C a 	 Ω
2

, (10.64)

but that does not mean that we measure projection a 	Ω , because in a single event
we cannot measure a probability. In an experiment with a single particle we either
count it or do not count it. Only if a D Ω can we be sure that we will count the
particle. The seekers of hidden parameters ask if it is possible in principle to find an
additional parameter which predicts exactly if a particle will be counted after such
an analyzer or not, that is, whether it is possible to use a classical theory instead of
quantum mechanics. Later we shall show that in principle it is possible, but now we
are quite satisfied with quantum mechanics itself, and only want to know whether
entangled states exist or should be abandoned as being nonphysical, like we reject
exponentially growing solutions of the Schrödinger equation.

According to the nonlocality, the spinor function of two particles after decay re-
mains the same Eq. (10.62) as before it, and the probability of detecting both atoms
with analyzers directed along a and b is

wq D hψ(1, 2)j
�

1C a 	 σ
2

�
1

�
1C b 	 σ

2

�
2
jψ(1, 2)i D 1 � a 	 b

4
. (10.65)

We see that because of interference (contribution of cross terms), the probability of
detecting both particles at parallel analyzers (a D b) is zero.

According to local realism, the atoms flying apart after decay of a singlet molecule
are in a product state jψ�Ω (2)ijψΩ (1)i with opposite polarizations along some
unknown direction Ω . If an analyzer for particle 1 is aligned along a, particle 1
after filtering will be in the state ψa , but particle 2 will remain in the state ψ�Ω (2),
which is not ψ�a . This means that if an analyzer for particle 2 is aligned along a
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unit vector b, particle 2 will be registered with probability w2 D (1 � b 	 Ω )/2. The
probability for both particles to be registered is w (a, b, Ω ) D (1�b 	Ω )(1Ca 	Ω )/4.
Therefore, if b D a, the probability for detection of both particles with parallel
analyzers is w (a, a, Ω ) D [1�(a 	Ω )2]/4 > 0. Since the direction of the polarization
vector Ω is random, averaging of w (a, b, Ω ) over a uniform distribution (look,
here Ω is a hidden parameter!) gives

hw (a, b)i D 1
4

�
1� a 	 b

3

�
D 1

6
C 1� a 	 b

12
. (10.66)

The difference between the two predictions apart from the normalization factor
is in fact only a constant, which in measurements can easily be mistaken for a
background and subtracted, after which the results of an experiment can be report-
ed as a proof of nonlocality. We shall see how this can happen in experiments with
photons.

10.6.1.6 Nonlocality with Photon Pairs
Most of the experiments proving nonlocality were done with photons. The first
such experiment was presented in [472]. Correlation of the polarizations of two
photons from the cascade 61 S0 ! 41 P1 ! 41S0 in a calcium atom was measured.
The authors wrote (�1,2 are polarization vectors of two photons):

Since the initial and final atomic states have zero total angular
momentum and the same parity, the correlation is expected to be
of the form (�1 � �2)2.

This means that the wave function of the photons inside the atom before the decay
was supposed to be

jψi D 1p
2

(C x C x C C y C y )jψ0i , (10.67)

where jψ0i is the vacuum state and C x ,y are creation operators for photons with
polarizations along x or y directions. If we take into account that the total electric
field of the two photons is zero, the wave function (10.67) of the two photons has
to be represented in a form similar to Eq. (10.62):

jψi D 1p
2

[jx ,�xi C jy ,�yi] , (10.68)

where the first letter is related to the polarization direction of the photon going to
the left and the second letter is related to the polarization direction of the photon
going to the right.

If a photon is polarized along a unit vector Ω and the analyzer is directed along a
unit vector a, then the probability of registration of the photon is ja 	Ω )j2. Accord-
ing to nonlocality, the wave function after decay remains (10.68), and the probability
for detection of both photons after analyzers aligned along unit vectors a and b is

w (a, b) D jha, bjjψij2 D (ab)2

2
D 1C cos(2� )

4
, (10.69)
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where � is the angle between vectors a and b. We see that the probability of detect-
ing both particles with orthogonal analyzers is zero.

According to local realism, the two photons after decay fly away in the product
state

jψ(1, 2)i D jψφ (1), ψ�φ(2)i (10.70)

with opposite polarizations along some direction φ in the plane perpendicular to
the momenta of the photons. The probability of detect both photons after analyzers
aligned along unit vectors a and b is

w (a, b, φ) D jha, bjjψφ (1), ψ�φ(2)ij2 D (aφ)2(bφ)2 . (10.71)

Since the direction of the polarization vector φ is random, averaging w (a, b, φ)
over a uniform distribution over angle φ gives

hw (a, b)i D 1
2π

2πZ
0

dφ(aφ)2(bφ)2 D 1
2π

2πZ
0

dφ cos2 φ cos2(φ C � )

D 1
4

�
1
2
C cos2 �

�
D 1

8
C 1C cos(2� )

8

 1

8
C (a 	 b)2

4
. (10.72)

Again we see that apart from a normalization factor, the two angular depen-
dences (10.72) and (10.69) differ only by a constant, which can be mistaken as a
background. According to Eq. (10.72), the ratio of the count rate at � D 90ı to that
at � D 0ı is 1/3 instead of 0, as follows from Eq. (10.69).

10.6.1.7 Results of the First Experiment
Let us look at the first experiment [472], where the dependence of the coincidence
counts of two photons on the coincidence window were measured at parallel and
orthogonal analyzers. The experimental setup is shown in Figure 10.4, and the
results are demonstrated in Figure 10.5. We clearly see that the background can
be accepted at a level of 40 counts; therefore, the coincidence count with parallel
filters is equal to w (0) � 100, and the coincidence count with orthogonal filters
is w (π/2) � 30. At the precision level presented there is good agreement with
w (π/2)/w (0) � 1/3.

However, the authors, though absolutely honest, were very reluctant to accept
such interpretation. Their conclusion is

The results of a 21-h run, shown in Figure 10.5 indicate clearly the
difference between the coincidence rates for parallel and perpen-
dicular orientations. They are consistent with a correlation of the
form (�1 � �2)2.

They attributed the discrepancy at the level of 30% to 6% transmission of crossed
filters, as is documented in the caption to Figure 10.5. This is the EPR hypnosis!
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Figure 10.4 The first experiment with cascade photons [472].
(a) Schematic diagram of apparatus; (b) Level scheme for calcium.

Figure 10.5 Results for coincidence counts with different delays
obtained in the experiment reported in [472].

10.6.1.8 The Experiments of Aspect et al.

The concept of entanglement has been thought to be in the heart
of quantum mechanics. The seminal experiment of Aspect et
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al. [463] has proved the “spooky” nonlocal action of quantum me-
chanics by observing violation of Bell inequality with entangled
photon pairs.

From [469]

We shall not dwell on Bell’s inequalities because they are not relevant to our clear-
ly formulated problem: do we really have nonlocality in quantum mechanics, or
are entangled states to be rejected as nonphysical ones? Bell’s inequalities serve
as a thick mist covering all the activity aimed at proof of nonlocality in quantum
mechanics, because most frequently they are discussed in the context of hidden
parameters. For instance, the paper [463] is titled “Experimental test of realistic lo-
cal theories via Bell’s theorem”. With such a title it is possible only to applaud the
positive result that Bell’s inequalities are violated, which proves that quantum me-
chanics is a good theory not needing those notorious hidden parameters. However,
in fact the experiment is considered as proving nonlocality, which is exactly pointed
out in [469]. We shall show, however, that it proves nothing.

The experiment reported in [463] is very similar to the one reported in [472] but
instead of 61S0 the state 4p 21S0 was excited, and the coincidence count rates were
measured at different angles of two analyzers. Let us look at the experimental re-
sults, shown in Figure 10.6.

This result can be described as Eq. (10.69) and not as Eq. (10.72); however, the
difference is only in a constant 1/8 term and in normalization. We shall not dis-
cuss the normalization, because it is more or less arbitrary, but subtraction of the
constant term is very important. Let us look how it was done.

Typical coincidence rates without polarizers are 240 coincidences
per second in the null delay channel and 90 accidental coinci-
dences per second; for a 100-s counting period we thus obtain
150 true coincidences per second with a standard deviation less
than 3 coincidences per second.

Suppose that in 90 coincidences they subtracted, 50 were indeed accidental ones,
but the remaining 40 were not accidental. If you add these counts you will find that
at angle ' D π/2 you have 40 counts and at ' D 0 you have 115 counts (150/2C40).
So their ratio is approximately 1/3. In that case there is no contradiction to the local

Figure 10.6 Results of the experiment reported in [463].
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quantum mechanics, and there is no spooky action at a distance. Everything is in
accord with our calculations and local realism.

Thus, we see that the experiments, and between them “the most seminal” one,
did not reject local realism. Because of volume restrictions we do not consider here
many experiments on “Bell’s inequalities” with downconversion of photons. They
have become very popular in the last few years, and some of them were considered
in [466]. Here we can finish with a proposal for a crucial experiment. With photons
it is necessary to measure the coincidence count rates of two particles with orthog-
onal analyzers. Entangled states give zero. Local realism predicts 1/3 of the count
rate with respect to parallel analyzers.

Finally, it is necessary to say that entangled states do exist for particles which are
at the same space point or in the vicinity of it. They also exist for particles which fly
apart and then meet at a point. In that respect we can say that there is a wonderful
relation between quantum mechanics and geometry. This relation is not yet clear
and it is worth researching.

10.6.2
Interpretation of Quantum Mechanics and Hidden Variables

There are so many interpretations of quantum mechanics, and none of them help
to understand what in reality happens in an individual quantum process. One mod-
el, so-called Bohmian mechanics (see, e. g., [473]), attempts to do that. In Bohmian
mechanics, the complex wave function of a particle is represented as ψ(r , t) D
R(r , t) exp(i S(r, t) with real R and S functions. The gradient, r S/m, of S, where m
is the particle mass, is interpreted as the particle’s speed v . The Schrödinger equa-
tion is transformed to the Newton one dv/d t D �r (V C Q), where V is the po-
tential of the system which enters the Schrödinger equation and Q is the so-called
quantum potential: Q D („2/2m)ΔR2/R2. However, v(r , t) depends on variables r ,
so it is not the speed of a particle, but some field of speeds. So Bohmian mechanics
is not an interpretation, but a method to solve the Schrödinger equation. One sep-
arates the complex equation into real and imaginary parts, and solves the system
of new real equations instead of a single complex one.

We believe that there is a possibility to interpret the Schrödinger equation as an
approximation to a nonlinear classical system of equations for the dynamics of a
single particle if its wave function is interpreted as a field. To explain the idea we
shall demonstrate the interference of a classical electron at two slits in a screen.
Then we will derive the nonlinear classical system of equations which we believe
can replace the Schrödinger equation.

10.6.2.1 Interference in Classical Physics
Let us consider the well-known experiment with two slits, shown in Figure 10.7. We
have a source of classical electrons which gives a beam of electrons passing only
through the upper slit. The screen is supposed to be a thin metallic foil. The elec-
trons have their Coulomb field, which interacts with the screen through the bound-
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St So

Figure 10.7 The quantum mechanical experiment with two slits.
According to quantum mechanics, the particle goes through
both slits in the screen St , and superposition of two parts of
the wave function after St gives the interference pattern on the
observation screen So .

ary condition on its surface. The field reflected from the screen interacts with the
electron itself, so the electron on its trip changes its trajectory. This change depends
on the distance between the electron and the edges of the slit. At the observation
screen we can see the distribution of the electrons.

When the second slit is closed, we see one distribution, when the second slit is
opened, we see another one though all the electrons go through the same upper slit.
The distribution changes because the boundary condition on the screen St changes
on opening of the second slit, and the change affects the electron’s trajectory even
when it goes through the same upper slit. The perturbation created by the second
slit is the interference. In the case of the pure Coulomb field we cannot expect to
observe a diffraction pattern on the screen So , because we do not have a parameter
such as wavelength. However, such a parameter can appear if our calculations are
performed in discrete steps, or if we take into account the retardation because of
special relativity effects. It is interesting to see whether it is possible to introduce
the Plank constant by requiring that the electron trajectory changes only after such
a step Δ l along its trajectory, where p Δ l D h, where p is the electron momentum
at the beginning of the interval Δ l .

10.6.2.2 Nonlinear System of Classical Equations Instead
of the Schrödinger Equation
The discussion in the section shows that to describe the electron trajectory r(t) we
need to solve the Newton equation:

d2r
d t2 D F (Φ (r(t))) , (10.73)

where the force on the right-hand side depends on the electron’s field Φ (r(t)) at
the point of the electron position. To find this force we need to find the field, that
is, to solve the field equation

OLΦ (r, t) D j (r(t)) , (10.74)
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where the source of the field depends on the particle trajectory, which is not yet
known without solution of the first equation. To solve (10.74) and to find the field
at the point r D r(t),it is necessary to take into account the initial and boundary
conditions. We see that to predict the pattern on the observation screen we need to
solve the highly nonlinear system of equations.

This example shows that the wave function in quantum mechanics, especially de
Broglie’s singular wave packet, can be interpreted as a some kind of field, and the
linear Schrödinger equation can be replaced by the system of two nonlinear classi-
cal equations. Quantum mechanics is an ingenious theory, which circumvented so-
lution of such nonlinear system, and replaced it with the single linear Schrödinger
equation. However, the price for it is the appearance of probability and the loss of
causality. It is very interesting to check whether it is possible with Eqs. (10.73) and
(10.74) to explain the reflection and transmission of a particle at a semitransparent
mirror. We think that the reflection and transmission is a bifurcation of the par-
ticle trajectory, similar to that studied in stochastic dynamics, and the reason for
bifurcation can be found in the dependence of the motion on the initial conditions.

10.6.3
Discussion of some Experiments with Wave Packets

If the neutron wave function is a wave packet, we have to find the properties of
the packet. The theory tells us nothing about it. So the properties should be found
from experiments. From experiments, we must find the size A of the wave packet
and its dependence on neutron momentum k.

The size of the packet was estimated from experiments with ultracold neutrons,
where it was also found that A / 1/ k2. This estimation was used to predict some
transmission over a potential barrier with neutrons of higher energies [465] when
the grazing angle of the neutrons incident on a mirror is below the critical angle.
It was expected that because of the dependence on k2, the transmission probability
would increase with increase of neutron energy. However, experiments [465] could
not find transmission at the level 10�4, so it was concluded that the size of the
packet, if it exists, does not depend on the neutron energy.

A consequence of this result [453] was that if we measure the transmission of
neutrons through 4He gas, its dependence on temperature T will be proportion-
al to T 3/2. The standard theory without wave packets predicts a dependence pro-
portional to T 1/2, which is supported by the experiment reported in [467], where
neutron transmission through noble gases was measured. However, in that experi-
ment only the dependence on the neutron energy near the thermal point was mea-
sured, and the temperature dependence was deduced. It was desirable to perform
an experiment at low neutron energies and to measure directly the temperature de-
pendence without energy variation. Such an experiment performed at the Institut
Laue–Langevin reactor [460] showed that the temperature dependence is in accord
with the predictions of the standard scattering theory. Wave packet theory can give
such a dependence only if A / 1/ k2. But then we are in contradiction with the
results of the experiments reported in [465]. It is possible, however, that the size
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of the packet, which determines the transmission, depends on the relative speed
between the neutron and the interface. In that case we cannot expect an increase of
transmission with increase of the neutron energy, because subcritical transmission
remains the same as for ultracold neutrons, that is, it can be expected at the level of
10�5. We also think that it is necessary to repeat the experiments reported in [465]
with more careful examination of the angular distribution of transmitted neutrons
at a subcritical incidence.

Besides these experiments, it is possible to search for wave packet properties in
experiments of the Goos–Hänchen type [182]. We have two types of Goos–Hänchen
experiments. In the first type, the shift of the wave packet along surface mirror is
measured at total reflection. The closer the grazing angle of the incident neutrons
is to the critical one, the larger is the shift. In the case of multilayered systems we
can achieve a sufficiently large shift at one of the internal interfaces and look for
interference of wave functions of the packets reflected at the first and at deeper
interfaces (see [182]).

Another type of Goos–Hänchen effect is deviation of the reflected beam from
the specular direction when the grazing angle between incident neutron and the
mirror surface is above but close to the critical one. Again this deviation is larger
when the grazing angle is closer to the critical one.

It is also possible to study wave packet properties with diffraction in ideal crys-
tals. Analysis of the intensities of different reflections at a distance from the Bragg
conditions can give information about the amplitudes of plane waves that consti-
tute the wave packet.

All the experiments described except the one with 4He are very difficult because
they look for very small effects. However, they are feasible and can be performed
if some of the funds given to the search for parity nonconservation and precise
measurement of the neutron lifetime are directed to them.

10.7
Modern Art in Neutron Optics

This medicine is highly effective because it acts at a quantum lev-
el. It was processed in torsion fields, and a test after processing
had shown that its Bell index reached the value B I D 2.82.

From a commercial

We would like to finish this chapter with a discussion of an experiment with a
neutron interferometer [427], the scheme of which is shown in Figure 10.8. In this
experiment the interferometer is considered as a device producing entangled state
of two commuting degrees of freedom of a single particle:

jψi D A 1j�y i exp(i kx1 C '1)˚ A 2j��y i exp(i kx2 C i'2) . (10.75)

One degree of freedom is spin and the other one is the path the neutron propagates
along after the first beam splitter. The first term in Eq. (10.75) describes the neutron
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Figure 10.8 Generation of an entangled state in an interferometer.

propagating along path 1 after the beam splitter in spin state j�y i, and the second
term describes the same neutron propagating after the beam splitter along path 2
with spin state j��y i. To achieve different spin states along the two paths after
the beam splitter a there is a magnet m with a strong inhomogeneous field, which
according to the Stern–Gerlach effect directs the neutrons in state j�y i along path 1
and the neutrons in state j��y i along path 2. The incident neutrons before the first
splitter a are polarized along the z direction.

At beam splitter b the two terms of Eq. (10.75) recombine and give two new
beams, one of which (beam H) propagates toward detector H and the other one
(beam O) propagates toward detector O. The spin state of beam O can be repre-
sented as

jψOi D A

j�y i C rj��y i exp(i#)

�
, (10.76)

where A and r are some constants (r is real), and phase # can be varied by the phase
shifter ps (see Figure 10.8). The state (10.76) is a spinor state jψO (b)i polarized
along some direction b:

jψO (b)i D C
I C bσp
2(1C bz )

j�z i , (10.77)

where C is a normalization constant, determined from

jC j2 D hψO (b)jjψO (b)i
D jAj2 
h�y j C rh��y j exp(�i#)

� 
j�y i C rj��y i exp(i#)
�

D jAj2(1C r2) . (10.78)

The vector b is

b D 1
jC j2 hψO (b)jσjψO (b)i

D 1
1C r2


h�y j C rh��y j exp(�i#)
�

σ

j�y i C rj��y i exp(i#)

�
D (2r sin #, 1� r2, 2r cos #)

1C r2 , (10.79)
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and jbj D 1.
In the experiment reported in [427] there was also a spin rotator sr (see Fig-

ure 10.8), which rotated the spin around the x-axis to any desirable angle φ, and
after the spin rotator there was also an analyzer, which transmitted neutrons polar-
ized along the z-axis. Therefore, the count rate of detector O is

IO D jC j2
4(1C bz )

jh�z j exp(i φσx )(I C σb)j�zij2

D jC j2 j(1C bz) cos φ C i(bx C i b y ) sin φj2
4(1C bz )

D jAj
2

4

�
1C r2 C

q
1C r4 C 2r2 cos(2#) cos(2' C α)

�
,

α D arccot
�

2r cos #

1 � r2

�
. (10.80)

We see that the intensity in detector O oscillates proportionally to cos(2' C α), its
phase depends on phase shift # , and the contrast of oscillations45)

V D
p

1C r4 C 2r2 cos(2#)
1C r2

(10.81)

also depends on # .
This relation is obtained for the ideal case of a monochromatic beam, ideal in-

cident polarization, and the absence of a background. If we include only the back-
ground �, the expression for the contrast will change to

V D
p

1C r4 C 2r2 cos(2#)
1C r2 C 2�

. (10.82)

It is interesting to check the dependence of IO on different parameters and to
apply the device to the investigation of physical phenomena. However, there seems
to be a deficit of ideas. Therefore, the goal of the experiment reported in [427] was
different. It was checked whether the entangled state (10.75) can be represented as
a product state of the wave function of spin and the wave function of paths:

jψ(r)i D 
exp(i k1r)C e i θ exp(i k2r)
� 
j�Cy i C je i φ ��y i

�
, (10.83)

where θ is the phase produced by the phase shifter and φ is the phase produced
by spin rotator. Such a product supposedly follows from the local realism.

It is so strange to check all these “local realistic classical” theories that flourished
starting from John Bell! All these theories give predictions contradicting quantum
mechanics; therefore, they were rejected from the very start as no-go theorems.
However, they are not. John Bell invented his inequalities in an attempt to get a

45) I have a chance to correct the equations in
Concepts of Physics [466] similar to Eqs. (10.80)
and (10.81).
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local realistic description of entangled states of separated particles. His failure is
considered as a proof of nonlocality. So every experimental demonstration of the
violation of Bell’s inequalities is claimed as the experimental evidence of nonlocal-
ity, though this is wrong.

In fact we need an absolutely different approach. We need first to prove that en-
tangled states for separated particles are nonphysical ones and should be excluded
from the list of solutions. They exist only for particles which are at the same place
or meet after a temporal separation. How it occurs is an exciting problem of quan-
tum mechanics, which is worth investigating. Instead of this, a lot of researchers
prefer to prove again and again that Bell’s inequalities are violated. It is strange to
read that instead of some physical research with an excellent experimental device
such as the neutron interferometer the goal of the experiment is to shed light on
noncontextuality [427]:

The concept of quantum noncontextuality represents a straight-
forward extension of the classical view: the result of a particular
measurement is determined independently of previous (or si-
multaneous) measurements on any set of mutually commuting
observables. Local theories represent a particular circumstance of
noncontextuality, in that the result is assumed not to depend on
measurements made simultaneously on spatially separated (mu-
tually noninteracting) systems. In order to test noncontextuality,
joint measurements of commuting observables that are not neces-
sarily separated in space are required.

The concepts of noncontextuality and contextuality are similar to the notions of
classical and quantal (a good discussion of these concepts can be found in [474]).
To check persistently that the neutron interferometer operates according to quantal
laws [475–477] seems very strange, because it operates only owing to a quantal
phenomenon such as interference.

However, if somebody does not understand Modern Art, he should not dare even
to suspect that the “King is bare”.

10.8
Conclusion

Neutron optics is more logically consistent than neutron physics on the whole,
because it deals mainly with probabilities which are a result of the interaction of
the neutron with many atoms simultaneously. However, we also have to investigate
the interactions of the neutron with individual atoms. Scientific practice worked
out the rules for how to do this. They are useful and must be used. However, it
is also necessary to see the limitations of these rules and to try to overcome these
limitations.

We showed that the EPR paradox does not exist. Its logical solution leads to the
conclusion that entangled states for separated systems are only a list of simple
product states. The inconsistency of quantum mechanics pointed out by EPR is
the result of the error. Correction of this error leads inevitably to a change of the
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definition of the momentum and the position of a particle. The momentum and
position are not eigenvalues of the respective operators. They must be defined as
expectation values of the operators. After the change of definition, the uncertainty
relations cease to forbid particles from having position and momentum simulta-
neously. The dispersions of momentum and position resulting from the new defi-
nition are not statistical uncertainties, but are characteristics of the corresponding
wave packets.

Rejection of entangled states for separate particles leads to rejection of nonlo-
cality. The absence of nonlocality can be proved by experiments like that reported
in [463] but with correct measurement of the background. Experiments demon-
strating violation of Bell’s inequalities are absolutely useless. They reject the classi-
cal description of quantal phenomena, which was already rejected many times.

It is also necessary to point out that a commonly defined notion such as an ob-
servable has a semantic error, because no observable has ever been observed. For
instance, the value of the spin component σx of a particle has never been mea-
sured. In all experiments we count particles after transmission through a filter. If
we were able to guess correctly the direction of the particle’s spin arrow, we could
arrange our filter parallel to this arrow and then we could be sure that the particle
would pass the filter with 100% probability. We cannot guess. If we polarize parti-
cles with the help of some filter, we change their state. Again, we do not measure
the spin components of the polarized particles. If we put the second filter in the
particle’s path, we only check how well the two filters are adjusted.

All I said above does not mean that I do not see problems in quantum mechan-
ics. They really exist. It is very important to understand what the meaning of the
neutron spin precession wave, described in Chapter 5, is. How can the neutron ex-
ist in a superposition of states with different energies? Is there really an entangled
state with an absorbed or emitted photon? What are the properties of a particle’s
wave packet? How can we observe and measure them? Is it possible to replace the
Schrödinger equation by a nonlinear system of classical equations with account for
some kind of stochastic dynamics? We formulated these problems with the hope
that the scientific community will pay attention to them.





485

11
Application of Neutron Optics to Material Science

11.1
Nuclear Scattering Density Profile Analyses of Layered Materials

In Section 2.3, we studied the developments of various kinds of neutron mirrors
and their performances. On the other hand, in Section 2.1 the possibility to investi-
gate the structure of a multilayer sample from the analysis of the measured neutron
reflectivity was pointed out. For example, the complicated layer structure produced
with copolymers and the process occurring in the multilayer formation of copoly-
mers have been experimentally studied by neutron reflectometry, augmenting the
experimental results from small-angle scattering of neutrons and X-rays. The im-
portant procedure in these neutron reflectometry experiments is the deduction of
the correct distribution for the scattering amplitude density for neutrons, � D N bcoh,
from the measured reflectivity distributions.

Concerning the requirement mentioned above, Majkrzak and Berk [137, 138,
478] investigated at the National Institute of Standards and Technology (NIST) re-
actor, United States, how we can deduce the exact and unique scattering amplitude
profile from the experimental results of neutron reflectivity, according to the 2�2
matrix formalism with Croce and Pardo’s optical approach [92]. The importance of
such an investigation is indicated in the example shown in Figure 11.1.

We can notice that at least two kinds of completely different scattering amplitude
density profiles as illustrated in Figure 11.1a become compatible with the measured
data for a titanium oxide layer shown in Figure 11.1b. This is caused by the fact
that we measure only the absolute value of the reflectivity for the data shown in
Figure 11.1b, with respect to the reflection coefficient, which is actually a complex
quantity with real and imaginary parts, or with the amplitude and the phase.

Therefore, it will become possible to obtain the scattering amplitude density pro-
file without such an ambiguity by taking into consideration the information on the
phase in addition to the absolute magnitude of the reflection coefficient. De Haan
et al. considered such a measurement on a sample by including a known magnetic
layer in addition to the unknown layer, and reported the analytical approach as well
as the numerical result [479]. Majkrzak et al. undertook a similar procedure to take
into consideration the phase which is lacking in the example described above, by
increasing the measured information [480]. For the present procedure, they pro-
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Figure 11.1 Correspondence of the scattering amplitude density
profiles with the measured neutron reflectivity: (a) two kinds of
scattering amplitude density profile (solid and dotted lines); (b)
an example of the actually measured data on a titanium oxide
layer (circles) and essentially the same reflectivity profiles (solid
and dotted lines) corresponding to the two cases illustrated in
(a) (Berk et al. [478]).

posed and practiced two kinds of approaches. The first one is named the reference
layer method, in which, in addition to the usual measurement on an original sam-
ple with an unknown layer, similar measurements are repeated on samples with
supplemented known layers in front of, or on backside of, the original layer sam-
ple. The measured data on two or three kinds of composite samples are used to
deduce a correct and unique scattering amplitude density profile for the original
sample [481, 482].

Figure 11.2 shows their results of the reference layer method applied to a sample
with a deuterated polystyrene layer on a silicon substrate. The sample was prepared

Figure 11.2 Structure analyses on measured
neutron reflectivity with the reference layer
method applied to a deuterated polystyrene
layer on a silicon substrate. (a) Measured
reflectivity data of composite films with an un-
known layer provided by Ni, Cu, and Mo refer-
ences (top to bottom at Q D 0.03 Å�1). (b)

Inverted scattering amplitude density profiles
from (a) extracted by applying the reference
layer method for a gap and unknown parts of
the potential. The insert is the resultant Im
r(Q) for the unknown part. (The curves are
spline-smoothed, and the dashed line is the
ideal expected profile.) (Majkrzak et al. [480]).
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by sputtering on a substrate first a reference layer with a thickness of about 100 Å,
next a gap layer of silicon, and finally a sample layer. The experimental result shown
in Figure 11.2a was obtained with the neutron beam incident on the substrate side
of silicon. The analyzed result applying the reference layer method for the gap and
the sample layers as unknown ones gave the unique scattering amplitude density
profile shown in Figure 11.2b and indicated gap layer and sample layer thicknesses
of about 90 Å and about 150 Å, respectively.

However, to employ the present reference layer method, it is required to prepare
two or three samples by a rather laborious procedure. Another approach, the po-
larized neutron method, is comparatively simple for the preparation of the sample,
and was introduced in Chapter 3.

11.2
Polarized Neutron Reflectometries

11.2.1
Penetration Depth in Superconductors

One of the experimental fields where important information was derived from the
application of polarized neutron reflectometry is the study of the magnetic field
penetration depth in superconductors. As mentioned in textbooks on superconduc-
tors [483], superconductivity was discovered 1911 by Kamerlingh Onnes in Leiden.
The London penetration depth ΛL was introduced as one of the fundamental length
scales in the equation of H. and F. London which describes the electromechanical
properties of superconductors. The theory of superconductivity was epitomized in
a successful direction by Ginzburg and Landau (GL) in 1950, and the GL theory
introduces a characteristic length called the GL coherence length � , which repre-
sents the distance over which the wave function of superconducting electrons can
vary without undue energy increase. In typical superconductors, ΛL Š 500 Å and
� Š 3000 Å.

In 1957, Abrikosov investigated the situation where the GL coherence length �
becomes comparable to or smaller than the penetration depth Λ. Defining the GL
parameter � as � D Λ/� , the situation � � 1 holds for typical classic pure su-
perconductors, and in this case there is a positive surface energy associated with a
domain wall between normal and superconducting material. Abrikosov considered
the case where � > 1/

p
2 and found that this should lead to a negative surface

energy, so the process of subdivision into domains would proceed until it is limited
by the microscopic length � . This behavior is thought to be radically different from
the classic intermediate-state behavior considered earlier. He showed that the exact
breakpoint between these two regimes is at � D 1/

p
2, and he named the materi-

al he considered type II superconductors to distinguish them from the earlier type I
superconductors.

Furthermore, in 1986, another new type of superconductor, the so-called high-
temperature superconductor, was discovered by Bednorz and Müller.



488 11 Application of Neutron Optics to Material Science

The experimentally measured length Λ of magnetic screening, that is, the mag-
netic screening length, is an important parameter for estimating ΛL, and among var-
ious possible experimental approaches, polarized neutron reflectometry has two
advantages [484]. First, direct measurement of the temperature dependence Λ(T )
is possible, and therefore it is unnecessary to introduce a model for the tempera-
ture dependence. Second, polarized neutron reflectometry is directly sensitive to
the profile of the penetrated field itself, in contrast to approaches that are only sen-
sitive to the penetrated field being an integrated quantity on the profile.

To utilize these advantages, it is crucial to reduce a unique inherent profile in-
dependent of any model from measured reflectivity data including the effect of
relatively weak magnetic scattering compared with that of nuclear scattering. As
typical examples applying polarized neutron reflectometry to the study of super-
conductors, two kinds of experiments on niobium will be introduced below.

In the first example of the experiments, Felcher et al. [485] arranged a niobium
film with a thickness of 5 μm sputtered on the substrate of a polished silicon single
crystal in the sample position indicated in Figure 3.2b, and maintained the sample
at a temperature lower than the superconducting transition temperature Tc in the
magnetic field H parallel to the surface and less than the critical magnetic flux entry
field in the polarized neutron reflectometry experiment. The magnetic induction at
depth z in the material is B(z) D H exp(�z/Λ). The next relation for the refractive
index can be derived from Eq. (3.6):

n2
˙ D 1� λ2

π

n
N bcoh � cH

h
1 � exp

�
� z

Λ

	io
. (11.1)

In such a situation with the refractive index dependent on the depth, the reflec-
tivity should be decided by the result of reflections inside the film, in addition to
the contributions from the surfaces and interfaces. Although no simple and exact
formula as a general solution for this case was obtained, Felcher et al. gave the
next approximate formula for the spin-dependent reflectivity of a medium with the
refractive index given by Eq. (11.1):

R˙ D jrj2



1� 2θi
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cH
N bcoh

1
1C (4π p0Λ/λ)2

�
, (11.2)

where r D (θi � p0)/(θi C p0) is the reflection coefficient in the case without the
magnetic potential, and p0 Š (θ 2

i � λ2 N bcoh/π)1/2 is the effective angle of the
neutron beam in the medium.

From Eq. (11.2), it can be understood that the region in which the effect of
the magnetic potential becomes predominant is at small p0 in the experimental
condition of λ � Λ, that is, the wavelength region near the critical wavelength,
λ � λ c D θi(π/N bcoh)1/2.

In advance of the spin-dependent experiments, the measurement was carried
out at a temperature of T D 10 K, that is, higher than Tc D 9.2 K, and from the
result the effects of the surface roughness were checked. Possible oscillations in
the measured intensity due to the interference terms in the finite sample thick-
ness are averaged over the beam divergence angle Δθi D 0.02ı . An example of
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Figure 11.3 Experimental results (circles) of the polarized neu-
tron reflectivity ratio at grazing angle θi D 0.34 ˙ 0.02ı to a su-
perconducting niobium film at a temperature of 4.6 K and with
a magnetic field of 500 Oe compared with the calculated results
(broken lines: upper; magnetic penetration depth Λ D 480 Å,
lower; Λ D 380 Å). (Felcher et al. [485]).

the results thus obtained on the reflectivity ratio FR D RC/R� from the mea-
sured spin-dependent reflectivity is shown in Figure 11.3. As expected, the min-
imum of the reflectivity ratio is obvious around the critical wavelength λ�c D
5.1 Å. From comparison with the theoretically calculated curves, the value for the
magnetic field penetration depth Λ D 430 ˙ 30 Å was obtained at the temper-
ature and the magnetic field of the present measurements. The theoretical esti-
mation from the present experimental result on the zero-temperature value gives
Λ(0) D 410 ˙ 40 Å, which was concluded as reasonable with magnitude simi-
lar to that of the London penetration depth ΛL(0) obtained by other experimental
methods.

As another study, Zhang et al. [484] carried out polarized neutron reflectome-
try experiments similarly on superconductive niobium film by making use of the
NIST research reactor, and compared the results with the numerical analyses on
the polarization ratio of reflected neutrons. The exact solution for the magnetic
field penetration profile with the boundary condition H D Ha at both surfaces
z D 0 and d of a superconductive film based on the local electromagnetic equa-
tions of London (H. and F. London) can be written as B(z) D Ha cosh[(2z �
d)/2Λ]/ cosh(d/2Λ), and the numerical analyses on the reflected neutron polariza-
tion ratio were performed with the density profile of the neutron scattering amplitude
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�(z) given by the equation

�˙(z) D N bcoh � cHa

cosh
�

2z�d
2Λ

	
cosh

�
d

2Λ

	 , 0 � z � d (11.3)

where Λ is the magnetic screening length.
Two kinds of samples were prepared by sputtering a niobium film with a thick-

ness of 600 nm (sample 1) and 300 nm (sample 2), respectively, on a silicon sub-
strate. Three kinds of angular resolutions were used by exchanging the neutron
beam slit. The neutron beam was monochromatized with a wavelength of λ D
2.35 Å and a wavelength resolution of Δλ/λ � 0.1 by using pyrolytic graphite.
Then the critical angle for the wavelength is θc D 0.15ı . The measured data on
the reflected intensities IC and I� for the upward and downward spin neutrons,
respectively, were converted to the polarization function,

P F D IC � I�
IC C I�

, (11.4)

where PF is the polarization function, and were compared with the numerical cal-
culations based on Eq. (11.3).

In the course of these calculations, in addition to the magnetic screening
length Λ, the dead layer thicknesses x1 (air side) and x2 (Si side) were also ad-
justed to obtain the best fit. The angular dependence of the reflected intensity for
sample 1 varied smoothly, as the polarization function derived from the reflected
intensities for the sample 1 at 4.5 K are shown in Figure 11.4 for each resolution,
in comparison with the numerical calculations. Averaging with equal weight on
these three kinds of data resulted in Λ D 1100 ˙ 10 Å. In contrast the reflected
intensities from sample 2 gave results including oscillating components due to the
effects of interferences, but also led to a similar value for the magnetic screening
length by applying a comparison with the numerical calculations.

If the electron mean free path le becomes shorter owing to possible effects of im-
purities in the sample or for any other reason, then the magnetic screening length
becomes longer than the London penetration length ΛL. Therefore, if we correct
the value for the magnetic screening length Λ derived from the experiments on
both samples for the present effect as Λ D ΛL(1 C �0/ le)1/2, where �0 is the GL
coherence length introduced previously, then for the London penetration depth this
gives ΛL(4.5K) D 494 and 369 Å for samples 1 and 2, respectively, the averaged val-
ue becoming 430˙ 80 Å, in reasonable agreement with the result of Felcher et al.
at 4.6 K.

As indicated by these two studies, the two advantages mentioned above of po-
larized neutron reflectometry, that is, (1) direct measurement of the absolute mag-
nitude of the magnetic screening length Λ, compared with the indirect measure-
ments through, for example, the temperature dependence in other experimental
methods, and (2) measurement sensitive to the penetrated magnetic field profile,
compared with the integral measurements of the penetrated magnetic field in oth-
er experimental methods, will be most utilized for the study of superconductors.



11.2 Polarized Neutron Reflectometries 491

Figure 11.4 Experimental results (circles) for the polarization
function (IC � I�)/(IC C I�) of neutrons with wavelength
λ D 2.35 Å for superconducting niobium film sample 1 at a
temperature of 4.5 K and with a magnetic field of 423 G, com-
pared with the calculation (curve: magnetic screening length
Λ D 1092 Å (a), 1107 Å (b), 1091 Å (c)) (Zhang et al. [484]).

Actually, various kinds of measurements have been performed to investigate the
characteristics of a variety of samples. As an example, the measurement of the
magnetic profile of multilayers with sandwiched superconductor layers was carried
out with the polarized neutron reflectometer at the KENS Facility, the High Ener-
gy Accelerator Research Organization, Tsukuba [486]. Further, the effectiveness of
the present reflectometry for study of the ordered lattice of magnetic vortices par-
allel to the interface was also demonstrated with the reflectometer at the Missouri
University research reactor [487].

Similarly to the description in Section 2.1, in addition to the specular reflection
measurements for the studies on the scattering amplitude density profile perpen-
dicular to the surface or interface, measurements on nonspecular reflections at the
angles different from the incident angle to the surface provide information on the
magnetic structure parallel to the surface.
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As an example, nanometer-scale structures can be prepared on magnetic ma-
terials owing to recent progresses in lithography and evaporations. Temst et al.
observed the nonspecular reflection peaks from the two-dimensional regular struc-
ture of dots with width 1 μm and period 10 μm on a polycrystalline cobalt sample
by making use of the polarized neutron reflectometer at the Hahn–Meitner Insti-
tute, Berlin [488]. For large-angle measurements including nonspecular reflection
angles, a position-sensitive detector was used, and for the neutron polarization and
polarization analysis, Si–FeCo supermirrors were used.

On the other hand, Chen et al. carried out a measurement on a cobalt film with
a lithography pattern by making use of a specially developed polarized neutron
nonspecular reflectometer with the combination of a polarized 3He analyzer and a
position-sensitive detector at the NIST reactor [489].

11.2.2
Reference Layer Methods for Multilayers

An example of the practical application of the present polarized neutron reference
layer method is illustrated in Figure 11.5 for the wave vector transfer Q D 2k?, to
evaluate the applicability of the present method to reflection phase analyses.

The experiment was performed with the polarized neutron reflectometer NG-1
at the NIST reactor for the sample structure indicated in Figure 11.5a, where the
Fe layer was saturatedly magnetized with a magnetic field of about 200 G perpen-
dicular to the wave vector surface. The neutron wavelength and the wavelength
width ratio used were 4.75 Å and 1%, respectively. The neutron polarization ra-
tio was kept between 98 and 99%, and the depolarization ratio of the reflected
neutrons was negligible. Further, a nonspecular reflection component was not ob-
served.

Figure 11.5 Polarized neutron reflection experiment: (a) struc-
ture of the multilayer; (b) neutron reflectivity data for C (dia-
monds) and � (crosses) spin states; the insert shows the distri-
bution of the scattering amplitude density profile � derived from
each set of data (Majkrzak et al. [490]).
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Figure 11.6 Im r versus Q derived from the data shown in
Figure 11.5b; the insert shows the scattering amplitude density
profile for “unknown” Si and Au layers as obtained by inversion
of Im r (Majkrzak et al. [490]).

The insert in Figure 11.5b shows the scattering amplitude density profile ob-
tained by the application of the present method of data analyses to the experimen-
tal results. For a further examination on the phase determination derived by the
present method, the imaginary part of r thus derived and the scattering amplitude
density profile calculated from Im r with the numerical integral method are plot-
ted in Figure 11.6 and in the insert, respectively. The scattering amplitude density
profiles given by the inserts in Figures 11.5 and 11.6 are in good agreement, there-
by demonstrating the consistency of the present polarized neutron reference layer
method with the use of known reference layers in addition to the unknown layer to
be studied.

11.2.3
Nonspecular Reflection from Magnetic Multilayers

Practical polarized neutron experiments on a sample with a significant non-
collinearity similar to that supposed in the previous calculation were carried out by
Nickel et al. [491]. The polarized neutron reflectivities with and without spin flip
were measured over a wide reflection angle including the nonspecular reflection
region on a sample of a FeCr multilayer; the experimental results are shown in
Figure 11.7.

The diffractometer EVA at the high-flux reactor of the Institut Laue–Langevin
was used in an experimental setup fundamentally similar to that shown in Fig-
ure 3.2. For the polarization analyzer covering the wide reflection angle, a polarized
3He gas filter was used. A multilayer sample with 200 periods of 19-Å Fe and 42-Å
Cr was grown in the molecular beam epitaxy system at 300 ıC on a Nb buffer layer
on a crystalline Al2O3 substrate. There was a terrace structure with a period of 50 Å
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Figure 11.7 Reflected intensity contours on a logarithmic scale
with neutron spin analyses for a FeCr multilayer sample, where
α i is the incident angle and α f is the reflected angle: (a) experi-
mental results for a 200-bilayer sample; (b) modeled calculation
results for 16 bilayers with the supermatrix method (Nickel
et al. [491]).

and an inclination angle of 2.3ı on the upper interface of the buffer layer owing
to the growth characteristics of the Nb layer, and this further propagated to Fe and
Cr layers with a similar structure. The results of measurements and of numeri-
cal simulations were plotted in two-dimensional maps with the incident angle as
the abscissa and the reflection angle as the ordinate for each reflection component
with and without spin flips. In the figure, reasonable correspondence can be seen
between the experiments and the calculations with the supermatrix method, not
only in the non-spin-flip specular reflections, but also in the spin-flip reflections,
over a wide angular region including the nonspecular reflections.

11.2.4
Magnetic Materials with Artificial Properties

Polarized neutron reflectometry helps to investigate artificial magnetic systems –
their magnetization profile, domain structure, and magnetic fluctuations – and
their correlations and behavior with variation of external conditions – fields and
temperature.

Recently a lot of attention has been paid to layered magnetic systems and also
to lateral nanostructures such as stripes and islands on a smooth surface. Their
properties depend on coupling between elements of the structure such as the
proximity effect, that is, interaction of magnetic parts through a thin nonmagnetic
isolator, exchange bias, that is, interaction between neighboring ferromagnetic
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Figure 11.8 Some effects induced by the ferromagnetic–
antiferromagnetic exchange coupling, that is, (a) loop shift and
(b) coercivity enhancement after field cooling below Neel, TN ,
or Curie, TC , temperatures [492].

and antiferromagnetic parts, and spring exchange, that is, interaction between
neighboring soft and hard ferromagnetic layers. The artificial systems have very
unusual properties, which can be illustrated by their hysteresis curves. In the
case of exchange bias [492, 493], the most spectacular is the shift, HE , of the
hysteresis curve after field cooling below the Neel temperature, as shown in Fig-
ure 11.8a, or an increase of the coercivity, HC , as shown in Figure 11.8b. Which
of the two effects happens depends on the strength of the antiferromagnetic
anisotropy.

In the case of spring exchange, the main interest is related to the possibility to in-
crease the value of B Hmax and to improve the performance of magnets. To increase
B Hmax it is necessary to have high coercivity, HC , and high saturation magnetiza-
tion Msat. It can be achieved [494] by combining soft and hard ferromagnetic films.
The properties of such a system depend on the thickness of the soft film, as shown
in Figure 11.9.

If the system is magnetized in a saturation field in one direction, and then the
external field decreases and turns to the other direction, the soft magnetic becomes
separated into layers with different magnetization, which turns from the direction
almost parallel to the external field to the direction for a hard magnetic. This turn
can go along a spiral in a plane parallel to the interface, and then we obtain a
helicoidal structure, or this turn can go in a plane perpendicular to the interface,
and then we have a fanlike system. The rotation can go the other way and mea-
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Figure 11.9 Hysteresis loops for FePt/NiFe spring-exchange
films with 200-Å FePt (hard magnetic) layers and increasing
FeNi (soft magnetic) thickness values as given in each pan-
el [494].

surements of reflectivities of polarized neutrons with and without spin flip help to
reveal the distribution of magnetization in such a system.

The reflectivity curves from one such measurement [244] performed using neu-
trons of wavelength 0.475 nm with the NG-1 reflectometer at the NIST Center for
Neutron Research are shown in Figure 11.10. The sample contained hard magnetic
Fe55Pt45 of thickness of 20.0 nm evaporated on a glass substrate, above it the soft
magnetic Ni80Fe20 (permalloy) of thickness 50.0 nm, and all the system was capped
with Pt.

The neutron beam was polarized along the x-axis. The sample was first magne-
tized by a field of 890 mT along the�x-axis. After that a smaller field H was applied
along +x. The data in Figure 11.10 were obtained at H D 16 mT. The magnetic mo-
ment in the soft ferromagnet was expected to rotate uniformly around zjjQ.

The reflectivity curves were also measured at other values of H: 5, 10, 16, 20, 26,
50, 100, 260, 350, and 630 mT. With a change of the external field, the directions of
magnetization in the soft magnetic also change as shown in Figure 11.11 for three
points along the depth: on the surface, in the middle, and near the surface of the
hard magnetic.

A helical type of magnetization can be found in nature [495] (holmium single
crystal at a temperature below 133 K), and can be prepared artificially [496]. One
such artificial construction is shown in Figure 11.12. It consists of three one-do-
main-thickness ferromagnetic (Co) disks separated by 3-nm nonmagnetic spacers.
Such a system can be stable even at room temperature. Neutron scattering on a
helical system was considered in Chapter 6, and we shall not repeat the discussion
here.
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Figure 11.10 Reflectivity at 16 mT. Data from
the front (back) surface are shown on the
right (left) with Q D 2k? increasing to-
ward the right (left). The non-spin-flip (NSF)
data are plotted against the left axis. Differ-
ences in the two front NSF reflectivities are
masked by the size and density of the symbols
in the plot. The spin-flip (SF) data are plot-
ted against the right axis, which is shifted by

2 orders of magnitude. For the back surface,
when Q > 0.62 nm�1, the uncertainty in R
is equal to or greater than R. Fits are shown
as a dashed line for R�� and solid lines for
RCC and RSF . The insets show the scattering
geometry for the two experimental configura-
tions, with the incident and exit wave vectors
unlabeled, and the momentum transfer Q
labeled [244].

Figure 11.11 Dependence of angle of the magnetization at
the top of the NiFe layer (black circles), at the interface (open
circles), and at the bottom of the FePt layer (triangles) on the
applied field [244].

Figure 11.12 A noncollinear magnetic helix in the three disks system [496].
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Before closing this section we also want to add that application of a periodic
radiofrequency field to magnetics gives an additional opportunity to investigate of
the distribution of the constant (DC) field B because of resonant enhancement of
the spin flip processes at the points, where the frequency ω of the RF field is equal
to B [270].

11.3
Neutron Scattering Experiments in Various Wavelength Regions

11.3.1
Graphite Inhomogeneity Structure Observed with Very Cold Neutrons

Various kinds of scattering experiments in material science with long-wavelength
neutrons were carried out by making use of the very slow neutron spectrometer
at the research reactor of the Technical University of Munich described in Sec-
tion 6.2. As the first example indicating the typical inhomogeneity structure, the
experimental study on graphite performed by Steyerl et al. [497, 498] will be de-
scribed below. The experimental arrangement and the data analyses are essentially
the same as those given in Section 6.2. In their experiment, two kinds of typi-
cally different carbon materials were studied. One is more generally used, elec-
trographite produced in an electric furnace, and the other is a kind of crystalline
carbon, named pyrographite crystal. The electrographite sample had density � D
1.715 g/cm2, and a thickness of 0.10 mm or more, whereas the pyrographite crystal
sample had density � D 2.24 g/cm2 (i. e., 98.6% of the perfect crystalline densi-
ty), and a thickness of 3.8 mm. In the case of the measurement on the electro-
graphite, to diminish erroneous counting of the small angle scattered component
as the effect of inhomogeneity scattering, both the angle of the incident beam to
the sample and the suspended angle to the detector were more severely restrict-
ed than in the case in Figure 6.7b, that is, the former was 0.026 sr and the latter
0.095 sr.

As obviously recognized in Figure 11.13, the result for the electrographite in-
cludes a very distinguished scattering component steeply increasing at lower ve-
locity, that is, at longer wavelength, in the measured velocity region. The observed
velocity dependence indicates gradients of v 0�2 and v 0�4 below and above, respec-
tively, the neutron velocity corresponding to the characteristic wave number k0. It was
also determined in the experiment that the present tendency does not vary essen-
tially on changing the sample temperature. From these observations, the present
distinguished scattering component can be attributed to the typical effect of in-
homogeneity scattering. The characteristic wave number k0 corresponding to the
corner of the velocity dependence gives an approximate measure for the size of
the inhomogeneity regions or particles in the case of the system of inhomogene-
ity particles with low packing density (the fraction of the total volume occupied by
the regions or particles), through the relation k0 Š 1/(r θ1), where r is the size of
the inhomogeneity regions or particles, and θ1 is the angle extending from the de-
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Figure 11.13 Experimental results of total cross sections for
very slow neutrons on electrographite and a pyrographite crys-
tal. The steep increase of σT for the electrographite in the low-
er-velocity region is caused by the predominant density fluctua-
tions in the material. (Steyerl [498]).

tector window radius to the sample. However, in the case of high packing density,
the present simple estimation leads to underestimated size for the inhomogeneity
regions or particles.

In contrast to the result for electrographite, the experimental results for the
pyrographite crystal vary nearly proportionally to 1/v 0 in the velocity region of
v 0 > 50 m/s, as expected from the absorption and inelastic cross sections, and
indicate an effect of inhomogeneity scattering in the region v 0 < 50 m/s.

As already explained in Section 6.3, this kind of the diffractive scattering of waves
in an inhomogeneous sample has been analyzed since the early years of the field
of X-ray scattering, and for the simplest case to be analyzed theoretically, spherical
particles with radius r distributed in space sufficiently far apart from each other,
leads to the angular distribution of the scattering per particle, dσ/dΩ , in the Born
approximation given by Rayleigh’s formula [300]; Eq. (6.10). Thereafter, many kinds
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of materials such as those of colloidally dispersed particles and of various kinds
of nonspherical particles were also studied [301–304], and such analyses can be
applied to the inhomogeneity scattering of neutrons.

The macroscopic cross section for a sample is given by Eq. (6.11). Further-
more, to compare the theoretical solution with the experimental result shown
in Figure 11.13, integrating Eq. (6.11) over the solid angle of neutrons, dΩ D
2π sin θ dθ D 2π�d�/ k2, with direction out of the detector can be performed for
the case of Eq. (6.11) as

Σ (k) D ν

2kZ
k θ1

dσ(k)
dΩ

dΩ

D 6π2η�2
d



j 2
0 (k r θ1)C j 2

1 (k r θ1)� j 2
0 (2k r)� j 2

1 (2k r)
�

/ k2 , (11.5)

where the parameter η (packing volume ratio) regarding the packing density of
the inhomogeneity zones is defined as the fraction of the total volume occupied by
the regions or particles and is given by η D 4πr3ν/3. In the present equations,
the packing ratio was assumed to be so low that the zones are sufficiently far apart
from each other. In contrast, in the case of a high packing ratio, interference effects
between zones must be taken into consideration.

The velocity dependence, that is, the wave number dependence of the neutron
cross section given by Eq. (11.5), varies successively from the saturated region in
k < 3/(2r

p
2), to the intermediate region proportional to k�2 in 3/(2r

p
2) < k <

1/(r θ1), and finally to the much steeper region proportional to k�4 in k > 1/(r θ1).
By comparing the experimental results with the theoretical curve, one can derive
information on the effective radius r of the zone and the product of the packing
ratio and the coherent scattering power squared, η�2

d . Therefore, we apply the an-
alytical formulas derived above to the experimental results on the electrographite
shown in Figure 11.13, supposing the electrographite structure to be the spherical
microcrystals of graphite packed in a medium of amorphous carbon, and further
take the effects of interferences between the microcrystalline zones into considera-
tion on the basis of the correlation function from the Percus–Yevick equation for hard
spheres [308, 309]. Then, we arrive at the final results [497] for the particle radius
r D 110 Å and the packing ratio η D 0.26. The derived value for the effective radius
is considered to be reasonable as the microcrystal size in electrographite.

11.3.2
Solid Water Inhomogeneity Structures Observed with Cold and Very Cold Neutrons

As the next example of studies on solid-state structures with regard to the inho-
mogeneity and possible deformation from simple crystalline structures, very cold
and cold neutron scattering experiments by Utsuro et al. on heavy water ice at low
temperatures will be described below.

First, the very cold neutron experiments on solid heavy water at very low temper-
atures were carried out [499] with same experimental approach as that described
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in the the previous subsection by using the spectrometer shown in Figure 6.7a in
Munich.

Solid water (H2O ice) is one of the most widely used materials in our daily life
and also in nature, but in spite of its wide use and importance, the microscopic
structure of ice is not so easy to determine. Many investigations have been per-
formed on the solid-state properties and the structure of solid water, and a number
of neutron scattering studies have been reported. For the structure studies with
neutron scattering, it is well known to be advantageous to substitute hydrogen (H)
in the water for deuterium (D), that is, to use heavy water (D2O) as the measuring
sample, since the former nucleus has a very large incoherent scattering amplitude
for neutrons, whereas the latter is essentially a coherent scattering nucleus. For the
inhomogeneity studies also, such a substitution, that is, the employment of solid
heavy water, is considered to be advantageous.

The experiments and analyses of the inhomogeneity studies on the solid heavy
water (heavy water ice) were carried out using the same procedure for electro-
graphite described in the previous subsection by making use of the very cold neu-
tron spectrometer at the Munich reactor and also of the theoretical formulas men-
tioned previously. For comparison with regard to the inhomogeneity in the solid
state, two kinds of samples were prepared: one was a a single crystal of heavy wa-
ter and the other was a sample prepared by simply frozen solidification from liquid
heavy water.

The single-crystal sample was prepared by cutting it out very carefully, preventing
possible contamination of hydrogen impurities, to a thickness of 10 mm from a
very large block of a single crystal of D2O [500] stored in the refrigeration room at
the Physics Laboratory of the Technical University of Munich [500]. Immediately
after it had been cut out, the solid heavy water specimen was fixed at the sample
position in the cryostat in the precooled state of the measuring assembly shown in
Figure 6.7a. Thereafter it was cooled down gradually to the measuring temperature
with the refrigerant liquid nitrogen.

On the other hand, the sample of simply frozen solid heavy water was prepared
by simple cooling down in the cryostat from the liquid heavy water enclosed in
a vacuum-tight aluminum capsule prepared by welding to a sample thickness of
about 20 mm. It was then cooled down to the measuring temperature with the
refrigerant liquid nitrogen, and then with liquid helium. Furthermore, in the case
of the latter sample, the outer thickness of the capsule containing heavy water was
again measured with vernier calipers to check for a possible thickness change due
to the heavy water freezing by taking the capsule out of the cryostat after a series of
measurements. The result was taken into consideration for the estimation of the
actual thickness during the neutron measurements.

The experimental results shown in Figure 11.14 were fitted with the next relation
in the low-energy region of neutrons:

ΣT (k) D Σ e l
inc C A/ k C Σ (k) , (11.6)

where ΣT (k) is the total cross section and k D mv 0/„ is the wave number for the
velocity v 0 of the neutrons inside the sample. The first, second, and last terms on
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Figure 11.14 Experimental results of neutron
total cross section experiments on a single
crystal and a simply frozen sample of heavy
water at low temperatures, provided by the
theoretical analyses on inhomogeneity scat-
tering: (a) measured total cross section for
a sample of a single crystal of heavy water;
(b) measured total cross section for a sample

of simply frozen solid heavy water; (c) inho-
mogeneity scattering component extracted
from experimental result (b). The solid lines in
each graph indicate the corresponding results
calculated with a procedure similar to that
in previous subsection based on the theory
introduced in Section 6.2 (Utsuro et al. [499]).

the right side of Eq. (11.6) correspond to the incoherent elastic scattering, the sum-
mation of absorption and inelastic scattering, and the coherent elastic scattering
cross sections, respectively.

As obviously observed from the differences between the experimental results
and the 1/v 0 formula given by the dotted lines in Figure 11.14a and b, the result
for the single crystal essentially consists of the first and second terms on the right
side of Eq. (11.6), whereas that for the simply frozen solid includes a predomi-
nant contribution of the k�n , n > 1 type of component in the velocity region
v 0 < 50 m/s, which indicates a significant fraction of packing by inhomogeneity
zones with a size of several tens of angstroms. The inhomogeneity scattering com-
ponent extracted from Figure 11.14b is illustrated in Figure 11.14c. The application
of the same procedure for the electrographite, that is, the correction of Eq. (11.5)
for the effects of interzone interference with the Percus–Yevick model for hard
spheres [308, 309], gives the solid line in Figure 11.14c, where the parameters for
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the zone radius r Š 47 ˙ 2 Å, the density ratio of the medium layer to the zone
�m/�z D 0.97, and the packing ratio of zones η Š 0.14 were used. By the way, the
isotope purity of the sample used in these measurements could be estimated from
the magnitude of the first term on the right side of Eq. (11.6), and the results indi-
cated a hydrogen impurity of less than 1% in the case of the simply frozen sample
and about 4% for the sample of the single crystal. The latter hydrogen impurity is
supposed to be caused by the handling process during the cutting out of the sample
and its installation in the cryostat.

These measurements on the inhomogeneity correspond to the structure studies
with the neutrons with a wavelength of several tens of angstroms, and therefore
should reveal microscopic structures on the scale of several tens of angstroms. As
indicated by the analyses, these samples studied with the inhomogeneity have par-
tially crystalline character, or include microcrystalline zones. Therefore, it is con-
sidered to be an interesting task for understanding the nature of the present in-
homogeneity to investigate such samples by using neutrons with a little shorter
wavelength, that is, to observe the microscopic structures with atomic or molecular
scales. From such a viewpoint, Morishima et al. carried out the total cross sec-
tion measurements using time-of-flight spectroscopy with pulsed neutrons with a
wavelength of about 1–20 Å extracted from a cold source, and compared the exper-
imental results with the theoretical calculation to deduce a microscopic structure
deformed from the perfect crystalline structure [501, 504]. Their results are shown
in Figure 11.15 for the solid heavy water temperatures of 77 and 15 K. In their
experiments, the pulsed cold source with a solid mesithylene cold moderator in-
stalled in the Kyoto University Research Reactor Institute linac facility, which was
introduced in Section 2.1, was used, and the sample heavy water was simply frozen
in the process of cooling down in a helium cryostat.

In the present case of the sample in which the neutron absorption can be neglect-
ed and the inelastic scattering cross section is sufficiently small owing to the very
low sample temperature and very small incident neutron energy, the total cross
section can be expressed by the next equation for the neutron energy E and the
wavelength λ;

σT (E ) D σinc C 8πb2
coh

�
λ

4π

�2 Z 4π/λ

0
QS(Q)dQ , (11.7)

where S(Q) is the structure factor of the sample for the wave vector transfer Q.
Putting � D 4π/λ into the present equation and differentiating the equation, one
can derive the following relation to extract the structure factor from the measured
total cross section:

S(Q) D 1
8πb2

coh

1
Q

�
d

d�

˚
(σT (� )� σinc)� 2��

�DQ
. (11.8)

By application of this relation to the experimental results for the solid heavy water
at 77 and 15 K given in Figure 11.15a and b, respectively, the structure factors for
these temperatures were derived as shown by the solid and dotted lines, respec-
tively, in Figure 11.15c. Commonly for both temperatures, several characteristic
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Figure 11.15 Experimental results and anal-
yses on the cold neutron total cross section
of simply frozen solid heavy water at low
temperatures. (a) Experimental results at
77 K (open circles with the statistical error
bars represent the results obtained by Ut-
suro and Morishima [501], solid circles rep-
resent the results obtained by Whittemore
and McReynolds [502], and open squares
represent the results obtained by Gissler et
al. [503]) compared with the calculated result
(solid line) for a hexagonal crystal of solid

heavy water. (b) Experimental results at 15 K
(solid circles represent the results obtained by
Utsuro and Morishima [501]) compared with
the calculated total cross section (solid curve)
from the structure factor of the dotted line
in (c). Broken lines in (a) and (b) represent
liquid heavy water at room temperature. (c)
Structure factors for simply frozen solid heavy
water deduced from the experimental results
at 77 K (solid line) and at 15 K (dotted line)
(Morishima et al. [501, 504]).

peaks corresponding to the crystalline structure are recognized, and at the same
time the apparent dispersion of the crystalline peaks to respective low-wave-num-
ber sides is also observed. This typical feature is considered to be essentially related
to the inhomogeneity in the solid sample of simply frozen water indicated in Fig-
ure 11.14b.

11.3.3
Mechanically Alloyed Graphite Structure Observed with Neutron Diffraction

As the last example of the neutron studies on the inhomogeneity in solids, the
neutron scattering experiment on a solid with a crystalline structure containing
artificially dispersed atoms will be described.

Fukunaga et al. performed an artificial treatment of so-called mechanical alloy-
ing on typical crystalline solids and compounds, and carried out structure studies
with neutron diffraction experiments on samples prepared in such a way [505]. The
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Figure 11.16 Structure factor S(Q) and radial
distribution function RDF(r) measured by neu-
tron diffraction for graphite samples (CDx )
after mechanical alloying in a deuterium gas
atmosphere: (a) variation of the structure
factor with the milling time of mechanical al-

loying (MA); (b) radial distribution functions
derived from the data in (a); (inset; one of
the details with the results of least-squares
Gaussian fitting in broken curves) (Fukunaga
et al. [505]).

sample preparation procedure in the case of graphite is as follows. Pure hexagonal
graphite powder (purity 99.999%, average particle radius 25 μm) was obtained by
milling in an atmosphere of deuterium gas in a planetary ball mill. According to the
increase of the milling time, the graphite sample density gradually decreased to a
value (about 1.85 g/cm3 for a milling time of 36 h) lower than that for the hexagonal
graphite crystal (2.2 g/cm3). Then, the structure study with neutron scattering was
carried out with the high-intensity total scattering spectrometer HIT-II at KENS,
the High Energy Accelerator Research Institute KEK, Tuskuba. The measured vari-
ation of the structure factor S(Q) according to the progress of the milling is shown
in Figure 11.16a. The radial distribution function RDF(r) can be derived from the
Fourier transformation of the structure factor:

RDF(r) D 2r
π

QmaxZ
0

Q[S(Q)� 1] sin(Qr)dQ . (11.9)

The results are also shown in Figure 11.16b.
The detailed inspection of the distribution function reveals that, as shown in

the inset in Figure 11.16b at a milling time of 20 h, deuterium atoms are bonded
partially at the characteristic sites, dangling to carbons or between the layers in
the graphite crystal lattice. Further, the slight expansion of the lattice between the
graphite layers which increased according to the milling time was also observed by
X-ray diffraction.
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As illustrated by these experimental studies, the wave nature of neutrons in wave-
length regions of various magnitudes, from thermal neutrons to very cold neu-
trons, plays a very useful and important role in studies of characteristic structure
analyses of crystalline and noncrystalline solids by making use of nuclear scattering
of slow neutrons, and provides unique information on the physics and engineering
in the field of material science.

11.4
Small Angle Scattering Experiments on Metallic Alloys

11.4.1
Observation of Spinodal Decomposition

In Section 6.3 we studied the small angle neutron scattering (SANS) experimental
method applied to an example of a binary alloy, Al–Zn, in which a typical case of
Guinier–Preston zone formation was demonstrated. A further detailed study on
Guinier–Preston zone formation in a Al–Zn alloy with the SANS experiment was
carried out by Komura et al. [506] in view of the aging effect in the alloy sample
observed with the temporal variation in the angular distribution of SANS intensity.
The experiment was carried out with the neutron guide tube facility at the Kyoto
University reactor with the SANS configuration shown in Figure 11.17a consisting
of a helical slot neutron velocity selector operating for a selected wavelength in the
region λ D 3.4–8 Å and wavelength resolution Δλ/λ D 23% or 14%, for incident
neutrons, and a one-dimensional position-sensitive detector with an active length
of 30 cm and a position resolution of 1 cm, or the length 50 cm and the resolution
0.5 cm [507]. A rectangular parallelepiped sample of Al–6.8 at% Zn alloy was ho-
mogenized at 300 ıC, quenched into brine at �20 ıC and kept at 77 K. After the
sample had been aged for periods of 0, 1, 2, 5, 10, 30, 50, 100, 200, 500, and 800 (or
1000) min at 40 ıC, SANS measurements were performed. The dependences of the
differential cross section on the wave vector transfer similar to those in Figure 6.9b
were measured for a series of samples after these aging periods, and the results
were analyzed in relation to the aging time for the wave vector transfer, as plotted
in Figure 11.17b.

As mentioned previously in Chapter 6, investigations of the aging effects on the
material properties and the related mechanism are important not only from the
viewpoint of the practical use of materials, but also for scientific interest in related
nonlinear and nonequilibrium processes in a cooperative macrosystem. As early as
1875–1878, Gibbs [509, 510] defined two kinds of processes in equilibrating phe-
nomena from the analyses on inhomogeneous systems. One of them was already
known as the nucleation of the phase transition, but no attention was paid to the
other process until Guinier [304] in 1961 reported the results of analyses on the
precipitation process in an aluminum alloy from a small angle X-ray scattering ex-
periment. The importance of the second process was first recognized when Cahn’s
historic paper, “On spinodal decomposition” [511], was published, in which the ex-
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Figure 11.17 Aging time dependence of the small angle neu-
tron scattering (SANS) differential cross section on a binary
alloy sample for studying the mechanism of Guinier–Preston
zone formation: (a) experimental arrangement of SANS spec-
trometry [507]; (b) aging time dependence of the SANS differ-
ential cross section on an Al–6.8 at% Zn sample for respective
values of the wave vector transfer Q (Komura et al. [506]).

perimental data of Guinier were related to the definition of the second process by
Gibbs. The process defined as spinodal decomposition46) indicates the initiation of
phase separation due to the occurrence of the unstable situation when a solid solu-
tion as a homogeneous mixture of two different components at a high temperature
in the initial condition is quenched rapidly to a low temperature.

With regard to the dynamics of spinodal decomposition, Saito [512] presented
his formula which explains the phenomenon approaching the equilibrium state
with two-step inhomogeneity growth consisting of the earlier-stage growth of inco-
herent fluctuations and the later-stage growth of coherent conditions, by making
use of a model on the probability distribution of the concentration represented by
a summation of Gaussian distributions.

Komura et al. compared their aging-period-dependent results from a SANS ex-
periment indicating obviously two peaks as shown in Figure 11.17b with Saito’s
formula, and explained the results with the two-step inhomogeneity structure as
the anomalous growth of incoherent fluctuation and the retarded growth of a co-
herent ordered structure [506]. They carried out further extended measurements

46) The present terminology comes from the
word spinode as the figuration on the locus
curve of the boundary of the unstable region

in the two-component phase diagram defined
by (@2 G/@c2)T,P D 0 for the free energy G
and the concentration c [511].
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and theoretical analyses on the time evolution of structures in Al–Zn and Al–Zn–
Mg alloys [508].

11.4.2
Precipitation and Segregation in an Alloy

Concerning the separation formulas, Eqs. (6.13)–(6.15), Osamura et al. [513] carried
out a SANS experiment and the analyses on a quarternary alloy, Fe–Cu–Ni–Mn,
and derived two very different values for the Guinier radii corresponding to nuclear
and magnetic scattering, respectively, which indicated the characteristic feature of
precipitation and segregation in the alloy.

The sample with the chemical composition given in Figure 11.18 was prepared
after forging and hot-rolling in small pieces for SANS measurements. The spec-
imen was sealed in an evacuated ampoule and solution-treated in the α primary
phase region. The ampoule was quenched and broken in ice water. The specimen
was then sealed in another ampoule and then isothermally aged at 773 or 823 K.
The SANS measurements were carried out at room temperature in the wave vector
transfer region Q D 0.06�3 nm�1 with the KENS-SAN spectrometer at the KEK,
Tsukuba, with a two-dimensional position-sensitive detector. From the measured
two-dimensional scattered intensity distribution dΣ /dΩ (Q x , Q y ), the values for
(dΣ /dΩ )nuc and (dΣ /dΩ )mag were extracted by making use of the separation for-
mulas, Eqs. (6.13)–(6.15). The results are plotted in Figure 11.18a for the nuclear
and magnetic components as open squares and circles, respectively.

The Guinier radii for nuclear and magnetic scattering, respectively, estimated
from the Q-dependence of SANS intensity distributions are shown as the correla-
tion plot in Figure 11.18b, indicating the obvious tendency that the former goes to

Figure 11.18 Separated nuclear and magnet-
ic scattering components from experimental
results of SANS on an aged sample of Fe–
Cu–Ni–Mn quarternary alloy: (a) separated
scattering intensities for the specimen aged
at 773 K for 18 ks, solid and broken curves

are the results of the corresponding theoret-
ical calculations; (b) correlation between the
Guinier radii from nuclear and magnetic scat-
tering for the specimens aged at 773 or 823 K,
compared with the result for a binary alloy
(Osamura et al. [513]).
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a somewhat larger value than the latter. On the basis of these results, they arrived at
a model for the formation of the segregation layers as, in the supersaturated solid
solution with body centered cubic (bcc) Fe, first initiation and growth of the precip-
itation of Cu-rich bcc clusters, then with Ni and Mn components swept out from
the clusters during their growth, and finally a phase transition from the bcc cluster
to the face centered cubic (fcc) Cu phase occurs surrounded by a fcc segregated
layer with enriched Ni and Mn components.

In the case of such an inhomogeneity structure, the magnetic scattering ampli-
tude density takes similar values for the matrix of almost pure Fe and for the Ni	Mn
segregated layer, whereas that for the Cu-rich cluster takes a much lower value be-
cause there is no magnetic scattering by Cu. Thus, the magnetic inhomogeneity
scattering will essentially see only the Cu-rich clusters. On the other hand, the nu-
clear scattering amplitude density for the Ni	Mn segregated layer takes a certain
intermediate value, depending on the Ni	Mn concentration, between the larger val-
ue for the Fe matrix and the smaller one for the Cu-rich clusters. Therefore, the
nuclear inhomogeneity scattering will also see the Ni	Mn segregated layer with a
certain weight, in addition to the Cu-rich clusters. As a result, the effective zone
radius for nuclear scattering will become larger than that for magnetic scattering.

Osamura et al. [513] performed such a model calculation by optimizing the
Ni	Mn concentration, and obtained the solid and broken curves shown in Fig-
ure 11.18a, giving satisfactory agreement with the experimental results. In this
way, the advantage of neutron scattering with two kinds of completely different,
that is, nuclear and magnetic, scattering amplitudes played a very important role
in the present case in investigating the inhomogeneity structure analyses in a
complicated alloy.

11.5
Defects in Material

Here we consider the application of neutrons to investigate materials – their mi-
crostructure and macrostructure such as strain, texture, voids, precipitates, and
cracks near the surface. All these are important for industry, safety, and research in
geological science.

11.5.1
Matter under Pressure. Stress and Strain

Pressure applied to a substance produces strain, which in crystalline matter leads
to a change of the crystalline parameters. This change can be registered by neutron
diffraction methods.

Figure 11.19 shows the scheme of an experiment [514] for investigation of resid-
ual stress in samples of two grades of martensitic stainless steel called here ESR
and Supreme. These samples being heating up to 1020 ıC in a vacuum were cooled
at three different rates: furnace cooling in a vacuum, or quenching by inert gas at
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pressures of 2 and 6 bar. The experiment was performed with the Australian Strain
Scanner (TASS) diffractometer of the high-flux isotope reactor of the Australian
Nuclear Science and Technology Organization.

The residual stress σ i (i D x , y , z in the reference frame of the sample as shown
in Figure 11.19) was calculated according to the generalized Hook law:

σ i D E
1C ν

h
ε i C ν

1� 2ν
(εx C ε y C εz )

i
, (11.10)

where E D 208 GPa is the elastic modulus, ν D 0.28 is the Poisson ratio, and ε i are
strains along coordinate axes. To find strains along three different directions, one
uses the lattice constant of crystalline grains of α-Fe with the help of (112) Bragg
diffraction.

The results of the experiment are shown in Figure 11.20. It was observed that in
the ESR grade the internal stress increases with increasing cooling rate, but in the
Supreme grade a considerable drop of residual stress under fast quenching at 6-bar
pressure was observed; this was interpreted in terms of the high level of retained
austenite.

Another example of the application of neutron diffractometry is presented in
Figure 11.21. The measurements were performed at Canadian National Research
Council reactor at Chalk River. The figure shows deformation along the circum-
ference positions of a twist tube near the outer and inside surfaces and along the
medial line. The strain directly after manufacturing is large and, as expected, of
opposite sign near the two surfaces. After the annealing process the strain is con-
siderably reduced. This investigation helps to optimize the technology of tube pro-
duction.

11.5.2
Texture of Matter

Texture is a property of a polycrystalline material. The global texture characterizes
the distribution of sizes, forms, and orientations of crystalline grains. The simple
texture characterizes the distribution of only orientations, assuming that in other
respects the matter is homogeneous. The texture is said to be absent if the distri-
bution of orientations is isotropic. Thus, the texture characterizes the preferred ori-
entation of crystallites. Texture influences the properties of materials and depends
on the processing of materials by industry. Therefore, controlling the texture helps
to improve the technology to get materials with the desired properties.

Texture also exists in geological rocks. In them, texture is related to the history
of the formation processes. Therefore, knowledge of the texture of rocks helps to
reveal the history of geological processes.

The texture, as was said above, is the three-dimensional orientation distribution
function, F(g), which is defined as volume fraction of crystallites with orienta-
tion g:

F(g) D 1
V

dV(g)
dg

. (11.11)
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Figure 11.19 Experimental arrangement for
the detection of material strain. The incident
neutrons with a wavelength of 1.4 Å were se-
lected by a Ge monochromator. The slits at
the incident and diffracted beams defined the

sampling volume 3 � 3 � 8 mm3 at depths of
3, 8, and 13 mm under the surface. Diffraction
angle 2θ � 73ı was determined with reso-
lution 0.075ı. Neutrons were registered by a
32-wire position-sensitive detector.

Figure 11.20 Plots in the normal, transverse, and longitudinal
directions within the blocks of ESR and Supreme steels for quench
conditions of furnace cool and 2 and 6 bar of a neutral gas.
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This function, however, cannot be measured directly. What can be measured are
the pole figures. Two o such pole figures (see [516]) are shown in Figure 11.22.

To understand what the pole figure is, imagine a crystalline grain and some
planes in it. The normal to the planes in a spherical reference system has polar
angle θ and azimuthal angle φ. These angles define a point inside the circle of the
pole figure. Angle θ defines a point on the radius and angle φ coincides with the
azimuthal angle of the circle.

Such pole figures were, in particular, measured using the high-resolution neu-
tron diffractometer at reactor IBR-2. One measurement covers an area of 7.2ı �
7.2ı on a pole figure. One sample requires 714 spectra and 26 h of measurement
time.

Figure 11.21 Hoop component of strain versus circumference
position in the twist tube for three through-wall positions in
the (a) as-manufactured and (b) annealed conditions (Source
Rogge et al. [515]).
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Figure 11.22 Pole figures for two reflections of the mineral
plagioclase. The numbers on the right of each figure the show
values of the density levels. Unity corresponds to the density of
an isotropic distribution (1 mrd is multiple of random distribu-
tion). The lowest numbers denote the maximum density.

Figure 11.23 The model spatial distributions of velocities Vp
and Vs1-Vs2 of the mineral plagioclase. The velocity diagrams
are aligned with the system of coordinates of the sample.

After measurements of several pole figures have been performed, it is possible
to find the orientation distribution function, and with it one can calculate the elas-
tic properties of the sample. Calculations show that sound speeds are different in
different directions. In Figure 11.23 the speeds of the longitudinal mode, Vp and
speed difference of two shear modes Vs1-Vs2 are shown by level lines in the po-
lar coordinates similar to those of the pole figures in Figure 11.22. The numbers
on the right show the speed on the level lines. The two lowest numbers show the
maximal and minimal speeds.

The calculated speeds were checked in an experiment. The results of the ex-
periment showed that there is a disagreement with theory on the level of several
percent. The difference between the theoretical and the experimental anisotropy of
the sound speeds in some cases reaches a factor of three. The reasons for such a
difference are discussed in [516], but that is another story.

11.5.3
Small-Angle Neutron Scattering

Small-angle scattering will be in considered detail in Chapter 12 in applications to
biology. Here we only present an example of an application of SANS to investigate
defects in materials.
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An investigation of chromium electroplating with and without ultrasonic ag-
itation applied to a deposition cell was reported in [517]. It is understandable
that deposition is always accompanied by the formation of defects because of
hydrogen evolution and abnormal growth of columnar Cr grains. Ultrasound
agitation was found to improve the stability of the electroplated surface against
corrosion, and SANS helps to find out what happens, which is important for the
technology.

The experiment was performed at the SANS spectrometer at the HANARO re-
actor of the Korea Atomic Energy Research Institute. The results of measurements
are shown in Figure 11.24. It is seen from the data that the number of defects de-
creases with ultrasonic agitation. The distribution of defect sizes is a maximum at
the same point as without ultrasound, but shifts toward larger sizes. It was con-
cluded in [517] that because of ultrasonic agitation the chromium film contains
fewer and more isolated defects. This result is a qualitative one, but it is the first
step on the way to technology perfection.

11.5.4
Neutron Radiography

Neutron radiography like X-ray radiography is a means to get a visible image of
the invisible structure of objects [518, 519]. It is achieved by registration of trans-
mission, T(rk) D jt(rk)j2 exp[�μ(rk)C i'(rk)], of the neutrons through the object,
where t(rk) is the transmission amplitude and rk is a coordinate point along a
photo plate registering the transmitted neutrons, which we will consider to be per-
pendicular to the z-axis.

The transmission amplitude can be represented as

t(rk) D exp[�μ(rk)C i'(rk)] , (11.12)

where μ(rk) is the extinction coefficient proportional to the total (extinction) cross
section σ t , which includes scattering and absorption, and '(rk) is the phase. Thus,
if the incident neutrons are represented by a plane wave exp(i kz), then the trans-
mitted wave function with account of Eq. (11.12) becomes

ψ(r) D exp(i kz) exp[�μ(rk)C i'(rk)] . (11.13)

If the detector plate, which consists of a scintillator and a photo plate, is placed im-
mediately after the object, then the intensity of the black points on the photo plate
after sufficient exposition time will be proportional to exp(�2μ(rk)). The larger is
the variation of μ(rk) along r , the better is the contrast of the image obtained.

This way of obtaining an image is called absorption or extinction radiography. It
is based on the difference of the extinction cross sections of different substances.
A lot of examples of the application of this principle can be found on the following
Web pages:

http://www-llb.cea.fr/neutrono/nr1.html
http://www.andor.com/learn/applications/?docID=194
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Figure 11.24 Small-angle scattering from a chromium layer (a)
with and (b) without ultrasonic agitation.

The exposure time in radiography depends on the intensity of the neutron beam
and its spectrum. The last point is important because the absorption cross section
increases with increase of wavelength. With a high intensity it is possible to register
the dynamics of processes. Measurement of the speed, v, of a Gd ball falling in
melted silicate was reported in [520] (see Figure 11.25). This experiment helps to
measure the viscosity, η, and the density, �melt, of the silicate. It is based on Stokes
law:

η D 2gr2(�Gd � �melt)/9v . (11.14)

This law is usually corrected by a factor which depends on the radius of the
vessel. To check this correction, the cylindrical vessel in the experiment had two
diameters as shown in Figure 11.25. The measured speed and its change with the
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Figure 11.25 Neutron radiographic recording
of a falling Gd sphere. The diameter of the
sphere was 3.97 mm and the falling time was
about 7 min. The inner crucible diameter in
the upper part (lighter area) is 39 mm and in
the lower part is only 20 mm. The lower part

is darker because of an increase of neutron
absorption and scattering caused by the thick-
er crucible walls. Right: cross section of the
corresponding one-step crucible used in this
experiment [520].

Figure 11.26 Neutron tomography allows one to visualize indi-
vidual mineral grains or pores in rocks. (a) photo of a pegmatite
sample (35 mm in diameter); (b) neutron radiograph; (c) tomo-
graphic image [520].

change of the vessel diameter show that the correction to the Poisson law is less
than predicted.

In this experiment the motion was slow. However, it is also possible to investigate
the dynamics of fast processes. For instance, neutron radiography of the processes
in a working engine was reported in [521]. There the motion was fast but cyclic,
and with a stroboscopic technique it was possible at the Institut Laue–Langevin to
make a full film of a working engine with a total exposure time of 17 min.

Another example of neutron extinction radiography is tomography [520], which
is radiography of rotating samples. The set of radiograms obtained for a sample
at different angles allows one to reproduce the three-dimensional image of the
elemental structure of the sample. As an example, in Figure 11.26 the structure
of a pegmatite rock is shown. This rock contains hydrogen-bearing mica grains,
which are well visible in the radiogram and especially well in tomogram.
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11.5.5
Phase-Contrast Neutron Radiography

In the case where the extinction part of the transmission amplitude Eq. (11.12) is
small or varies too little across rk (this means that the extinction coefficients of the
sample constituents are nearly equal), the phase ' can be used for visualization of
the internal structure. The phase ' is due to the real part of the refractive index,
which can vary greatly for different substances.

Consider an experiment whose scheme is shown in Figure 11.27. The flux of
well-collimated and monochromatized neutrons goes along the z-axis through the
sample (screen 1) to a position-sensitive detector (screen 2). The transmission am-
plitude of the sample is t(r) D exp[i'(rk)], where vectors with index k are parallel
to the sample plane. We suppose that the z-axis is parallel to the sample plane
normal, so the wave function of the neutrons before the sample is the plane wave
exp(i kz).

We can also consider an experiment whose scheme is shown in Figure 11.28. In
this case we have a point source of monochromatic neutrons. Their wave function
before screen 1 is a spherical wave:

ψ(r) D exp(i k r)
r

, (11.15)

where radius r D
q

r2
k C (z C � )2 has its origin at the point z D �� . With a

point source besides the variation of the neutron intensity on screen 2, which cor-
responds to the variation of transmission phase, can also expect magnification of
the image on screen 2.

Figure 11.27 The experiment on the detection of phase con-
trast. PSD position-sensitive detector.

Figure 11.28 The experiment on the detection of phase contrast with a point neutron source.
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Below we first present the theory of the transformation of the phase to intensity
(phase contrast) for both types of neutron sources: the ideal plane wave and the
point source. Though the theory already exists (see, e. g., [522]), we propose here
our own original approach. After that some examples of the application of phase
contrast to neutron radiography will be given.

11.5.5.1 The Theory of Phase Contrast
If the wave function on the exit plane of screen 1 is equal to ψ(r), then at screen
2 after the sample the wave function, according to the Kirchhoff theorem, is repre-
sentable as

Ψ (R) D 1
4π

Z
d3r

" 
ψ(r)
�!
d

dz
exp(i kjR � rj)
jR � rj

!

�
 

ψ(r)
 �
d

dz
exp(i kjR � rj)
jR � rj

!#
δ(z) , (11.16)

where the arrows show to which function the derivative should be applied, and
because of the last δ function the integration in fact goes only over the exit surface
of the sample. The spherical wave exp(i kjR � rj)/jR � rj can be represented by the
two-dimensional Fourier integral:

exp(i kjR � rj)
jR � rj D i

2π

Z
d2 pk

pz
exp[i pk 	 (Rk � rk)C i pzjZ � zj] , (11.17)

where pz D
q

k2 � p 2
k. Equations (11.16) and (11.17) can be used for arbitrary

ψ(r) and now we will specify it.

11.5.5.2 The Phase Contrast for a Plane Incident Wave
With the plane incident wave exp(i kz) on the left side of the sample, the wave
function on the exit plane (z D 0) of screen 1 is ψ(r) D exp(i kz) exp(i'(rk)).
Substitution of it and Eq. (11.17) into Eq. (11.16) gives

Ψ (R) D
Z

d2rkd2 pk
4π(2π)

k C pz

pz
exp[i'(rk)] exp[i pk 	(R� r)kC i pz Z ] . (11.18)

It is easy to check this expression: if the transmission of the sample is unity, that
is, ' D 0, then after integration over d2rk we obtain under the integral (2π)2δ(pk),
and after integration over d2 pk we obtain

Ψ (R) D exp(i kZ ) , (11.19)

which can be expected.

Periodic phase change Let us suppose that '(rk) D a sin(qk rk) and a � 1. Then
in a linear approximation exp(i'(rk)) � 1C i a sin(qk rk). After substitution of this
approximation into Eq. (11.18) and integration first over d2rk and then over d2 pk,
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we obtain Ψ (R) in the form

Ψ (R) D exp(i kZ )C i a
k C qz

2qz
sin(qkRk) exp(i qz Z ) , (11.20)

where qz D
q

k2 � q2
k. With such a wave function, the intensity on screen 2 is

jΨ (R)j2 D 1C a
k C qz

qz
sin(qkRk) sin[(k � qz )Z ]

C a2
�

k C qz

2qz

�2

sin2(qkRk) . (11.21)

The most important term is the second one. It shows that the phase variation of
the transmission amplitude at screen 1 is transformed into the amplitude variation
at screen 2.

If q � k, then sin((k � qz)Z ) D sin(q2
kZ/2k), and at the distances Zn D

(2n C 1)πk/q2
k, where n is an integer, we can see a variation of the intensity with

amplitude � 2a even with a moderate resolution. When a ! 0 or q ! 0, the im-
age decays. It is interesting to check in the experiment that shifting of screen 2 by
the distance ΔZ D 2πk/q2

k is accompanied by a change of the phase of the image
by π.

The above approach can in fact be applied to an arbitrary transmission ampli-
tude, because every function t(rk) with a compact support can be expanded in a
Fourier integral:

t(rk) D
Z

d2qkτ(qk) exp(i qk rk) .

According to Eq. (11.20), we obtain for every Fourier component

Ψq(R) D τ(qk)
k C qz

2qz
exp(i qkRk) exp(i qz Z ) , (11.22)

where qz D
q

k2 � q2
k. Therefore, the total wave function is

Ψ (R) D
Z

d2qΨq(R) D
Z

k C qz

2qz
d2qτ(qk) exp(i qkRk) exp(i qz Z ) .

(11.23)

The next step depends on the form of amplitudes τ(qk), and we do not proceed
further.

Parabolic phase change Let us suppose now that '(rk) D r2
k/2a2. Substitution

into Eq. (11.18) and integration over d2rk gives

Ψ (R) D
Z

a2d2 pk
�2π i

k C pz

2pz
exp

��i a2 p2
k/2C i pkRk C i pz Z

�
, (11.24)
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where pz D
q

k2 � p2
k. For sufficiently large a we can approximate pz D k �

p 2
k/2k. Then the integral becomes

Ψ (R) D
Z

a2d2 pk
�2π i

 
1C p2

k
4k2

!
exp

"
�i

(a2k C Z )p2
k

2k
C i pkRk C i kZ

#
.

(11.25)

The stationary point in the exponent is pk D kRk/(ka2C Z ), and integration over
d2 pk gives

Ψ (R) D k a2

k a2 C Z

"
1C R2

k
4(k a2 C Z )2

#
exp

"
i

kR2
k

2(ka2 C Z )
C i kZ

#
.

(11.26)

Therefore, the intensity on screen 2 is

jΨ (R)j2 D k a2

k a2 C Z

"
1C R2

k
4(k a2 C Z )2

#2

� ka2

Z

 
1C R2

k
2Z2

!
, (11.27)

where in the last expression we supposed that Z � a2k. When a ! 1, then
jΨ (R)j2 ! 1.

11.5.5.3 The Phase Contrast for a Point Monochromatic Source
For the incident spherical wave (11.15) emitted from the point z D �� we also use
a two-dimensional Fourier representation:

ψ0(r) D exp(i k r)
r

D i
2π

Z d2 p 0k
p 0z

exp


i p 0k rk C i p 0z(z C � )

�
, (11.28)

where p 0z D
q

k2 � p 02k . After substitution of ψ(r) D ψ0(r) exp[i'(rk)] into

Eq. (11.16) we obtain

Ψ (R) D �i
Z d2rkd2 pkd2 p 0k

4π(2π)2

p 0z C pz

pz p 0z
exp[i'(rk)]

� exp


i pk 	 (R � r)k C i p 0k 	 rk C i pz Z C i p 0z �

�
. (11.29)

In the case exp(i'(rk)) D exp(i qk rk) we obtain

Ψ (R) D �i
Z

d2 pk
4π

p 00z C pz

pz p 00z
exp

�
i pk 	 Rk C i pz Z C i p 00z �

�
, (11.30)

where p 00z D
q

k2 � (pk � qk)2. We suppose that Z and � are large and use ex-

pansions pz D k � p 2/2k and p 0z D k � (p � q)2/2k. The stationary point in the
exponent is determined from the equation kRk�pkZ�(pk�qk)� D 0, from which
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it follows that pk D (k Rk C qk� )/(Z C � ). After integration over this stationary
point we obtain

Ψ (R) D 1
Z C �

exp

(
i

"
k R2
k

2(Z C � )
C k(Z C � )� q2

k� Z

2k(Z C � )
C Rk 	 qk�

Z C �

#)

D 1
R�

exp


i
�
k R� � q2

kZ M/2k C Rk 	 Qk
��

, (11.31)

where we denoted R� D
q

(Z C � )2 C R2
k, replaced Z C � in the preexponen-

tial factor by R� , and introduced Qk D qkM with magnification coefficient M D
�/(� C Z ). Now it is evident that if '(rk) D a sin(qk 	 rk) with a � 1 we obtain at
screen 2 the wave function

Ψ (R) D exp(i kR� )
R�



1C i a sin(Rk 	 Qk) exp(i q2

kZ M/2k)
�

, (11.32)

and the intensity will be

jΨ (R)j2 � 1
R2

�



1C 2a sin(Rk 	 Qk) sin(q2

kZ M/2k)
�

. (11.33)

We see the periodic change of the intensity on screen 2, but with the period en-
larged (Z C � )/� times. The same can be done with parabolic phase, but we leave
it as an exercise for the interested reader.

11.5.5.4 Application of Phase-Contrast Neutron Radiography
Application of the phase contrast for crack detection and characterization in fa-
tigued Al alloy specimens has been reported [523]. This alloy is largely used in
various structural parts of commercial aircraft. Two specimens (A and B) were pre-
viously subjected to a mechanical fatigue test, as shown in Figure 11.29, to induce
cracks at the notch. In specimen A the crack reached 1 mm in length, and in spec-
imen B it reached 3 mm in length. A neutron radiography experiment with these
specimens was performed at the CONRAD facility, situated at the cold source of
the BER-II reactor, at the Hahn–Meitner Institute, Berlin.

Figure 11.29 Cyclic mechanical fatigue test of specimens.
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Figure 11.30 Three-dimensional image of specimen B (3-mm crack),
showing the crack extension through the whole thickness of the sample.

At this facility with the phase-contrast setup, three-dimensional tomography was
also performed. For the tomography the pinhole of the source was 5 mm in diame-
ter, and 300 radiographs were obtained covering 180ı with a step of 0.6ı. The expo-
sure time for every projection was 120 s, so the complete tomogram was obtained
in 10 h. The reconstructed three-dimensional structure is shown in Figure 11.30.

Phase-contrast radiography was performed with a 1-mm pinhole source, � D
4 m, and Z D 60 cm. For comparison, an extinction radiography measurement
was also performed, with the sample just in front of the detector. The results are
shown in Figure 11.31. The estimated resolution in both cases was 113 μm.

11.6
An Example of Novel Applications of Spin Echo Spectrometry –
Study on Dairy Products

Neutron spin echo spectrometry has been applied to study many materials, including
polymers, glasses, fluids, magnetic systems, microemulsions, and superconduc-
tors. The original neutron spin echo method and the extended version, the neu-
tron resonance spin echo method, introduced in Section 4.6 are usually used for
studies on dynamical processes in condensed matter. On the other hand, another
extension of the spin-echo method, the spin echo SANS (SESANS) mentioned in
Section 6.3, provides information on the spatial correlations of scattering centers
in materials, with the range of length scale accessible lying between 50 nm and
10 μm. There are a number of reports, reviews, and also several instructive books
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Figure 11.31 Neutron radiographs of specimens A and B. Top:
conventional radiography (exposure time 10 s); bottom: phase-
contrast radiography (exposure time 3600 s). The cracks are
clearly visible.

on the progress and practical results of the applications of neutron spin echo spec-
trometries. In the present section, an example of novel applications of the neutron
spin echo method for structure study with SESANS spectrometry will be briefly
introduced.

One of the striking differences between SESANS and conventional SANS is that
the results are obtained in real space, and we can determine the structure of ma-
terials without collimation of the neutron beam. As explained in Section 6.3, the
present method is based on the Larmor precession of polarized neutrons in mag-
netic fields with inclined faces. The work presented below is an exploration of the
possibilities of SESANS to give information on the structure of various dairy foods
performed by Tromp and Bouwman [524].

As introduced by Eq. (6.16), the measured polarization is a Fourier transform of
the scattering amplitude density correlation function. The sensitivity can be tuned by
varying the applied magnetic field, the wavelength, the length of the setup, and the
tilt angle of the interfaces.

An alternative method to explain the technique is to use the splitting of the wave
function of the polarized neutrons in the applied magnetic field into two eigen-
states, one parallel to the field and one antiparallel as shown in Figure 11.32. A po-
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Figure 11.32 The core of the spin-echo SANS (SESANS) setup.
The first tilted magnetic field splits the eigenfunction of the
neutron into two eigenstates over the spin-echo length z. The
second magnetic field focuses the eigenstates into its original
wave function (Tromp and Bouwman [524]).

larized neutron beam passes through a tilted magnetic field that is perpendicular to
the initial polarization. The wave function of each neutron can be decomposed into
its two eigenstates, the up and down states with the spin, respectively, parallel and
antiparallel to the magnetic field. The up state will gain kinetic energy in the direc-
tion perpendicular to the magnetic field interface and will be refracted away from
its initial trajectory. The down state will be refracted in the other direction. This
gives a splitting of the eigenstates over a distance identical to the spin-echo length.
A second magnetic field with an opposite field will focus the eigenstates again
to the original wave function with its original polarization. However, if one state
goes through material with a density different from that of the other state, then its
phase will change and the polarization will decrease. Thus, if the spin-echo length
is shorter than the inhomogeneities in the sample, the polarization will be one and
if it is longer than the inhomogeneities it will decrease. Once the spin-echo length
is longer than the maximum size of the inhomogeneities, the polarization will stay
at its minimum value, determined by the probability of interaction of the neutrons
with the material.

The measured signal, P(z)/P0, is closely related to the SESANS correlation func-
tion G(z), which in turn is a projection of the density autocorrelation function γ (R)
of the particles [525]:

P(z)
P0
D exp[G(z)�G(0)] , (11.34)

where G(0) is the average number of scattering events a neutron experiences upon
traversing the sample. The SESANS correlation function

G(z) D
Z 1

z
dR

γ (R)Rp
R2 � z2

(11.35)

is a projection of the scattering amplitude density distribution function onto a plane
and thus contains all the information about the structure in the sample.

SESANS experiments [524] were carried out at Delft University of Technology in
the Netherlands. Dairy samples provided by a food research company were used,
in which “D2O milk” was made by suspending 10% (w/w) of fat-free milk pow-
der in D2O. It turned out that yoghurt cannot be made from milk with D2O serum,
because the culture of lactic acid bacteria does not grow in D2O. Therefore, the acid-
ification process, which is the essence making yoghurt from milk, was simulated
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Figure 11.33 Results of SESANS measure-
ments (a) and the derived distributions (b) on
dairy products. (a) The line drawn through the
data points milk describes the fit with a size
distribution, whereas the lines drawn through
the data points for yoghurt and curd are the
results of fits with the sum of several Gaus-

sian curves for their G(z) function, giving a
smooth curve. (b) Radial distribution func-
tions derived from the fits given in (a), taking
a model for the SESANS known analytically
as the counterpart in the radial distribution
function (Tromp and Bouwman [524]).

by adding 2.5% glucono-δ-lactone. Glucono-δ-lactone slowly, over about 4 h, hy-
drolyzes in water and D2O, lowering the pH. Curdling was set off by adding 2.3 mg
of a 10% chymosin solution to 100 ml of milk. Chymosin does not contribute to
the SESANS signal.

The experimental results are shown in Figure 11.33a. The initial slopes for all
three samples are identical, which one would expect since the compositions are
the same. However, whereas the polarization of the D2O milk decreases until a
spin echo length of z D 300 nm is reached, the signal of the yoghurt continues
to decrease up to a spin echo length of 3 μm, from which one can conclude that
the micelles have aggregated to form larger structures than the original size of the
casein micelles. The curd has a structure that also extends to 3 μm, but the decay
at short length scales is faster, which reduces to the structure characterized by the
distribution functions for curd and yoghurt as described below. This quantitative
information on the bulk of yoghurt and cheese is unique and cannot be obtained
by any other method.

They transformed the SESANS measurements to the scattering amplitude den-
sity correlation function by making use of the fact that for a Gaussian-shaped
SESANS correlation function G(Z ) its counterpart as the density correlation func-
tion γ (r) is again a Gaussian with the same width, but with an amplitude divided
by this width. They fitted the measurements as shown in Figure 11.33a by taking
for G(Z ) the sum of five Gaussians with logarithmically separated widths. From
the amplitudes of the Gaussians the density correlation function was calculated,
as shown in Figure 11.33b. The difference between the density correlation func-
tions of milk, on the one hand, and curd and yoghurt, on the other hand, is the
result of the reduction of the solubility of casein micelles. The curding and acid-
ification processes weaken the steric stabilization of the micelles, resulting in an
attractive interaction dominating. Both processes appear to form similar structures
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of casein micelles, considering the small difference between these correlation func-
tions. This is in contrast with the different macroscopic and sensory properties of
yoghurt and curd.

This novel application of SESANS measurements revealed a wide use capability
and characteristic features of neutron spin echo spectrometry in spatial correlation
function studies on various kinds of materials.
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12
Application of Neutron Optics
in Biophysical/Biological Research

First, we mention some theoretical viewpoints on neutron optics in biology. In
fact, all the theoretical considerations are equally well applicable also to X-rays.
Therefore, though we will speak about neutrons, some references will be given to
the results obtained with X-rays. There are many excellent reviews on this topic
(see, e. g., [526, 527] and textbooks [378]) and we will follow their lines.

The main data obtained in the majority of small angle scattering experiments
are exemplified by the scattering curve presented in Figure 12.1, which describes
the dependence of the scattering cross section (or intensity I) on the momentum
transferred, which we will call the scattering vector q D jk0�kj D 4π sin θ /λ. Here
k0 and k are wave vectors of the incident and scattered particles (we will deal only
with elastic scattering, therefore k0 D k D 2π/λ), and the scattering angle is 2θ .

The main goal of neutron biology is the measurement of the structure of biologi-
cal objects by scattering methods. Since we limit ourselves only to elastic scattering,
we have to consider the application to biology of methods such as reflectometry,
crystallography, reflectometry, and small-angle scattering.

Crystallography is a high-resolution spectrometry, where the structure is deter-
mined with a precision of 1–2 Å, that is, on the atomic level. We will consider it in
a later section of this chapter. The main problem is how to grow biological crystals
of sufficient size above 1 μm; this is a problem of biology and chemistry, but not
of physics. There is also a phase problem: how to determine unambiguously the
atomic positions from the measured modulus of the structure factor jF(q)j, but its
solution is well known in crystallography. We refer readers who wish to learn more
about this to relevant textbooks [349–351].

Here we will consider spectrometry with low resolution of the order 10 Å, which
permits us to determine the positions of small constituents in a large biological
molecule. With some exceptions, we will not use biological terminology, and will
call these constituents particles and the large biological molecule a construction.
Usually the structure of constructions is determined by (X-ray or neutron) scatter-
ing from biological material dissolved in water. One feature of neutron scattering
is the strong dependence of the scattering amplitude on the spin state of atomic
nuclei and the isotope composition of the matter. It gives us an opportunity to im-
prove the structure determination of a construction by varying the scattering of its
particles by a contrast-variation method. This is method we will consider first.

Neutron Optics. Masahiko Utsuro,Vladimir K. Ignatovich
Copyright © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40885-6
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Figure 12.1 General features of a solution scattering curve.
(Here the scattering vector is denoted Q. See [526].)

Further, in several experimental chapters up to now in this book, we have studied
a variety of neutron optical principles and experimental approaches to investigate
physical phenomena in nature and in matter. Therefore, in the later sections in
this chapter, some examples of the application of such methods of the neutron
optics to biophysical and biological research will be introduced. Biology as well
as biophysics are rapidly growing important fields which deserve great effort to
find new applications of advanced technologies such as neutron optics. The sample
structures and dynamical properties to be studied are very complicated and in most
cases require a well-considered combination of multidisciplinary approaches. The
future scopes of such developments will be very encouraging since several high-
intensity modern neutron sources and instrument facilities, such as SNS in the
United States and J-PARC in Japan, are just starting operation, and the related
user communities are also growing (as their base they have 50 years of neutron
science history). In the later sections in this chapter, some typical examples such as
the elements available for such wide and complicated applications will be described
rather briefly.

We refer readers wanting more details on neutron scattering in biology or on
macromolecular materials to a few textbooks [528–531].

12.1
Contrast Variation

Contrast variation is a method of change scattering intensity of different parts of
an investigated object. It can be achieved by isotope substitution or by polarization
of different atoms and the use of polarized neutrons. We consider both methods.
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12.1.1
Isotope Substitution

Neutron scattering on a single nucleus firmly attached to point r D 0 in a vacuum
(imagine it to be very heavy) is described by the wave function

ψ(r) D exp(i k0 	 r) � b
r

exp(i k r) , (12.1)

where k0 is the incident neutron wave vector, k D jk0j, and b is the neutron–
nucleus coherent scattering amplitude.

If the nucleus attached to point r D 0 is surrounded by some medium (imagine
water), then the wave function becomes

ψ(r) D exp(i k00 	 r) � b � bm

r
exp(i k0r) , (12.2)

where bm is the coherent scattering amplitude of the atoms of the medium, k0 Dq
k2

0 � 4πN0bm is the neutron wave number in the medium, and N0 is the atomic

density of the medium. Usually 4πN0bm � k2
0 ; therefore, we can and will replace

k0 by k. From Eq. (12.2) it follows that at bm D b the medium hides the atom, that
is, the atom does not scatter neutrons any more. The scattering takes place only if
there is a contrast (difference) between the scattering amplitudes of the atom and
the medium.

If we have two atoms at points r1,2 with different scattering amplitudes b1,2, the
neutron wave function without rescattering between atoms becomes

ψ(r) D exp(i k0 	 r) � exp(i k0 	 r1)
b1 � bm

jr � r1j exp(i kjr � r1j)

� exp(i k0 	 r2)
b2 � bm

jr � r2j exp(i kjr � r2j) . (12.3)

If we can vary bm , then at bm D b1 we hide the first scatterer and at bm D b2

we hide the second scatterer. This result does not change if we take into account
rescattering between atoms. However, because in that case the wave function is

ψ(r) D exp(i k0 	 r) � e i k0�r1 C ηe i k0�r2 (b2 � bm)
1� η2(b1 � bm)(b2 � bm)

b1 � bm

jr � r1j exp(i kjr � r1j)

� e i k0�r2 C ηe i k0�r1 (b1 � bm)
1� η2(b1 � bm)(b2 � bm)

b1 � bm

jr � r2j exp(i kjr � r2j) ,

(12.4)

where η D exp(i kd)/d and d D jr1 � r2j is the distance between atoms, measure-
ment of the dependence of the scattering cross section on bm can give information
also on the distance d.
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According to perturbation theory, a single particle of n atoms in a vacuum scatters
neutrons with scattering amplitude

f (q) D
nX

jD1

b j exp(i q 	 r j ) , (12.5)

where b j is the coherent scattering amplitude of an atom j positioned at point r j

about some chosen center r D 0 of the particle, and q is the scattering vector
equal to the difference k0 � k of the incident k0 and final k neutron wave vectors.
We consider here only elastic scattering; therefore, k D k0 and q D 2k sin(θ /2),
where θ is the scattering angle, that is, the angle between vectors k and k0.

In the case of sufficiently large particles and small q (so as not to take into account
interatomic structure), we can represent Eq. (12.5) in the form of the integral

f (q) D
Z
V

n(r)b(r) exp(i q 	 r)d3r D
Z
V

�(r) exp(i q 	 r)d3r , (12.6)

where n(r) and b(r) are the atomic density and the atomic scattering amplitude at
the point r inside the volume V of the particle, and in the last equality we intro-
duced the scattering density �(r) D n(r)b(r).

When the particle is in a solvent, its volume V replaces the same volume of the
solvent with uniform scattering density �s . Therefore, in the solvent the scattering
amplitude Eq. (12.6) changes to

f ins(q) D
Z
V

[�(r) � �s ] exp(i q 	 r)d3r . (12.7)

The scattering density of the particle can be represented as a sum �(r) D N� C
� f (r) of the averaged over volume part N� D RV �(r)d3r/V and fluctuation � f (r), for
which

R
V � f (r)d3r D 0. Substitution into Eq. (12.7) gives

f (q) D f c(q)C f f (q) , (12.8)

where

f c(q) D V( N� � �s)A(q) , A(q) D
Z
V

exp(i q 	 r)
d3r
V

,

f f (q) D
Z
V

� f (r) exp(i q 	 r)d3r . (12.9)

Therefore,

j f ins(q)j2 D jV( N� � �s)j2jA(q)j2 C 2V( N� � �s)B(q)C j f f (q)j2 , (12.10)

where

B(q) D Re
�

f �f (q)A(q)
	

, (12.11)
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Figure 12.2 Contrast variation of the cross section for low-den-
sity lipoprotein with change of D2O concentration. (See [532]).

and Re ( f (x )) denotes the real part of the complex function f (x ). It is seen that
measurements with different �s permit one to find separately N� and j f f (q)j2.

Usually biological matter is dissolved in a mixture of light and heavy water:
cD2OC (1 � c)H2O, where c is the heavy water concentration. The coherent scat-
tering density of such a mixture (in 1012 cm�2) is

�s D Ns [(1� c)bl C cbh] D �0.56C 6.96c , (12.12)

where bl,h are coherent scattering amplitudes of the light and heavy water, respec-
tively. Thus, variation of the contrast is achieved with the help of variation of the
D2O concentration of the solvent. The typical variation with D2O concentration
of the small angle scattering cross section for low-density lipoprotein is shown in
Figure 12.2.

There is though some difficulty if deuterium atoms replace hydrogen atoms in
the molecule. Then the scattering amplitude of the biological object changes not
only because of the contrast variation but also because of partial deuteration of the
object.

12.1.2
Spin Contrast Variation

Neutron scattering on a nucleus with spin I is described by two scattering ampli-
tudes: bC for the total spin state I C 1/2 and b� for the total spin state I � 1/2. In
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general, we do not know in which state the neutrons are at a given scattering event,
so we can only write their scattering amplitude in the form

b D b0 C (I 	 s)b1 , (12.13)

where b0,1 are linear combinations of b˙, which are found in the following way. If
in the scattering the total spin of the system is J D I C 1/2, then because on one
side J2 D J( J C 1) D (I C 1/2)(I C 3/2) and on the other side

J2 D (I C s)2 D I(I C 1)C 3/4C 2I 	 s , (12.14)

we obtain

(I C 1/2)(I C 3/2) D (I C s)2 D I(I C 1)C 3/4C 2I 	 s I (12.15)

therefore,

I 	 s D I/2 . (12.16)

However, if in the scattering the total spin of the system is J D I � 1/2, then
because on one side J2 D J( J C 1) D (I C 1/2)(I � 1/2) D I 2 � 1/4 and on the
other side

I 2 � 1/4 D I(I C 1)C 3/4C 2I 	 s , (12.17)

we obtain

I 	 s D �(I C 1)/2 . (12.18)

From Eqs. (12.16) and (12.18) it follows that

bC D b0 C I b1/2 , b� D b0 � (I C 1)b1/2 I (12.19)

therefore,

b1 D 2(bC � b�)
2I C 1

, b0 D bC(I C 1)C b� I
2I C 1

. (12.20)

The dot product I 	 s can be also represented as

I 	 s D I z sz C 1
2

(I x C i I y )(sx � i s y )C 1
2

(I x � i I y )(sx C i sy ) , (12.21)

where the z-axis is directed along the neutron polarization. The scattering ampli-
tude without spin flip is

bns f D b0 C PI ps b1 , (12.22)

where PI is the nucleus polarization and ps is the neutron polarization. After re-
versal of the neutron spin polarization we obtain

bns f D b0 � PI ps b1 . (12.23)

The difference between the two amplitudes (the spin contrast) is Δb D 2PI ps b1.
The effect of spin contrast on the small angle scattering cross section from a

solution of the homopolymer polystyrene in orthoterphenyl with 50% deuteration
is demonstrated in Figure 12.3.
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Figure 12.3 Spin contrast variation for small-angle scatter-
ing from a polymer in a 50% deuterated solvent. The nuclear
polarization of 1H was �50, 0, and C50% along the neutron
polarization [533].

12.2
Scattering from a Dilute Ensemble of Monoparticles

First we consider a general problem of neutron scattering from a dilute solution of
biomolecules of a single kind. We can write the scattering amplitude of a molecule
in the form

f (q) D
Z
V

�(r) exp(i q 	 r)d3r . (12.24)

We can also find the coherent amplitude f (q) D f (q), which is an average over
all directions of the scattering vector q. This averaging is achieved not because of
variation of the direction of q but because of the isotropic distribution of particle
orientations. The change of a particle’s orientation changes the direction of q in the
particle’s reference frame. After averaging, we get

f (q) D
Z
V

�(r)
sin(qr)

qr
d3r . (12.25)

However, we measure the cross section, and must average over all the orientations
of the molecules, not the amplitude f (q) but j f (q)j2. This averaging gives

dσ(q)
dΩ


 I(q) D j f (q)j2 D
Z
V

�(r1)d3r1

Z
V

�(r2)d3r2
sin(qjr1 � r2j)

qjr1 � r2j , (12.26)

which is more complicated than j f (q)j2.
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After change of variables r2 D r C r1 Eq. (12.26) is transformed to

I(q) D
1Z
0

γ (r)r2dr
sin(qr)

qr
, (12.27)

where

γ (r) D
Z
V

�(r1)d3r1

Z
4π

�(r C r1)dΩr , (12.28)

where Ωr is the solid angle of the vector r . The function γ (r) can be found from
I(q) by the reciprocal Fourier transformation. To show it let us represent Eq. (12.27)

100

70% D2O

200
r [A]

40% D2O

in D2O

in H2O

D(r)

°

Figure 12.4 The distance distribution D(r) of the 50S subunit in
some H20–D20 mixtures. (See [534]).
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in the form

I(q) D
1Z
0

γ (r 0)dr 0δ(r 0 � r 00)r 002dr 00
sin(qr 00)

qr 00

D
1Z
0

γ (r 0)dr 0δ(r 0 � r 00)
d3r 00

4π
exp(q 	 r 00) . (12.29)

The reciprocal Fourier transformation gives

Z
d3q

(2π)3
I(q) exp(q 	 r) D γ (r)

4π
, (12.30)

and after integration over dΩq on the left side we obtain

2
π

Z
q I(q)dq sin(qr) D r γ (r) . (12.31)

The function D(r) D r
R

q I(q)dq sin(qr) D πr2γ (r)/2 is called the distribution of
distances in the molecule.

As an example we show in Figure 12.4 the function D(r) found from scattering
intensities of the 50S subunit of E. coli ribosomes at different contrasts.

12.2.1
Properties of γ (r)

Now we can find some properties of the function γ (r).
1. According to Eq. (12.28) it consists of the product of two densities shifted

by vector r. Since the volume of the molecule is finite, the product becomes
zero when r is larger than the largest size D of the volume V; therefore, we
can put γ (r � D) D 0.

2. At r D 0

γ (0) D 4π�2V , where �2 D
Z
V

�2(r)
d3r
V

. (12.32)

3. Its derivative at r D 0 is

γ 0(0) D dγ (r)
dr

ˇ̌̌
ˇ

rD0
D
Z
4π

dΩr

Z
V

�(r1)d3r1
d�(r C r1)

dr

D
Z
4π

dΩr

Z
V

�(r1)d3r1
r 	 r 1

r
�(r1) (12.33)

because the derivative over r at r D 0 is the gradient over r1 along the
unit vector r/r . The combination �(r1)(r 	 r 1)�(r1) can be represented as
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r 1 	 A(r1), where A(r1) D r�2(r1)/2, and according to the Gauss theorem
the integral over volume is transformed to the surface integral:

γ 0(0) D
Z
4π

dΩr

Z
V

d3r1
r 1 	 r

2r
�2(r1) D �

Z
4π

dΩr

Z
S

d s
n 	 r
2r

�2(r s) ,

(12.34)

where n is the vector of the normal, pointing inside the volume V. If �(r s) D
�ms is the same along the full surface of the molecule, then

γ 0(0) D �π�2
ms S , (12.35)

where S is the area of the surface. In a solution with scattering density �s of
the solvent we have to replace �ms by �ms � �s .

4. With γ (r) it is possible to define an average diameter of the molecule

l D 2
γ (0)

1Z
0

γ (r)dr , (12.36)

where γ (0) according to Eqs. (12.28) and (12.38) is 4π�2V .

12.2.2
Properties of I(q)

The function γ (r) defines the properties of the function Eq. (12.27):

Its asymptotic at large q is � S/q4. Integrating Eq. (12.27) over r by parts three
times we obtain

I(q) D 1
q2 [�r γ (r)] cos(qr)

ˇ̌̌
ˇ
D

0
C 1

q3 [r γ (r)]0 sin(qr)
ˇ̌̌
ˇ

D

0

C 1
q4 [r γ (r)]00 cos(qr)

ˇ̌̌
ˇ
D

0
� 1

q4

DZ
0

[r γ (r)]000dr cos(qr)

� D γ 0(D)
q3

sin(qD)C D γ 00(D)C 2γ 0(D)
q4

cos(qD)� 2γ 0(0)
q4

.

If we neglect oscillating terms, we obtain

I(q) � �2γ 0(0)
q4 D 2π�2

ms S
q4 , (12.37)

which is the asymptotic we looked for.
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Its integral
R

I(q)q2dq gives Porod invariant 2π2�2V . Indeed

Q D
Z

I(q)q2dq D
1Z
0

γ (r)r2dr
sin(qr)

qr
q2dq

D
1Z
0

γ (r)r2dr exp(i qr)
d3q
4π
D 2π2

Z
V

�2(r1)d3r1d3r δ(r) D 2π2�2V ,

(12.38)

where we used definition Eq. (12.28) of γ (r) and notation Eq. (12.32) for �2,
which for a homogeneous density is equal to �2

0.

The integral 2
1R

0
I(q)qdq/γ (0) gives the average size l of the molecule. Indeed

2
γ (0)

1Z
0

I(q)qdq D 2
γ (0)

1Z
0

γ (r)r d r

1Z
0

sin(qr)dq D 2
γ (0)

1Z
0

γ (r)dr

D l . (12.39)

Integration over q is not well defined; however, according to Eq. (12.37), I(q) at
large q decays proportionally to q�4 and because of that we omitted cos(qr) at
the upper limit q D 1.

12.2.3
Some Special Forms of Particles

In addition to general forms we can consider three special forms of particles: spher-
ical ones, spikes, and lamellar ones.

12.2.3.1 Spherical Particles: �(r) D �(r)
In spherical particles I(q) does not need averaging over directions of q, because
integration over the particle density does already make the scattering amplitude
independent of directions of q. Therefore,

I(q) D j f (p )j2 D
Z
V

�(r1)d3r1

Z
V

�(r2)d3r2 exp(qjr1 � r2j)

D
ˇ̌̌
ˇ̌̌4π

Z
V

�(r)
sin(qr)

qr
r2dr

ˇ̌̌
ˇ̌̌
2

. (12.40)

If �(r) D �0 constant, then

f (q) D 4π
Z
V

�(r)
sin(qr)

qr
r2dr D 4π�0

q3 [sin(qR)� qR cos(qR)] , (12.41)

where R is the radius of the particle.
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12.2.3.2 Spikes
These particles like long rods have a large size, L, along the rod axis. If π/L �
qmin, the minimal q achievable in an experiment, then I(q) is measured in the
asymptotical region. The asymptotic can be found as follows. Equation (12.27) can
be put in the form

I(q) D
1Z
0

�(r 0)d2r 0?dx 0
1Z
0

�(r 0 C r)d2r?dx
sin(qr)

qr
, (12.42)

where coordinate x is along the particle axis, coordinates r? are perpendicular to

it, and r D
q

x2 C r2
?. After change of variables x D Lu, we can represent r � Lu.

Then we can integrate over u:

I(q) D L
q

1Z
0

d2r 0?

1Z
0

du0�(r 0)
1Z
0

d2r?

1Z
0

du�(r 0 C r)
sin(qLu)

u
. (12.43)

Since qL � 1, we can extend the integral over u to infinity. If the molecule is
homogeneous along the x-axis, then we obtain

1Z
0

du
sin(qLu)

u
D
1Z
�1

du
2 i(u � i�)

exp(i qLu)D π . (12.44)

Therefore,

I(q) D πL
q

S2
? N�2 , (12.45)

where S? is the rod’s cross section and N� is defined in Eq. (12.32).

12.2.3.3 Lamellar Particles
If the particles are of platelet type with small thickness and large size L along the
platelet surface such that Lqmin � 1, then we can use the asymptotical form of I(q),
which is obtained by integration in Eq. (12.27) over the surface of the platelets. To
do that we represent I(q) in the form

I(q) D
1Z
0

d2r 0kdx 0�(r 0)
1Z
0

d2rkdx�(r 0 C r)
sin(qr)

qr
, (12.46)

and consider the integral

1Z
0

d2rk
sin(qr)

qr
D π

1Z
0

dr2
k

sin(qr)
qr

D 2π

1Z
x

d r
sin(qr)

q
D 2π

cos(qx )
q2 ,

(12.47)
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where the value of the integral at the upper limit is neglected. Substitution in
Eq. (12.46) gives

I(q) D 2πSk
q2 I1(q) , (12.48)

where

I1(q) D
Z

γ1(x ) cos(qx ) ,

γ1(x ) D
Z

dx 0
Z
Sk

d2r 0k
Sk

�(r 0)�(r 0 C r)rkD0 ,

and Sk is the area of the platelets.

12.3
Multipole Expansion of the Scattering Density

The goal of measurements in a scattering experiment is to obtain the shape and
structure of the scatterer, that is, the scattering density �(r). Ideally, to get �(r) it is
sufficient to do the inverse Fourier transform of the scattering amplitude f (q)

�(r) D
Z

d3q
(2π)3 exp(�i q 	 r) f (q) . (12.49)

However in real life this is impossible. A direct approach ab initio to find �(r) was
proposed in [535, 536]. The idea is to use multipole expansion:

N�(r) D
1X
lD0

lX
mD�l

N�l m(r)Yl m(Ω r ) , (12.50)

where Yl m(Ω ) are spherical functions of orbital moment l and its projection m, Ω r

is the solid angle of the vector r in a fixed reference frame of the scatterer, and
�l m(r) are radial functions

N�l m(r) D i l
Z

�(r)Y�l m(Ω r )dΩr . (12.51)

With such an expansion the scattering amplitude Eq. (12.6) (the derivation is post-
poned for a while) is representable as

f (q) D
1X
lD0

lX
mD�l

A l m(q)Yl m(Ω q) , (12.52)
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where Ω q is the solid angle of the scattering vector q in the reference frame of the
scatterer, A l m(q) are

A l m(q) D
Z
N�l m(r) j l(qr)r2dr , (12.53)

and j l(qr) are spherical Bessel functions. With such an expansion the result of
measurement I(q) 
 j f (q)j2 of scattering from many identical isotropically orient-
ed scatterers is representable as

I(q) D 4π
1X

lD0

lX
mD�l

jA l,m(q)j2 . (12.54)

To use this expression one models the scattering density �(r) with as many ν pa-
rameters as needed, calculates A l m(q) with the help of Eqs. (12.53) and (12.51),
calculates the theoretical It (q) according to Eq. (12.54), and by fitting (minimiza-
tion of �2)

�2 D 1
n � ν � 1

NX
jD1

jIt (q j )� Ie(q j )j2
Ie(q j )

(12.55)

over all N experimentally measured scattering vectors q j finds the parameters. Of
course, in calculations only a few angular momenta l in summation Eq. (12.54) can
be used. Moreover, in theoretical data we must include the resolution of the ex-
perimental device or deconvolute (desmear) the experimental data from resolution
functions.

Figure 12.5 serves as a good illustration of the capability of such an approach.
It was obtained with a different experimental technique [537], not with neutrons,
however we demonstrate it because the principles for deciphering of a structure for
neutron scattering experiments are very similar.

Figure 12.5 Reproduction of surface of a biological object [537]
with the help of different number of spherical harmonics.
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12.3.1
Derivation of Eq. (12.54)

The exponent exp(i q 	 r) in

f (q) D
Z

�(r) exp(i q 	 r)d3r (12.56)

can be represented as the expansion (textbook [B])

exp(i q 	 r) D 4π
1X
lD0

lX
mD�l

i l j l(qr)Y�l m(Ω r )Yl m(Ω q) , (12.57)

where Ω q,r are solid angles of vectors q and r with respect to some not yet specified
reference frame. Substitution of Eq. (12.57) into Eq. (12.56) gives

f (q) D 4π
1X

lD0

lX
mD�l

Z
d3r i l�(r) j l(r q)Y�l,m(Ω r )Yl,m(Ω q)

D 4π
X
l,m

A l,m(q)Yl,m(Ω q) , (12.58)

where

A l,m(q) D i l
Z

d3r�(r) j l(r q)Y�l,m(Ω r ) . (12.59)

With amplitude Eq. (12.58) we can find the differential cross section for scattering
into a solid angle dΩk defined with respect to the laboratory reference frame:

dσ(q)/dΩk D (4π)2
1X

lD0

lX
mD�l

A�l,m(q)Y�l,m(Ω q)

�
1X

l 0D0

l 0X
m0D�l

A l 0,m0 (q)Yl 0,m0 (Ω q) . (12.60)

If we could average Eq. (12.60) over directions of vector q over a 4π solid angle,
then, because of orthonormality of functions Yl m(Ω ), we would get

dσ(q)/dΩk D j f (q)j2 D 4π
1X

lD0

lX
mD�l

jA l,m(q)j2 . (12.61)

We cannot average over dΩ q , but we have to remember that solid angles Ω r,q are to
be defined with respect to some reference frame. We can define the reference frame
with the help of some coordinate axes attached to a scatterer. If the orientations of
different (but identical) scatterers have a uniform distribution over all the 4π solid
angle, then we should average over their orientations, and this averaging for a fixed
direction q is equivalent to averaging over dΩq which leads to Eq. (12.61).
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12.3.2
Isometric Particles

Sometimes, when particles have an approximately spherical shape, �(r) can be rep-
resented as

�(r) D �0(r)Θ (r < R)C
LX

lD0

lX
mD�l

�l m δ(r � R)Yl m(Ω r ) , (12.62)

where R is an average radius of the particle, Θ is the step function, and �l m are
some constant parameters. Then the scattering intensity will be proportional to

I(q) D 4πjA 00j2 C 4π
LX

lD0

jal j2R4 j 2
l (qR) , (12.63)

where

al D
lX

mD�l

�l m . (12.64)

12.4
Small-Angle Scattering

Here we will consider small-angle scattering from particles and their systems in
solution. First we introduce the radius of gyration for a simple particle in a solution.
After that we define the radius of gyration for a system of two particles separated
by a distance D, and finally we consider a system of particles and a triangulation
method, which permits us find the position of different particles in a complicate
construction.

12.4.1
Guinier Region. Scattering from a Dilute Monoparticle Solution

The most popular method for the description of small-angle scattering on biolog-
ical structures is based on a simple consideration by Guinier [304] in 1939, that
exp(i qr) at small q in the amplitude Eq. (12.56) can be expanded in powers of q 	 r
and averaged over orientations of scatterers, which is equivalent to averaging over
directions of the vector q:

f (q) D
Z

�(r)exp(i q 	 r)d3r D
Z

�(r)[1C i q 	 r � (q 	 r)2/2C 	 	 	 ]d3r

� f (0)


1� q2R2

G /6
�

,

(12.65)
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where

f (0) D
Z

�(r)d3r D V N� , (12.66)

and

R2
G D

1
V N�

Z
�(r)r2d3r (12.67)

is square of the so-called radius of gyration RG . The term linear in q 	 r is zero
because of averaging. The same averaging over q gives (q 	 r)2 D q2r2/3.

The average amplitude Eq. (12.65) is some kind of coherent amplitude which
helps us to construct a coherent differential scattering cross section

dσ c(q)/dΩk 
 I(q) D j f (q)j2
� j f (0)j2[1 � q2R2

G /3] � j f (0)j2 exp
��q2R2

G /3
�

. (12.68)

The intensity corresponding to this equation is shown in Figure 12.6, and the de-
pendence of its logarithm on q2 is shown in Figure 12.7.

Figure 12.6 Neutron scattering data for the 50S subunit of E.
coli ribosomes in H2O at the Guinier region (source [527]).
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Figure 12.7 Logarithm of the intensity scattered at very
small q (Guinier region) by a spherical virus (turnip yellow
mosaic virus). According to Eq. (12.68) this gives a linear plot
against q2. The radius of gyration RG obtained from the slope
of the line is 123 Å (source [527]).

However we need the average of not the amplitude but of the scattering cross
section. Its average is

dσ c(q)/dΩk 
 NI (q) D j f (q)j2 . (12.69)

Substitution of Eq. (12.56) into Eq. (12.69) gives

NI (q) D
Z

d3r�(r)
Z

d3r 0�(r 0)exp(i q 	 (r � r 0))

� I(0)� 1
6

Z
d3r�(r)

Z
d3r 0�(r0)q2(r � r0)2 . (12.70)

This expression is reduced to Eq. (12.68) only ifZ
d3r�(r)r D 0 . (12.71)

This relation defines the center of gyration. Definition (12.67) without Eq. (12.71)
is ambiguous. After definition of the center of gyration, Eqs. (12.70) and (12.68)
become identical.

If the scattering density �(r) is represented as the sum N� C � f (r) of the homo-
geneous density, N� D R

V �(r)d3r/V , and the fluctuation density, � f (r), such thatR
V � f (r)d3r D 0, then in a solvent with scattering density �s the result Eq. (12.70)
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after substitution of �ins(r) D N� � �s C � f (r) isZ
d3r [ N�� �s C � f (r)]

Z
d3r 0[ N�� �s C � f (r 0)](r2C r 02) D 2I(0)R2

G . (12.72)

I(q) D I(0) exp
��q2R2

G /3
�

, where I(0) D V 2( N� � �s )2 . (12.73)

The gyration center should be common to the total density �ins(r) and therefore it
changes with variation of the contrast N� � �s . If this change is neglected, then the
radius of gyration is given by

R2
G D R2

G c C R2
G f , (12.74)

where

R2
G c D

Z
V

r2 d3r
V

,

R2
G f D

1
N� � �s

Z
V

� f (r)r2 d3r
V

.

Figure 12.8 The square of the radius of gyration against l/ N�,
where N� is the contrast, which in our notation is N� � �s . The
sample is hen egg-white lysozyme. The curve shows a quadratic
variation following Eq. (12.75). This indicates that the center
of gravity of the density fluctuation varies with contrast. The
general slope of the curve is due to the higher scattering density
of the amino acid at the surface of the protein (source [527]).
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After accounting for the change of the gyration center gives [534]

R2
G D R2

G c C
1
N� � �s

Z
V

� f (r)r2 d3r
V

C 1
( N� � �s)2

Z
V

� f (r)
Z
V

� f (r0)(r 	 r0) d3r d3r 0

V 2
. (12.75)

This dependence is demonstrated in Figure 12.8 borrowed from [527].

12.4.2
Small-Angle Scattering from a System of Two and more Different Particles

The scattering amplitude for a system of two different particles separated by dis-
tance D is

f (q) D
X

j

b j e i qr j D
Z
V1

d3r1�(r1)e i qr1 C e i qr12

Z
V2

d3r2�(r2)e i qr2

D f1(q)C exp(i qr12) f2(q) , (12.76)

and its cross section averaged over all orientations of the system is represented
similarly to Eq. (12.26) as

I(q) D j f (q)j2 D
Z
V1

�1(r1)d3r1

Z
V1

�1(r01)d3r 01
sin(qjr1 � r 01j)

qjr1 � r01j

C
Z
V2

�2(r)d3r
Z
V2

�2(r 0)d3r 0
sin(qjr � r 0j)

qjr � r 0j

C 2
Z
V1

�1(r)d3r
Z
V2

�2(r0)d3r 0
sin(qjr0 C r12 � rj)

qjr0 C r12 � rj . (12.77)

It can also be represented similarly to Eq. (12.27) as

I(q) D
1Z
0

[γ1(r)C γ2(r)]r2dr
sin(qr)

qr
C 2γ12(r)r2dr

sin(qjr C r12j)
qjr C r12j , (12.78)

where the meaning of γ1,2(r) is self-evident, and

γ12(r) D
Z
V1

�1(r1)d3r
Z
V2

�2(r2 C r)dΩr . (12.79)

If we calculate the distribution function of distances D(r): D(r) D r
R

qdq I(q)
sin(qr) and calculate r2 D R D(r)r2dr , we will find

r2 D R2
G1 C R2

G2 C jr12j2 . (12.80)
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Therefore, if we know gyration radiuses of separate particles, we can find the dis-
tance between them.

We can extract the interference term and determine the distance r12 the other
way by labeling the particles by isotope substitution (e.g., by deuteration). Suppose
we can prepare first a solution containing the same concentration c of nonlabeled
normal molecules and of molecules in which both components are labeled. And the
second time we prepare the solution containing concentration c of molecules where
only one or the other component is labeled. In the first case we measure scattered
intensity I00(q)C I11(q), and in the second case we measure the intensity I01(q)C
I10(q). Then the difference Δ I D I00 C I11 � (I01 C I10) gives the contribution to
the scattering of the interference term:

Δ I(q) D 2Δγ12(r)r2dr
sin(qjr C r12j)

qjr C r12j , (12.81)

where

Δγ12(r) D
Z
V1

Δ�1(r1)d3r
Z
V2

Δ�2(r2 C r)dΩr , (12.82)

and Δ� denotes the difference of scattering densities of labeled and nonlabeled
components. The intensity Δ I(q) should contain a structure related to the distance
r12, and the distance can be extracted from the experimental data.

Figure 12.9 The 21-protein neutron map of the 30S ribosomal subunit from E.coli [538].
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The two particle systems can be straightforwardly generalized to many parti-
cle ones. By labeling different particles, we can find distances between them and
by geometrical method find full the construction. The task is simplified if the
constituents of the construction are considered to be spherical particles with ho-
mogeneous density, or parallelepipeds. A result of such calculations is shown in
Figure 12.9 .

12.5
Reflectometry on Protein and Biomaterials

As we learned in Chapters 2 and 4, the specular reflectivity for neutrons as a func-
tion of the grazing incident angle provides very useful and convenient information
because the data can be interpreted in a straightforward manner with respect to the
scattering amplitude density profile across the surface and interfaces. The struc-
ture of a multilayered film can, in principle, be determined by fitting the observed
reflectivity curve with a histogram of scattering amplitude density, thickness, and
roughness parameters. The advantages of neutron reflectometry for biophysical
and biological studies include the applicability to both solid and liquid substrates,
good depth resolution (about 1 nm), visibility of internal interfaces, and wide avail-
ability of contrast-matching techniques as explained in Section 12.1.

12.5.1
A New Tool to Study Protein Interactions

The reason why biophysicists are very interested in neutron reflectometry is de-
scribed, for example, in a resume given by Sackmann [538] at the Technical Univer-
sity of Munich. During the past few years, it has been demonstrated that neutron
reflectometry is a new and versatile tool to study:

1. the molecular aspects of the interaction of water-soluble proteins with lipid
membranes,

2. protein–protein interaction processes at membranes;
3. the domain formation in two-dimensional lipid alloys. The method can be

applied both to half-membranes at the air–water interface and to supported
membranes.

The major advantages of neutron scattering techniques compared with X-ray tech-
niques are, first, that they are free of radiation damage and, second, that by appli-
cation of contrast-matching procedures parts of the stratified films may be high-
lighted or screened out. This is illustrated in Figure 12.10 for the case of supported
membranes.

Thus, the substrate (or the air) and water may be mutually contrast matched
by changing the H2O/D2O ratio of the subphase, enabling the observation of the
adsorbed film alone. The head-group region of a supported membrane can be ob-
served alone by matching the scattering contrast of the hydrocarbon chains to that
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Figure 12.10 Contrast matching of supported
membranes. Matching of the contrast of the
solid surface and water (by changing the H2O
to D2O ratio) allows one to observe the bilayer
alone. By using mixtures of lipids with deuter-
ated and protonated chains, one can match

the contrast of the hydrophobic inner layer
of the membrane to both water and the sub-
strate to observe the head-group region of the
membrane alone. The structure determination
can be finally refined by analyzing intermedi-
ate states of contrast (Sackmann [538]).

of the substrate and the aqueous phase by using lipid mixtures with protonated
and deuterated hydrocarbon chains.

This trick enables one to measure the partial volume fractions of each compo-
nent within each plane of complex and soft self-organized interfaces.

12.5.2
Membrane Investigations

A membrane is a lipid bilayer as shown in Figure 12.11. It consists of two layers of
lipid molecules with hydrophilic heads outside and hydrophobic tails inside. The
total thickness of the membrane, d, is approximately 50 Å, and the total thickness of
its internal part, D is approximately 35 Å. Cell membranes have a more complicated
structure because they include many different proteins. Certain membranes occur
naturally in stacks. We know (see Chapter 4) how to find the reflectivity if �(x ) (x is
the coordinate across the membrane) is known Now we need to solve the inverse
problem and find �(x ) from the reflectivity. For solution of the inverse problem we
can choose a model, calculate the reflectivity, Rc(k), and then find the parameters
of the model by fitting Rc(ki ) to experimentally measured data Re(ki ) at all points
ki D qi/2.

For arbitrary �(x ) reflection amplitude, r(k), where k is the normal component
of the incident wave vector, can be found numerically, by a matrix method, or by

Figure 12.11 A bilayer membrane consisting of two lipid layers.
Every lipid molecule contains a hydrophilic head outside the
membrane and a hydrophobic tail inside it.
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perturbation theory. In the last case

r(k) D
1Z
0

4π�(x 0)
2 i k

exp(2 i kx 0)dx 0 . (12.83)

Since k D q/2, we can write Eq. (12.83) as

r(k) D
1Z
0

4π�(x )
i q

exp(i qx )dx . (12.84)

Integrating by parts we obtain

r(k) D 4π�(0)
q2 C 4π

q2

1Z
0

d�(x )
dx

exp(i qx )dx . (12.85)

Which expression to use is a matter of taste.
The majority of experiments have been carried out on multi bilayers of pure

lipids or lipid/protein complexes. These complexes are periodic structures, and
their scattering density along the x-axis can be represented by a Fourier series:

�(x ) D
X

n

˙F(n) cos(2πnx/d) . (12.86)

The reflectivity of such systems is characterized by the diffraction peaks shown, for
instance (see [539]), in Figure 12.12.

From the position of the peaks it is possible to deduce that the thickness of the
membrane is d D 45.68˙ 0.05 Å. The resolution can be found from the number n

Figure 12.12 Rocking curves measured at six different detector
angles (7, 11.2, 16.8, 22.4, 28, 33.6)ı for a membrane.
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Figure 12.13 Scattering density inside a bilayer and its variation with contrast.

of observable peaks. In this case we have n D 5, and the resolution is given by
Δd D 0.6d/n D 5.5 Å.

From five peaks and their intensities it was possible to find five Fourier coeffi-
cients in the series Eq. (12.86). The signs of the coefficients were found from con-
trast variation of the reflectivity. The scattering density obtained and its dependence
on contrast are shown in Figure 12.13.

12.6
Diffraction on Biological Macromolecules

We already learned the short history of the first Bragg reflection experiments of
neutrons in Chapter 2. Now, neutron diffraction has been developed to the level of
studying the structure of the most complicated systems: protein crystals. An brief
introductory description will be given here on the neutron diffraction of protein
crystals from our viewpoint of neutron optics according to the review [540] by Os-
tanevich and Serdyuk at the Joint Institute for Nuclear Research, Dubna, and the
Protein Institute of the Academy of Sciences, Pushchino.

The interest in this field to apply neutrons for structural analysis of monocrys-
tals of biological macromolecules was based on a number of advantages that
neutron studies have over X-ray studies. They include the sensitivity of neutrons
substantially differing from that of X-rays, especially in the case of the presence
in the structure of light atoms, and primarily of hydrogen; the unique sensitiv-
ity of neutrons to isotopic substitution of atoms, which is entirely lacking for
X-rays; and the possibility, in principle, of solving the phase problem by using
one isomorphous derivative of a protein containing atoms having anomalous
absorption of neutrons. Finally, the radiation load on the crystal in neutron ir-
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radiation for the structure analyses is 5–6 orders of magnitude smaller than for
X-rays.

At the same time, the neutron method of study possesses certain disadvantages.
We would include among them the relatively high level of incoherent scattering of
neutrons in hydrogen-containing materials and the presence of an appreciable in-
elastic scattering of neutrons. These two factors give rise to a background scattering
that impedes the measurement of diffractions. Another fundamental disadvantage
of neutrons is the low intensity and restricted accessibility to neutron beams. How-
ever, these two restrictions will be expected to be substantially improved by the
recent developments of high-intensity accelerator neutron facilities with their us-
er-oriented policy and at the same time by the effective collaborations in the user
communities.

As the next viewpoint on the practical approaches of the experiments, we can
classify them into two categories by the resolution d of the diffraction experiments;
that is, high-resolution studies (say, arbitrarily defined as d � 2 Å) and low-resolution
studies (say, d � 10 Å), and we can say both of them contribute to the progress in
understanding the macromolecular structures and properties of biological materi-
als. High-resolution neutron diffraction has been used to identify unambiguously
the region in which individual atoms are distinguished in the Fourier maps. The
procedure to replace light water with heavy water effectively reduces the incoher-
ent background and thus improves the accuracy of the measurement of diffraction
intensities. Low-resolution neutron diffraction, on the other hand, has a different
role in these studies on biological macromolecules. We can consider simply that
the exposure time for a study increases with increasing resolution no more slowly
than V/d3, where V is the volume of the unit cell. Hence, a relatively large number
of studies can be performed with substantially poorer resolution, which shortens
the duration of the experiment. In the case of biological macromolecules with
complicated structures, it is also a very important approach that, not treating the
object of study on the atomic level, still provides the possibility to distinguish com-
ponents having different mean coherent scattering amplitude densities. In many
practical cases, such coarse structural information also proves to be important and
interesting.

Another important point in the diffraction studies is the phase problem47), owing
to the fact that one needs the complex coefficients (structure factors) for a Fouri-
er synthesis in real space of the structure studied, while experiment allows one
to measure only the square of the modulus of these coefficients. We also learned
about this problem in Chapter 2 in relation to the inverse process in reflectome-
try. The solution of the phase problem in X-ray structure analysis is based on the
isomorphous replacement method, in which one must study the protein of interest
and several of its derivatives with heavy atoms. In the case of neutron study, this
derivative can contain either paramagnetic atoms or atoms having nuclei show-

47) This is the central task in the crystal structure
analysis to obtain an estimate of the structure
factor phase angles which cannot be directly
determined from the observed intensity data.
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ing anomalous absorption for neutrons (neutron resonances). The scattering am-
plitude of neutrons in these cases is an experimentally variable quantity that in
principle enables one to solve the phase problem.

Finally, the most important characteristic feature in biological studies will be
the role of hydrogen. Actually, the roles of hydrogen in protein are very numer-
ous. Then, along with the laborious experiments on the localization of hydrogen,
low-resolution (d D 10–20 Å) studies are of independent interest. For such prob-
lems, neutrons prove to be an effective instrument owing to the sufficiently great
differences in the scattering amplitude densities of these components. Moreover,
the contrast variation method proves to be an effective instrument also for sys-
tems with periodic structure for diffraction studies. This enables one to identify
unambiguously the contribution of the individual components to the intensity of
the observed reflections, and thus to facilitate the solution of the phase problem in
low-resolution studies.

12.7
Neutron Microscope for Biological Samples

The structure analyses with neutron diffraction explained in the previous section
generally have the spatial resolution of atomic and molecular levels, or to the ex-
tent of a number of groups of macromolecules, by making use of the matter wave
nature of the neutron. In contrast, there will be another direction in which devel-
opments can proceed: from macroscopic observation to magnified imaging with
microscopic resolution for structure studies on biophysical and biological materi-
als. Here we will introduce one such development carried out by Cremer et al. [541,
542].

As we already learned in Chapter 1, the index of refraction is very close to unity
for the thermal and cold neutrons, which are available with the substantial inten-
sity needed for high-precision beam experiments. Therefore, the focusing of these
neutrons in a short distance with a single set of material lenses will be very diffi-
cult. The technique of magnetic focusing we learned about in Chapter 3 seems to
be relatively more powerful, and the application of magnetic focusing to structure
studies in biology will also be one of the interesting future tasks. However, Cremer
and his collaborators actually employed a very attractive technique of a compound
refractive lens (CRL) composed of a large number (practically 100) of biconcave
lenses for imaging a biological sample with a magnification of 10–20 by making
use of cold neutrons with a wavelength 8.5 Å. The configuration of the experiment
they employed is shown in Figure 12.14.

A series of N biconcave lenses functioning as a CRL form a simple microscope
when the CRL acts a single lens of focal length f and the object distance o and
image distance i are set according to the lens equation, 1/ f D 1/o C 1/ i . As in or-
dinary light optics, the magnification is given by M D i/o. A single biconcave lens
can image with cold neutrons since the refractive index n of the lens material is
less than unity with a focal length typically greater than 100 m. By stacking lenses,
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Figure 12.14 Experimental configuration for neutron imag-
ing carried out at the NG-7 beamline of the National Institute
of Standards and Technology reactor. Neutron guides can be
removed to change the effective distance to the source. CRL
compound refractive lens. (Cremer et al. [542]).

one reduces the focal length in inverse proportional to N, permitting a microscope
of modest length to be fabricated. They employed both MgF2 and Al for fabricat-
ing biconcave lenses. These materials were selected on the basis of their index of
refraction, absorption, and inelastic scattering.

The decrement δ of the refractive index n from unity, that is, δ D 1 � Refng,
determines the focal length, f D R/2N δ, where R is the radius of curvature of
each of the N lenses. The linear attenuation coefficient μ D �(σa C σ s) of the
lens material determines the limiting absorption aperture radius defined as the
position where the transmission attenuates to e�2, ra D

p
2R/N μ D p

4 f δ/μ,
where σa and σ s are absorption and scattering cross sections, respectively, and �

is the CRL atom density.
The imaging experiments were performed on the NG-7 small angle neutron

scattering instrument with the configuration shown in Figure 12.14. The exit of
the rectangular neutron guide tube acted as a 50 � 50 mm2 uniform source of
8.5-Å neutrons monochromatized to a 10% wavelength width. The two-dimen-
sional detector image with a sample was normalized relative to the correspond-
ing image with no sample. First, three plastic meshes of fine and coarse polyethy-
lene and polypropylene grids were used as the object in an imaging experiment.
The normalized line intensity profiles taken along a horizontal line are plotted in
Figure 12.15. In each figure part the measured object line intensity profile (thick
curve) is compared with the calculated one (thin curve) along the indicated line.
The calculated intensity profile is obtained by convolution of the mesh attenuation
profile with the detector system resolution, a Gaussian profile with full width at
half maximum σtot D 864 μm. The minimum transmissions of the grid filaments
were 0.44, 0.36, and 0.72 for Figure 12.15a–c, respectively. Thus, the image inten-
sity profile yielded the approximate gap and filament dimensions of the respective
meshes.

Then, with the same setup, they imaged a preserved scorpion and a leaf at 10.0 Å
with a 300-s exposure time. Figure 12.16a shows a photo of the scorpion and a leaf
with a superimposed 10-mm scale. Figure 12.16b shows a stitched neutron image
of the scorpion with the leaf removed and the scorpion reoriented. The limited
field of view, 24 mm, of the CRL required stitching two partial neutron images of
the scorpion, which were displayed with a superimposed 4.4-mm scale. The figure
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Figure 12.15 The 100-lens MgF2 CRL neutron
normalized line profile of measured intensi-
ty (thick curve) at 8.5 Å and 300-s exposure
images and the theoretical intensity (thin
curve) for three kinds of meshes with the grid
dimensions and filament width: (a) polypropy-

lene square grid 0.76 mm � 0.94 mm with
0.63 mm filament; (b) polyethylene diamond
grid 1.52 mm � 1.52 mm with 0.51 mm fila-
ment; (c) same grid as (a) but with 0.36 mm
filament (Cremer et al. [542]).

Figure 12.16 (a) Photograph showing a scorpion and a leaf. (b)
Neutron microscope image of a scorpion composed from two
stitched partial scorpion images at 10.0 Å and 300-s exposure
with �22.5 magnification (Cremer et al. [542]).

shows a variation in the density, indicating some areas of the scorpion contain
more hydrogen than others.

Possible future developments to realize a higher magnification and a larger field
of view with the neutron microscope in the present approach of the CRL and also in
other approaches might lead to various applications of neutron microscopy with the
characteristic properties in transmission and reflection of neutrons, fundamentally
different from electromagnetic beams as light and X-rays and also from electrons,
and will serve as a very important tool for biophysical and biological studies.
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